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Abstract

In this thesis, we establish extreme value (EV) theory and dynamical Borel-
Cantelli lemmas for a class of deterministic chaotic dynamical systems. We establish
the distributional convergence (to the three classical extreme value distributions) of
the scaled sequence of partial maxima of some time series arising from an observable
on systems such as the planar dispersing billiards, Lozi-like maps, and compact group
skew-extensions of non-uniformly hyperbolic base maps with Holder cocyles. We also
establish Borel-Cantelli lemmas for a large class of one-dimensional non-uniformly
expanding maps, and for these, we also obtain an almost sure characterization of the

exceedences of the sequence of partial maxima.
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Chapter 1

Introduction

Chaotic dynamical systems are those which display a sensitive dependence on initial
conditions. These systems are completely deterministic in that if the current state
of the system x4 is known, all future states at time n, denoted by z,, are known.
However, even small numerical errors in the computation of z( can lead to very large
differences in the values of x,,, so while these systems are deterministic, they are not
predictable. One of the most popular examples of chaotic systems was discovered
by Edward Lorenz in 1958. He observed that his computer model for the weather,
a system of differential equations with twelve variables evolved very differently even
when the initial conditions changed only very slightly [58]. Further work on Lorenz’s
observation lead to the discovery of a very simple deterministic system, a system of
three ordinary differential equations [51] which displayed an extreme sensitivity to

initial conditions.

This discovery by Lorenz came in the 1960’s, around which time a great amount
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of research was being done on dynamical systems. Much of the groundwork for
the study of chaotic dynamical systems was laid down by Poincaré in 1899 in his
treatise [61] on celestial mechanics. Van der Pol discovered around the 1930’s some
experimental evidence for the existence of “deterministic chaos” [69] in the form of
a complicated unstable invariant set. Cartwright and Littlewood [18], Hopf [42],
Smale [64, 65], and others* then laid the foundations of the modern study of chaotic

deterministic systems?.

Chaotic systems exhibit a large departure in the long-term evolution for very
tiny changes in initial conditions, and hence to study the limiting behavior of these
systems, one cannot study the global evolution orbit by orbit. Instead, one studies

the statistical properties of these systems, as we describe in Section 1.1.

1.1 Ergodic Theory

Ergodic theory is the study of measure-preserving systems. One of the fundamental
and remarkable theorems in ergodic theory is Birkhoft’s Ergodic Theorem, which
states that if T : X — X is a transformation preserving the probability measure p

and if f € L'(u) is an “observable” (f : X — R), then for u almost every = € X,

n—oo N <

lim if oT'(z) = f*(x) (1.1.1)

*See also page 9
A substantially more complete, and chronologically faithful, history of the evolution of the field
of chaotic dynamical systems can be found in Viana’s book [70].
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for some f* € L'(p) with f*oT = f* and

/f*du:/fdu. (1.1.2)

In particular, when the transformation 7' satisfies the additional property of being

ergodic (g € L*(u), goT = g then g is constant u almost everywhere), then f* =
J fdu.

The ergodic theorem, however, does not assume or prove ergodicity, and some
of the earliest work in identifying concrete systems which display ergodicity was
done by Anosov [6], Pesin [59, 11], Sinai [72], et cetera. They showed that a wide
class of “chaotic” maps exhibit natural ergodic invariant measures, the maps being
“chaotic” in the sense that the orbits of two points, which may be arbitrarily close to
each other with respect to a metric, may evolve very differently over time. “Chaos”,
in this respect, refers to a huge difference in the evolution of the orbits of nearby
points, and hinders the orbit-wise study of the dynamical system; the ergodicity of
T, on the other hand, says that for typical observables f, the time-series generated
by evaluating f along the orbit of almost every initial condition has the same mean.
Ergodicity is thus the “law of large numbers” for dynamical systems. While the
ergodic theorems prove convergence to the mean, natural questions arise about the
deviation of these processes from the mean and about other statistical properties

such as rates of mixing.

Let (€2, B, P) be a probability space with B the set of Borel-measurable subsets
of €. A random variable £ is a measurable function with domain €2 and codomain

R. A sequence of random variables &, ...,&,,... is called a stochastic process. Two
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random variables & and & are said to be independent if for every pair V,W of
Borel subsets of R, P(&§ € V& € W) = P(&§ € V)P(& € W). Extending this
notion of pairwise independence, we call a stochastic process (§;) independent if for
every N € N for every sequence of sets V; € B,...,Vy € B and for every set
{71, N} CN, P, €V, € W) = Hfil P(&;, € V;). A stochastic process
(&) is said to be stationary if for every N, M € N, any ordered tuple (jy,...,jy) € NV

with 77 < jo < --- < jn, and any sequence of Borel measurable subsets Vi,..., Vy,

P&, €Vi,.. . &y €Vn) = P(&iam € Vi, Ejyrm € V).

It is an easy observation that for an independent stochastic process, stationarity is
equivalent to the following: for every (7,j) € Nx N and for every v € R, P(§; < v) =

P(& < v).

Many statistical properties, such as the Central Limit Theorem and the Law of
Iterated Logarithm, displayed by independent identically distributed stochastic pro-
cesses (henceforth called i.i.d. processes), have been shown to hold for stochastic
processes generated by chaotic dynamical systems*. One of the better known tech-
niques for establishing such results was proved by Young in [75], where she establishes
that many dynamical systems can be modeled by “towers” and in some senses be-
have as Markov chains on spaces with infinitely many states (see Section 1.7). She
proves that for such dynamical systems, should they mix sufficiently quickly, the
process f o T™ satisfies the Central Limit Theorem. She establishes that the com-

pletely deterministic process f oT™ behaves, at least in the first two moments, as an

IFor an example of a stochastic process generated by a dynamical system, see, for instance,
Section 1.5.
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independent stochastic process, and the degree of independence is characterized by

the rate at which the process mixes.

We now make a few definitions which will carry us through most of what follows.
Let X be a compact connected C'*° manifold, and let 7' : X — X be a smooth
(C*9) map. We will denote the tangent space at 2 € X by T,X. DT will denote
derivative of T' (the matrix of partial derivatives). Definitions analogous to the ones
we provide here can be made for continuous-time systems (flows) instead of discrete-

time maps.

Definition 1.1 (Expanding Map). (see [3, Ezample 2.1]) We say T is expanding if

there exists a A > 1 such that
| DT (z)v|| = Mv||  forallz e X andv e T, X, (1.1.3)

for some Riemannian metric || - .

We call a O manifold X an extension of a C" manifold X if dim X = dim X and if
X C X. The manifold X is said to be extendible if there exists an extension of X.
A submanifold Y C X is said to be extendible if there exists an extension Y of Y’

which is itself a submanifold of X.

Definition 1.2 (Piecewise Expanding). (see [23, Pages 17/6-1747]) Let {m;} be a
finite collection of disjoint subsets of X such that each Om; is the closure of a union
of finitely many disjoint, connected, codimension-one, extendible, C'0 submanifolds
of m;. We say that T is piecewise expanding if T, : m; — X is an expanding map

for each 1.



1 1.1. ERGODIC THEORY (1.1.0)

Definition 1.3 (Uniformly Hyperbolic). (see [13]) We say that a map T is uniformly
hyperbolic if there exists a compact invariant set A and constants C' > 0 and X\ €
(0,1), such that for every x € A, there is a splitting of T, X into E*(x) & E*(x)

satisfying
DT(E'(z)) = EY(Tx), i€ {u,s},
and for everyn € N,
| DT"v|| < CA"||v|| Vv e E¥(x) (1.1.4)
and
| DT "v|| < CX*||v]| Vv e E*(x). (1.1.5)
Sometimes, the condition in equation (1.1.5) is also written as

|DT"v|| = CA7"||v]] Yv e E*(x).

Note that in the context of the splittings of the tangent space, the expanding
maps are those for which ¥, X splits as E*(z) @ {0} and A = X. We refer to E*(z)

as the unstable direction at x and E*(x) as the stable direction at x.

Definition 1.4 (Non-uniformly Hyperbolic). (see [11, Section 2.2]) We say the
smooth map T is non-uniformly hyperbolic if there exists an invariant set A, functions
C, K, and constants 0 < A\ < 1, Ay > 1 and € € (0, min{—log Ay, log \a}) such that

for every x € A, there is a splitting of T, X into E"(x) ® E*(x) satisfying

DT(E'(z)) = EY(Tx), i€ {u,s},

6
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and for every n € N,

| DT"v|| < C(z)A\Te"||v]] Va € E%(z), (1.1.6)

|DT™|| = C(x) *Aye "||lv|| Vo € E*(x), (1.1.7)

L(v,w) = K(z) for every v € E*(x),w € E*(z), C oT"(x)/C(z) < e and K o
T (z)/K(x) > e "

Definition 1.4 is a generalization of Definition 1.3 in that the expansion and
contraction rates can depend on the point in question, rather than being the same
for all points. The condition on the inner product allows for the stable and unstable
directions to come arbitrarily close; this usually adds an order of magnitude to the

complexity of the analysis for such systems. In case E*(x) = {0}, we have

Definition 1.5 (Non-uniformly Expanding). We say that T is non-uniformly ez-
panding if there exists a constant X\ > 1 and a function C(x) > 0, such that for every

re X,

DT ™| = C(x)\"|[v]| Yo € T,X.

We can further generalize the setting of Definition 1.4 by introducing a ‘central’

direction which neither exhibits asymptotic expansion, nor contraction.

Definition 1.6 (Non-uniformly partially hyperbolic). If in Definition 1.4 we re-
place the conditions 0 < Ay < 1,A9 > 1 by 0 < Ay < min{1, \o}, the map is called
non-uniformly partially hyperbolic with a center-unstable direction and a stable di-

rection. Similarly, replacing 0 < A\ < 1,9 > 1 by Ay > max{1,\y} > 0, we get

7
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a non-uniformly partially hyperbolic map with a center-stable direction and unstable

direction.

Definition 1.7 (Uniformly partially hyperbolic). If in Definition 1.6 we require that
C(z) be bounded above by some constant C, and K(x) be bounded below by some

constant K, we have a uniformly partially hyperbolic map T .

A substantial body of literature exists which proves that completely deterministic
“chaotic” maps, such as the ones satisfying Definitions 1.1, 1.2, 1.3, 1.4, 1.6, and 1.7,
generate stochastic processes which behave like i.i.d. processes; see [56] for many
classical limit theorems such as the Central Limit Theorem, the law of iterated
logarithms, and the almost sure invariance principle (approximation by a Brownian
motion) for time-one maps of hyperbolic flows; [24] for many classical limit theorems
for uniformly partially hyperbolic systems with exponential decay of correlations for
C* functions; [38] for convergence to a Poisson process of the normalized returns
of an orbit to a neighborhood of a point in the non-wandering set of an Axiom-A

diffeomorphism; and [55], [73], [8] for large deviations for these systems.

Many books have been written on the subject of chaotic dynamical systems. [13]
provides an introduction to hyperbolic dynamical systems with emphasis on symbolic
systems, one-dimensional dynamics and measure-theoretic entropy. Pilyugin [60] dis-
cusses in depth the technique of “shadowing”, and discusses topics in topological
stability, structural stability and numerical aspects. Katok [43] provides a compre-
hensive overview of the modern theory of dynamical systems and its connections
with the various other branches of mathematics. Anosov [7] provides a discussion

of hyperbolic dynamical systems theory, as well as modifications to the hyperbolic

8
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theory which include systems such as the Lorenz attractor. The role of invariant
manifold theory for dynamical systems has been studied in [39]. Operator-theoretic
techniques for obtaining invariant measures and studying decay of correlations and

other statistical properties has been discussed in Baladi [9] &.

1.2 Borel-Cantelli Lemmas

Borel-Cantelli lemmas are a fundamental tool used to establish the almost-sure be-
havior of random variables. For example, a Borel-Cantelli lemma is used in the

standard proof that Brownian motion has a version with continuous sample paths.

Suppose (X, B, u) is a probability space. For a measurable set A C X, let 14
denote the characteristic function of A. We abbreviate the standard terms “infinitely
often” to i.o., “almost every” to a.e., and “almost surely” to a.s.. The phrases a.e.
and a.s. have the same meaning and we use them interchangeably. The classical

Borel-Cantelli lemmas (see for example [25, Section 4]) state that

1. if (A,)52, is a sequence of sets in B and >~ p(A,) < 0o then

p{r e X 1z € A, 1.0.}) =0;

2. if (An)22, is a sequence of independent events in B and >~ j(A,) = oo, then

Lllf‘i
Z?:_ol M(Az)

A very comprehensive bibliography on dynamical systems can be found in [43].

— 1 a.s..
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We establish some more notation. Suppose 7' : X — X is a measure-preserving
transformation of the probability space (X, B, ). Suppose that (A,)22, is a sequence
of sets in B such that 3.2 u(A,) = co. For n € N, let B, = 3.1 ju(A;) and define

S, : X — Z* by
x) = nzflAi o T'(x)
i=0
Definition 1.8. We will call a sequence (A,,) a
1. Borel-Cantelli (BC) sequence if u({x € X : T"(x) € A, i.0.}) = 1;

2. strong Borel-Cantelli (sBC) sequence if
Sn(2)

n

lim

n—oo

=1 a.s;

3. dense Borel-Cantelli (dBC) sequence with respect to the measure vy if

there exists C' > 0 for which

lim o0 nsﬁ(x)

—_ = C a.s..
Zi:() v(As)

In the context of dynamical systems, Borel-Cantelli lemmas can be used to study
the asymptotics of the frequency with which orbits visit a sequence of sets. For the

constant sequence, it is easy to see that the strong Borel-Cantelli property (see 1.8)

is equivalent to the conclusion of the Birkhoff Ergodic Theorem, assuming ergodicity.

To see this, we argue as follows. Suppose p is ergodic and A is a Borel-measurable
subset of X with pu(A) > 0. Let A,, := A be the constant sequence. By the ergodic

theorem, for a.e. v € X

lim — ZlA oT] )= lim — ZleTJ = (A lingM

n—oo M, n—oo M,

10
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It then follows that S,(z)/FE, — 1 for a.e. x € X. Conversely, if S, (z)/E, — 1 for

some x € X, then for any € > 0, there exists an N € N such that for n > N

HA1 =€) € = 3 Lao T (@) < p(A)(1 + o
and so
I o) - )| < ) < e

Hence for such z, %Z;Z& 140T(z) — p(A) and n — oo.

There has been some recent interest in studying Borel-Cantelli lemmas for dy-

namical systems, but results in this field are still scarce¥.

1.3 Extreme Value Theory

1.3.1 Extreme value theory for i.i.d. processes

Let &,&,...,&, be a sequence of independent, and identically distributed (i.i.d.)
random variables, and let F' denote the common distribution function for &. By
definition, P(§; < x) = F(x). If one were to denote by M,, the maximum of &, ..., &,,
then it is easy to see that

PM, <2)= Flay — 4+ T =1

0 xE{y:O<F(y)<1}‘

YFor more on dynamical Borel-Cantelli lemmas, see Section 1.6 on Page 26

11
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This limiting distribution is degenerate, and provides little useful information about
the asymptotic properties of the sequence &;. However, there may exist scaling se-
quences a,, and b,, such that the random variable M,, := (M,,—b,)/a, has a nontrivial
limiting distribution. This idea of finding scaling sequences is not alien to statistics,

and is used in, for instance, the Central Limit Theorem where the sequence " | &

is scaled by subtracting nE[¢] and dividing by /nE[(& — E(&))?] to obtain the

standard Normal distribution as the asymptotic limit.

The central questions in extreme value theory for i.i.d. random processes are to

establish the existence of scaling sequences a,, and b, so that
P(M, <v) —4Gv) Vv eER, (1.3.8)

where G is a non-degenerate limiting distribution and to characterize all distributions

G which can arise as such limits!.

A remarkable theorem, the Extremal Types Theorem (see [47]), states that the
only non-degenerate G which can arise as limits in (1.3.8) are the following three

parametric forms called the Extreme Value Distributions:

Typel G(z)=e°" —co<xz <00 :

Type 11 G(z) = a > 0;

Type III  G(x) = a > 0.

IFrom now on, whenever G(v) is a distribution as in equation (1.3.8), we will use — instead of
—4 to denote convergence in distribution.

12
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These are the only non-degenerate limits up to type, where two distributions are said
to be of the same type if G1(v) = Ga(av +b) for some constants a > 0,b € R and for

every v € R.

The extremal types theorem establishes that the distributional limit of M,,, if it
exists, must be either Type I, II, or III. However, to show the existence of the limiting
distribution, one still needs to establish the existence of the scaling sequences a,, and
b,. For i.i.d. processes, this is relatively easy: one need only find a,, and b, so that

for each v € R,
n(l — F(a,w +b,)) — 7(v) asn— o0 (1.3.9)

where 0 < 7(v) < oo. The limit in (1.3.9) holds if and only if P(M,, < a,v + b,) —
e~ which happens if and only if P(Mn < v) — e 7, Together with the extremal

types theorem, this completely determines the extreme value distributions.

An easy illustration of the idea is as follows. Let & be an i.i.d. sequence sampled
from the uniform distribution on [0, 1]. For each v € (—o0,0], we wish to obtain

7(v) > 0 such that
n(l — F(a,v +b,)) = n(l — apv —by,) — 7(v).

Choose, for instance, a,, = 1/n,b, = 1. Then n(1—v/n—1) = —v and so 7(v) = —v.
The limiting distribution for P(M, < v/n + 1) = e""%) = ¢ which is a Type III

distribution.

13
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1.3.2 Extreme value theory for dependent processes

For dependent processes, establishing extreme value theory is considerably more
difficult than for independent processes. The general strategy in the dependent case
is to establish that the dependent process is close to an independent process in some
quantifiable way, to establish extreme value theory for the independent process, and

to then show that the same theory applies also to the dependent process.

One way of showing that the dependent process is close to an independent process
is to check if the following conditions, D(u,) and D'(u,), hold for an appropriately

chosen scaling sequence u,,.
Condition D(u,): The condition D(u,) will be said to hold if for any integers
1<ip <2 <ip <1 <+ < Jy <nfor which 53 — ¢, > [, we have

El,...,ip,jl,...,jp/ (un) - E1,...,ip(un)Fj1,...,jp/(un) < a(”? l)
where F,,, ., denotes the joint distribution of &,, ...,&,,, a(n,l,) — 0 as n — oo,
l, — oo and [,,/n — 0.

Condition D’(u,): The condition D’(u,) will be said to hold for the stationary

sequence &; and the sequence u,, if

[n/k]
lim supn E P& > up, & >u,) —0

as k — 00.

Condition D(u,) establishes that if two large blocks are sufficiently far apart,

then the joint distribution of the two blocks is approximately the product of the

14
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distributions on the individual blocks. Condition D'(u,), on the other hand, is a
non-clustering condition. D’(u,) states that if a large reading is observed (say that
the level w,) at some time j < n, then one must wait for a large time o(n) — oo

before another reading larger than or equal to u,, is observed.

If D(u,) and D’(uy,) hold, then one can establish the extreme value theory for the
dependent process by constructing an independent process with the same distribution
function and establishing extreme value theory for the independent process. The

precise strategy is given by the following

Theorem 1.9. (see [47]) Let & be a stationary, dependent, stochastic process and
suppose that there exist scaling sequences a,, and b, such that the sequence u,, defined

as

up(v) = ai + b,

satisfies conditions D(u,(v)) and D'(u,(v)) for every v € R. Let (; be an indepen-
dent, identically distributed stochastic process with the same distribution function as

&, that is,

Then,
P(max {(y, (1, .-, G} < up(v)) — F(v)
for some non-degenerate distribution function F, if and only if

P(max{&y,&1,. .., &} <un(v)) — F(v).

15
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It then follows that for a stationary dependent process &;, to establish EVT, one
need find sequences a,, and b, for which equation (1.3.9) holds, and which satisfy

conditions D(u,) and D’ (uy,).

1.4 Extreme Value Theory: Applications

Extreme value theory has traditionally been used for predicting risk. For industries
such as insurance, extreme value theory is used to predict, and prepare for, the
events in which large payouts are required by the company. EVT has been used as
a predictive tool for studying temperature variation, flood levels in rivers, waiting

times between large floods, air pollution, and ozone levels.

We will, very briefly, describe an application of EVT for studying strength of
materials.™ In the study of strength of a material subject to tension (such as a metal
wire supporting a weight), it has been determined empirically that the distribution
of the breaking tension depends on the length of the wire (in a regular way). Let us
call Fj the distribution of the breaking tension of a piece of wire of length [. We will
study the distribution Fj of the breaking strength of a piece of unit length of this

wire.

Suppose we break up a unit length of wire into n equal pieces of length 1/n
each. We will assume that these pieces of wire are independent of each other; the
distribution of the breaking strength of the piece of length 1/n is denoted by Fj .

Now, the original wire does not break under weight x if none of the 1/n pieces break

**More complete details, as well as further applications and references can be found in [47].
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under x, and so we must have
1= Fy(@) = (1= Fyyula)".

Under the intuitive assumption that the distribution of the unit length piece is of the
same type as that of the piece of length 1/n, we may write Fy/,(x) = Fi(a,z+b,) for
some sequences a,, > 0 and b, € R. This implies that 1 — F;(z) = (1— Fi(a,x+0b,))",
from where it follows that the distribution G(x) := 1 — Fy(—=) is max stable. The
extremal types theorem now implies that G(x) can have one of the three classical

forms, so Fj(z) must be one of the following:

)
Type I:1 — exp(—e”) —00 < x <00

I —exp(—(—2)"%) x<0
Type 11 : a>0

Fi(z) = 1 x>0

0 x <0
Type III1 : a>0

1 —exp(—z%) x>0

For dynamical systems, the formalism of EVT provides strong tools for studying
the local behavior of orbits around some point of interest in the phase space for
chaotic dynamical systems exhibiting sufficiently strong ergodic properties. In some
ways, this local study builds upon the notion that chaotic systems give rise to “i.i.d.”-

like processes.

In the rest of this thesis, we will focus entirely on establishing EVT for time
series which arise from observations on dynamical systems. We will obtain distri-

butional convergence to the classical extreme value distributions for sequences of
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partial maxima for the time series we study (along the lines of [47]). In addition, we
also obtain almost-sure pointwise results for the behavior of these partial maxima

for some systems, as a corollary to Borel-Cantelli lemmas for those systems.

1.5 Extreme Value Theory for Dynamical Systems

In the light of Theorem 1.9, one can hope to establish extreme value theory for time
series which arise from deterministic dynamical systems. This idea was first exploited
by Collet [21] where he established extreme value theory for some time series arising
from 1-D non-uniformly expanding maps 7" modeled by a Young tower (see Section
1.7) with exponentially decreasing tails for the return time function for the tower.

Collet was interested in time series of the form
En(x) = —logd(T"x, o)

for some base point xy where d is a metric on the phase space of the dynamical
system. The time series &, measures how close the nth iterate of a point x comes to

the base point xy; the partial maxima of &, given by

Mn = Inax {607 617 cee 7571}

measures how close orbits of points come to the base point x( in n steps. Collet estab-
lished that for the systems and the time series he considered, the limiting distribution
is a Type-I extreme value distribution. More precisely, he established that for a full

measure set of density points zo and for the scaling sequence wu,(v) = v + logn,

lim (M, < uy,) — e M@0l

n—oo
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where p is the invariant, absolutely continuous ergodic measure for 7" and h = du/dm

where m is the 1-D Lebesgue measure.

Freitas and Freitas [26] showed the corresponding result for these maps when x
is taken to be the critical point ¢ or critical value f(c). Freitas, Freitas, and Todd [28]
investigated the link between extreme value statistics and return time statistics, and
showed that any multimodal map with an absolutely continuous invariant measure
displays either Type I, I or III extreme value statistics. This result required no
knowledge of the decay of correlations for these maps. They also proved that for
these systems the excedance point process converges to a Poisson process. Dolgopyat
[24, Theorem 8] has proved Poisson limit laws for the return time statistics of visits to
a scaled neighborhood of a measure-theoretically generic point in uniformly partially
hyperbolic systems with exponential decay of correlations for C* functions. He also
gives distributional limits for periodic orbits, but again exponential decay is required

and uniform partial hyperbolicity is assumed.

One could also study extreme value theory for continuous-time dynamical sys-
tems, and we do so for some suspension flows built over measure-preserving ergodic
base transformations. Suppose (X, B, T, i) is an ergodic measure-preserving system.

Suppose h : X — RT is L'(x). We define the suspension space X" as
X" = {(z,u)lr € X,0 <u < h(z)}.

Define a flow ¢; : X" — X" as ¢y(z,u) = (v,u+t)/ ~ where (z,h(x)) ~ (Tz,0).
Define & (v,u) := —logd(¢i(z,u), (zo,u0)) and M; = supyc,; &s. Extreme value

theory, once proved for an ergodic measure-preserving transformation 7" also lifts to
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a suspension flow over 7" as proved in [41]. Their theorem allows us to establish
extreme value theory for the billiards flow B; (see Chapter 3) by establishing it for
the collision map 7. To do this, we use the following result (for the full-strength

statement, see [41, Theorem 2.6]).

Theorem 1.10. Suppose there exist normalizing constants a,, > 0 and b, € R which

satisfy

lii% hinj;ip n|bpgen] — by| =0 (1.5.10)
and

lmg lim sup ’1 - @ ~0. (1.5.11)
Then,

an(My —by) — F as N - 0o = ary [ n| (MT—bLT/ch) — F asT — oo.

1.5.1 Hitting time statistics and return time statistics

For a map T : X — X with invariant ergodic probability measure i, we may define
hitting and return time statistics as follows. For a set A C X, let R4(x) denote
the first time j > 1 such that 77(z) € A. Given a sequence of sets {U, }nen, With
w(U,) — 0 then we say that the system has hitting time statistics (HTS) with

distribution G(t) for {U,} if for all t > 0

n—o0

lim (RUn > ! ) e (1.5.12)
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In applications often the sequence U, is a nested sequence of balls B(xg, d,,) of radius

0, about a point zg.

We say that the system has HTS G(t) to balls at z if for any sequence §,, C R,

with 6, — 0 as n — oo we have HTS G(t) for U,, = B(xo, 0n).

Analogously we say that return time statistics (RTS) with distribution G(¢) holds
for {U,} if we can replace the measure p by the conditional measure 114 in equation

(1.5.12), where puy = %. RTS to balls is defined analogously to HTS to balls.

In [28] an equivalence between extreme value laws and hitting time statistics
was obtained for dynamical systems (X, T, u) admitting an absolutely continuous
invariant probability measure p. Our results in Theorem 3.5, Theorem 3.9 and
Theorem 2.1 thus also establish HTS with an exponential law i.e. G(t) = e™*, for

the systems considered.

1.5.2 Extreme value theory for skew-extensions

In Chapter 2, using arguments based on Collet’s and results on the rate of decay
of correlations for compact group extensions of non-uniformly expanding maps by
Gouézel [35], we establish extreme value theory (or return time statistics) for non-
uniformly partially hyperbolic systems. Our main result is Theorem 2.1 which gives
verifiable conditions on the base transformation and a sufficient rate of decay of
correlations for a Type I extreme value distribution to hold for ®(p) = —log d(p, po)
for p x Ay a.e. pg = (x9,0p) € X x Y where p is the ergodic measure for the base

map and Ay is the Lebesgue measure. We note that we require only a polynomial
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rate of decay for our results to hold. This characterizes the extreme value statistics
for observations of a certain degree of regularity with maxima at such points py.
The sufficient conditions of Theorem 2.1 are verifiable for a residual set of Holder
Sl-cocyles over certain classes of maps recorded in Corollary 2.5. The maps in
this category include piecewise C? uniformly expanding maps and non-uniformly
expanding maps with finite derivative which may be modeled by a Young tower (see
1.7) with exponential return time tails (such as logistic or unimodal maps, including
the class studied by Collet). We also verify, in section 2.4.2; that Gouézel’s map
satisfies the hypotheses of our theorem and hence our results also apply to this map.
A key role in our verification is played by results due to Gouézel [35] on rates of decay
of correlations for S' extensions of non-uniformly partially hyperbolic systems. We
note that our Type I law for ®(p) = —logd(p, po) also implies Type I and Type 111

laws for ®(p) = d(p,po)~ and ®(p) = C — d(p, po)* (see [41, Lemma 1.3]).

Further, we verify the conditions on the base transformation for a class of inter-
mittent-like maps, including the Liverani-Saussol-Vaienti map. Unfortunately, the
rate of decay of correlations of Holder observations on compact group extensions of
such systems is not known. Nevertheless we give a sufficient decay rate to ensure
Type I extreme value statistics for —logd(p, po) for u x Ay a.e. py. We believe it
plausible that for sufficiently small 0 < w < 1, where the germ of the indifferent fixed

14w this decay rate holds and will be proven to hold. We also verify

pointisx — x+x
all but one of the hypotheses of our theorem for the Viana map. The hypothesis that
fails concerns the density of the absolutely continuous invariant measure. It is not

known whether the density belongs to L**()) for any § > 0.
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1.5.3 Extreme value theory for dispersing billiards and Lozi-

like maps

We establish condition Ds(u,), a version of condition D(u,) more suited to the
study of dynamical systems, in Chapter 3, for the time-series of certain observations
on maps modeled by Young towers (see Section 1.7) with exponential return time

tails satisfying (A5) (see page 55).

Collet [21] demonstrated a technique involving maximal functions for establish-
ing D'(u,) for one-dimensional non-uniformly expanding maps modeled by a Young
tower (Section 1.7). His argument relies on the absence of a stable direction and
the boundedness of the derivative and these are obstacles to generalizing his argu-
ment. The one-dimensional feature can be generalized to expanding maps in higher
dimension [28]. One of our main contributions is that we extend Collet’s approach to
handle dynamical systems with stable foliations. We also establish condition D' (u,,)
for planar dispersing billiard maps and flows and a class of Lozi-maps and show that
from the point of view of extreme value theory they behave as i.i.d. processes. We
do not provide many details about these maps here, beyond what is needed to be
able to state our results and motivate our techniques, but we refer to Chapter 3 for

more on these systems.

Our results on billiard flows are immediate consequences of the results in [41]
which show in essence that suspension flows inherit the extreme value behavior of

their base transformations.

As in Collet [21] we will consider the observation ¢(x) = —logd(x,x) on the
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metric space (X,d). Knowledge of the extreme value statistics for this observation
determines the extreme value statistics of a wide class of observation maximized at

the same point xy [41].

Let B(z,r) denote the ball of radius r > 0 about x € X. For a measure-preserving

transformation 7" : (X, u) — (X, p) define, if it exists,

g 084 B(,7))
dlr) = Jimy log(r)

It is known from [48] that if y is an SRB-measure for a C*** diffeomorphism then

the limit d(z) exists and has the same value for p almost every x [10].

We assume the existence of a scaling sequence u,, (v) such that nu(B(xg, e ")) —
e~? for p a.e. xy and prove our results with respect to this sequence w,(v). Planar
dispersing billiards possess an absolutely continuous invariant measure, with density

du

p(x) = FK(x), where X is the Lebesgue measure. By the Lebesgue differentiation

theorem for any a > 0, nuB(xy, \/ig) — p(xg)a for p a.e. xg.

Henceforth, we suppress the dependence of the sequence u, on v unless it is

explicitly required.

Lozi maps have an SRB measure p with absolutely continuous conditional mea-
sures on local unstable manifolds. In fact the conditional measure on a local unstable
manifold is one-dimensional Lebesgue measure. Hence the 1 measure of an annulus
about a generic point xq of inner radius 7 and width e is bounded by Ce’ (see Propo-
sition 3.8) for some 0 > 0 and hence for p a.e. x, the function r — p(B(xo,r))
is continuous and strictly increasing. Thus we may choose a sequence u,, satisfying

nu(B(xg,e ")) — e~ for u a.e. xq in this setting also. An immediate corollary of
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the existence of the dimension d is that du, ~ v + logn (in a sense made precise in

Lemma 3.4).

The relation du, ~ v + logn does not imply that lim, .. u(M, < u,(v)) =
lim,, o u(M, < (logn + v)/d) but rather that for all € > 0, lim,, ., (M, < (1 —
€)(logn +v)/d)) < G(v) < limy, o (M, < (1 + €)(logn + v)/d)), where G(v) =
lim,, o0 (M, < u,(v)). In the case of the Lozi map this is the best we can do. For
Sinai dispersing billiards, as the invariant measure is absolutely continuous, we are
able to obtain the scaling constants wu, explicitly. We prove that for y a.e. xg, if

o(z) = —logd(z, zo) then lim, . u(M, < (logn + v + log(p(xg)))/2) = e™¥ where

p(@o) = j—i(xo)

We now state the versions of D(u,) and D’(u,) which we use. If {X,} is a

stochastic process define
MjJ = max{Xj, Xj-‘rl’ e 7Xj+l}~

We will often write M, ,, as M, as this causes no confusion.

Condition Ds(u,) [27] We say condition Dj(u,,) holds for the sequence Xy, X, ... ,

if for any integers [,t and n
[ Xo > tn, Myy < un) — 1(Xo > up)p(M; < up)| < (0, t)

where v(n, t) is non-increasing in ¢ for each n and nvy(n,t,) — 0 as n — oo for some

sequence t,, = o(n), t,, — 00.

Condition D'(u,) [47] We say condition D’(uy,) holds for the sequence Xg, X1, ... ,
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if
o(n)
lim nZu(Xo > Up, Xj > uy) =0,

j=1
where o(n) — oo,0(n)/n — 0.

We consider a class of maps of Riemannian manifolds, perhaps with singularities,
modeled by a Young tower [75] (see also 1.7) with SRB measure p and exponential
return time tails. Lozi-like maps and Sinai dispersing billiards fit into this scheme.
We establish Ds(u,,) for the process X,,(x) = —log(d(xg,T"x)). The proof of Ds(u,)
requires only sufficiently high polynomial decay of correlations but as our applica-
tions all have exponential decay of correlations to simplify exposition we assume
exponential tails. Furthermore if D’(u,,) can be verified for these systems, then the
process has the same extreme value statistics as its associated i.i.d. process, even for
more general observations [41]. We verify D'(u,,) for the systems we mentioned but
we do not have a general method to establish D’(u,) for all systems modeled by a
Young tower. Our method of proof for D'(u,) in these cases is an extension of the

argument in Collet [21]T.

1.6 Dynamical Borel-Cantelli Lemmas

In Chapter 4 we establish dynamical Borel-Cantelli lemmas for one-dimensional (1D)
non-uniformly expanding maps and give some applications of these results to the

extreme value theory of dynamical systems.

T Poisson-limit laws for return-time statistics in the Axiom-A setting have been established by
Hirata [38] and in the uniformly partially hyperbolic setting by Dolgopyat [24]. For recent related
work on extreme value theory for deterministic dynamical systems see [26, 27, 28, 41].

26



1 1.6. DYNAMICAL BOREL-CANTELLI LEMMAS (1.6.0)

Note that the finite direction of the Borel-Cantelli lemma (1) on page 9 does not
require independence. In the dynamical setting suppose T' : X — X is a measure-
preserving transformation of the probability space (X, B, u) and (A,) is a sequence
of sets such that ) u(A,) = co. We are interested in the following question: does
T"(x) € A, occur for infinitely many values of n for p a.e. z € X7 and, if so, is
there a quantitative estimate of the asymptotic number of entry times? For example,
the sequence (A,) may be a nested sequence of intervals, a setting which is often
called the shrinking target problem. The assumption of independence of the events
T7"A, is seldom valid for deterministic dynamical systems; thus establishing Borel-
Cantelli lemmas is a more difficult task. In Chapter 4 we establish results analogous
to (1) and (2) on page 9 for certain classes of nested intervals in the setting of one-
dimensional non-uniformly expanding dynamical systems: Theorems 4.9 and 4.12.
To do this, we establish a more general Borel-Cantelli lemma for sequences of intervals

in Gibbs-Markov systems: Theorem 4.7.

There have been some results on Borel-Cantelli lemmas for uniformly hyperbolic
systems. Chernov and Kleinbock [20] establish the sBC property for certain families
of cylinders in the setting of topological Markov chains and for certain classes of
dynamically-defined rectangles in the setting of Anosov diffeomorphisms preserving
Gibbs measures. Dolgopyat [24] has related results for sequences of balls in uniformly

partially hyperbolic systems preserving a measure equivalent to Lebesgue.

More recently, Kim [45] has established the sBC property for sequences of in-
tervals in the setting of one-dimensional piecewise-expanding maps f with 1/|f’| of

bounded variation.
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Kim uses this result to prove some sBC results for non-uniformly expanding maps
with an indifferent fixed point. More precisely, he considers maps of the form

(142 f0< <
Tol(z) = (1.6.13)

20 —1 if i<z <1

N

If 0 < @ < 1 then T, admits an invariant probability measure p that is absolutely
continuous with respect to Lebesgue measure A. Kim shows that if (1,,) is a sequence
of intervals in (d, 1] for some d > 0 and ) (1) = oo then I, is an sBC sequence if
(a) In41 C I, for all n (nested intervals) or (b) a < (3 —+/2)/2. Kim shows that the
condition I,, C (d, 1] for some d > 0 is in some sense optimal (with respect to the
invariant measure p) by showing that setting A, = [0,n~/(17%) gives a sequence
such that ) 1(A,) = oo yet the sBC property does not hold; in fact, T} (z) € A,

for only finitely many values of n for p a.e. z € [0, 1].

For the same class of maps T, Gouézel [34] considers Lebesgue measure \ (rather
than ;) and shows that if (,,) is a sequence of intervals such that Y A(I,) = oo
then (1,,) is a BC sequence. Gouézel uses renewal theory and obtains BC results but

not sBC results.

In the setting of continuous-time systems, Maucourant [54] considers geodesic
flows on hyperbolic manifolds of finite volume. He proves a BC result for nested

balls in this context.

The above references comprise the near complete body of literature which address
the Borel-Cantelli lemmas in dynamical systems; in the dynamical systems literature,

therefore, Borel-Cantelli lemmas are scant.
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In Chapter 4, we prove sBC results for intervals satisfying a bounded ratio con-
dition for 1D Gibbs-Markov maps. We use this result to establish the dBC property
for sequences of nested intervals in the setting of non-uniformly expanding 1D sys-
tems modeled by Young towers (Section 1.7). More precisely, our dBC results are
formulated for sequences of nested intervals I(n) with center z,, and length g(n). Our
assumption that the intervals are nested implies that g(n) is a decreasing sequence.
In specific situations, one often sets g(n) = n=? for some 0 < 8 < 1. Many non-
uniformly expanding 1D maps can be modeled by Young towers. If (M, B, u, T) is a
CO'¢ dynamical system on a compact interval M such that yu is ergodic, u < X, and
1 has a positive Lyapunov exponent, then the system can be modeled by a Young
tower (personal communication by José Alves and Henk Bruin; see also [4, 5, 15]).

The results of Chapter 4 therefore apply to such maps.

1.7 Young Towers

Young towers are powerful tools for coding the dynamics of a system in such a way so
as to enable the computation of its statistical properties. Here we will summarize the
setting and results of [75] and will focus more on the axiomatic construction of the
tower than on the dynamical consequences of the construction. Let T: X — X be a
C'*¢ diffeomorphism. We will denote the Lebesgue measure by A and the restriction
of A to a submanifold S of X by Ag. A submanifold v C X will be called an unstable
disk if d(T~"x, T "y) — 0 exponentially fast as n — oo for z,y € 7. Unstable disks

will be denoted by v*. ~ will be called a stable disk if d(7"x,T"y) — 0 as n — o0
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for x,y € ~; stable disks will be denoted by v*. We will say a subset A C X has a
hyperbolic product structure if there exist families of stable disks {7*} and unstable
disks {7"} satisfying:

1. dim~* 4+ dimy* = dim X,

2. ~v* disks are transversal to «* disks with angles between them bounded away

from 0,
3. each v* disk meets each v* disk in exactly one point,

4. A = (Uy") N (Uy).

Let I'y and I', denote the families {y°} and {y*}. Let I, ; C I's. The families I', 4
and I', define a subset A, of A; such a subset is called an s-subset. Similarly, if
I',, C I'y is a subset of the unstable family, then the subset A, C A generated by

I'y, and I'y is called a u-subset.

Assume that

(P1) There exists A C X with a hyperbolic product structure and with Au(y*NA) >
0 for every +* an unstable leaf.
(P2) There are pairwise disjoint s-subsets Ay, Ay -+ C A with the properties that
e on each " disk, Au((A\UA;) NA*) =0
e for each i, there exists an R; € N such that 77 A, is a u-subset of A and

THi(y3(x)) Cy*(THx), TR (v“(x)) D (T (x))
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e for each n there are at most finitely many ¢ with R, = n
e min R; > Ry > 1 depending only on 7.

(P3) There exists a C' > 0 and 0 < a < 1 such that for y € v*(x),d(T"z, T"y) <

Ca™ for all n > 0.

THi(A;) corresponds to a “return” of an s-subset as a u-subset. We can define a
notion of how long points stay together under these returns by defining a separation
function so. We set so(x,y) = n if the orbits of x and y stay in the same s-subsets
A; up to time n, and if 7" 'z and 7"y belong to different A,. If two points start
in the same A;, then we define so(T%z, T*y) = so(x,y) — k if k < R;. Hence, points

do not separate before they return. Defining T := T'|,«, we assume

(P4) For y € y*(x) and 0 < k < n < so(z,y), we have
(a) d(T™(x),T™(y)) < Caso@y)—
(b)

detDT(T* .
o [ e < Com

(P5) (a) For y € *(x),

detDT*(T"(x))
lo < Ca” >
an et DTH(T(y)) Ca"™ Yn>0

(b) For 7, unstable curves, if © : YN A — 4/ N A is the holonomy given by
O(x) = v*(x) N/, then O is absolutely continuous and

dO7'\y), . r detDT*(T(x))
X, (z) = L getDT(T(00))
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Define the Young tower by
A= Ui,lgRi—l{(xa l) T € Aoﬂ'}
where Ag; := A; and the tower map F': A — A by

(x,l—l—l) ifﬂ?Eoni,l<Ri—1
F(z,l) =

(TR"LZE,O) ifx e A07i,l = Rz -1

For convenience, we will refer to Ay := U;(Ag;, 0) as the base of the tower A.
We define A; = {(x,0) : | < R(x)}, the [th level of the tower. Define the map
f=TF: Ay — Agie f(x)=TEF(x). We may form a quotiented tower (see [75]
for details) by introducing an equivalence relation for points on the same stable

manifold.

There exists an invariant measure \y for f : Ay — Ay which has absolutely
continuous conditional measures on local unstable manifolds in Ay, with density

bounded uniformly from above and below.

The tower structure allows us to construct an invariant measure v for F' on A by

defining for a measurable set B C A;, v(B) = Ao(F5)

= T Rav and extending the definition
Ag

to disjoint unions of such sets in the obvious way. We define a projection 7 : A — X
by 7(x,1) = T'(z). We note that m o F' = T o 7. The invariant measure j, which is
an SRB measure for T': X — X is given by p = mv. W () will denote the local
stable manifold through z i.e there exists e(x) > 0 and C' > 0, 0 < o < 1 such that
We.={y:d(z,y) < eand d(T"y,T"z) < Ca” for all n > 0}. We use the notation

W . rather than W?7(x) in contexts where the length of the local stable manifold
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is not important. We analogously define W}, (z) and let B(z,r) denote the ball of

radius r centered at the point . We lift a function ¢ : X — R to A by defining
¢(z,1) = ¢(T'z).

In Chapters 3 and 4 we will use the structure of the Young towers in an essential
way to prove our results. In chapter 3, we will prove condition Ds(u,) (a version of
condition D(u,), see Section 1.5.3) by using statistical properties proved in [75] for
the quotiented tower. Our calculations, however, are done on the full tower. We show
that the error in considering the quotiented tower, instead of the full tower, becomes
arbitrarily small for 7" when n is large. In Chapter 4, we prove a result about
Gibbs-Markov maps, and we then extend it to a larger class of systems modeled by

a Young tower by using the fact that the base map f is a Gibbs-Markov map.
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Chapter 2

EVT for Skew Extensions

2.1 Framework of the Problem

We will assume that Y is a compact, connected M-dimensional manifold equipped
with metric dy and X is a compact N-dimensional manifold with metric dx. Let

D = M + N. Define the product metric on X x Y by

d((l’l, 6)1), ([EQ, 92)) = \/dx([)’}l, 5(72)2 + dy(el, 92)2. (211)

Let Ax denote the Lebesgue measure on X and Ay the Lebesgue measure on Y. The

product Lebesgue measure on X x Y will then be Ax X Ay.

We will call a function ® : X x Y — R Holder continuous of exponent ( if there

exists some constant K such that

() — @(y)| < Kd((21,01), (2,62))
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2 2.1. FRAMEWORK OF THE PROBLEM (2.1.0)

for all (x1,60;) and (z2,6,) in X x Y. We define the C° norm of ® as

[®llcc = sup [®(z,0)|+  sup :
(z,0)eX XY (2,0),(y,p)EX XY d((l’, 6.)7 <y7 P))C
(z,0)#(y,p)

If f: X — X is a measurable transformation and u : X XY — Y is a measurable

function, then we may define 7', the Y-skew-extension of f by u by,

T: XxY —-XxY

T(x,0) = (f(z),u(z,0)). (2.1.2)
We make the following assumptions about f.

(A1) f has an ergodic invariant measure px with supp(pux) = X.

(A2) T : X xY — X x Y preserves an invariant probability measure v, with
v )\X X >\Y7 H = dl//d()\X X Ay> c L1+5(NX X )\y) and H € L1+6()\X X Ay)

(locally) for some § > 0.

From this point on, in Chapter 2, we will let A := Ax X Ay.

We will obtain the extreme value statistics of observations which are maximized
at a unique point (x,6y). For the given point (z,6y) we define a function ®(,, g,

on X XY by

®(I0790)<m7 6) = - 1Og d((l’, 9)’ ("L‘O) 00))

(from here on, the dependence on (xg,6y) is omitted for notational simplicity). For

a given v € R we define u,, = v+ % logn and denote by M,, (more precisely M,(ZIO’QO))
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2 2.1. FRAMEWORK OF THE PROBLEM (2.1.0)

the random variable

M@0:8) — max(®, doT,..., doTm).

We will prove the following result:

Theorem 2.1. Assume (A1) and (A2). Let § be as in (A2) and let k > 1 be

conjugate to 149, i.e.,

Further, assume

(A3) that there exist constants Cy > 0,5 > 0 and an increasing function g(n) ~

P’ (with 0 < 4/ < %) such that if
' 1
EX = {x € X:dx(flz,x) < - for some j € {1,2...g(n)}}

then px(EX) < &

(A4) that there exists 0 < & < 1 such that, for all Hélder continuous functions

& with Hélder exponent &, and ¥ € L>°(v),

‘/\IfoTjCDdu—/@du/\lfdy

1 (14 Dr(3_1))43
where ©(7) < 77% and o > D(ltjnfj’ lﬁ))ﬂ :

< GO ]]oc [l ca (2.1.3)

Then for v a.e. (xo,6y) and for every v € R,

lim v (M%) < y,) = e~ H@obo)e?” (2.1.4)

n—o0
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We will prove theorem 2.1 for an arbitrary fiber Y that is a compact connected
M-dimensional manifold. Our corollaries, however, will involve the special cases
Y = S' and Y = [0,1]. This is because (A4) of Theorem 2.1 requires a decay of
correlations to hold and we only consider examples for which this decay is known to
hold. Note also that we require 0 < & < 1. This is because for the proof of Lemma
2.12, we need (A4) of the above theorem to hold for Lipschitz continuous functions

having compact support.

We now make three definitions.

Definition 2.2 (Residual Set). A set will be called residual if its complement can

be written as a countable union of nowhere dense sets.

Definition 2.3 (Cocycle). A C" cocycle h on an interval I into a group Y will be

defined as a C" map h: [ — Y.
Definition 2.4 (Skew-Extension). If h is a cocycle, the skew-extension T will be
defined as T(x,0) = (f(x),0.h(zx)).

We now state the corollaries to the above theorem (see Section 2.4).

Corollary 2.5. IfY = S! and f is one of the following transformations:

(a) a piecewise C? uniformly expanding map f: I — I of an interval I.

(b) a one-dimensional non-uniformly expanding map f : I — I of an interval I
with bounded derivative and modeled by a Young tower with exponential decay

of correlations
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then for a residual set of Holder cocycles h : I — S, for ux x Ay a.e. (x9,0y) and

for allv e R,

lim v (M%) < u,) = e H(@o00)e™ " (2.1.5)

n—oo

In the next corollary, we take the skew extension over the map f(w) = 4w mod 1

with the map T, defined in Section 2.4.2.

Corollary 2.6. Let T : S' x [0,1] — S x [0, 1] be the map T'(w,z) = (4w, Ty (2))
where the maps o and T, an intermittent type map, are as defined in Section 2.4.2.

Suppose that

min{~/, %

sup a(w) = Qpax < — _
wel0,1] min{~/, %} + % (1 + %) + %

Then for v a.e. (wg, o) and for each v € R,

lim v (MT(Z“’WO) <up) = e~ Hlwozo)e™ 2"

n—oo

(2.1.6)

There are other important classes of maps such as Y extensions of Manneville-
Pommeau-type maps (for a compact connected Lie group Y, for instance, Y = S1)
and the Viana-type maps that satisfy most, but not all, of our hypotheses. It is not
known for S! extensions of Manneville-Pommeau-type maps whether a sufficiently
high polynomial rate of decay satisfying our hypotheses holds. Similarly, for the
Viana map, all of our hypotheses are satisfied except we do not know whether the
density of the invariant measure is locally L'*° for some § > 0. A further discussion

of these maps may be found in Section 2.4.
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2.2 Preliminaries

For the rest of this chapter, we will refer to the function T as the identity function
and ya as the characteristic function for A. Upper-case greek letters, such as ®
and ¥, will usually denote functions, while lower-case letters, such as ¢, will usually
denote scalar constants. We note that this convention is peculiar to this chapter,

and we hope it causes no confusion in subsequent chapters.

This section contains the statements of some lemmas from [21] and proofs of some
other lemmas which we will need for the proof of Theorem 2.1. The highlight of this
section is Proposition 2.10 because it allows us to induce to the product system an

important and desirable property of the base map T' (see (A3)).

Lemma 2.7. For any k > 0 and any u € R

k k
Z X{®oTi>u} > X{M>u} > Z X{®oTi>u} — Z X{®oTi>u} X{PoTt>u} (227)

j=1 j=1 1]
Lemma 2.8. For any integers r and k > 0,
0<v(M, <u) —v(Myy <u) <kv(®oT > u) (2.2.8)

Lemma 2.9. For any positive integers m, p and t,

p
V(Mypiprt < u) —v(M, <u)+ Z / X (o0 >u) X[ M <u} © TPH=I gy,
: = (2.2.9)
<2p Z / X {@oT0>u} X {oT05u} © TV dv + tv(® o T > u)
j=1

The proofs for these lemmas can be found in [21].
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Proposition 2.10. Let pux be the invariant, ergodic measure with respect to the map

f: X — X. Suppose
, 1
EX = {x € X d(flz,x) < — for some j < g(n)}
n

satisfies ux(EX) < n% for some constant C' > 0 and some 3 > 0. Then, under the

hypotheses of Theorem 2.1, v(E,) < n% where

E, = {(a:,@) €EX XY :d(T(z,0),(x,0)) < % for some j < g(n)}

Proof. (x,0) € E, implies d(T7(z, ), (z,0)) < L for some j < g(n) and so

- . 1
Vix(fz,2)? + dy (wi(x,0),0) <
n
for such j. This forces dy(f/z,z) < L. Thus, z € B and so E, C EX x Y.

Define a new measure A on X as A(A) := v(AxY). If \x(A4) = 0then ux(A) =0
and so iy X Ay(A xY) = 0 and thus v(A x Y) = 0. Therefore, A is absolutely
continuous with respect to the Lebesgue measure on X. Further,

T Y AXY) = {(z,0)|(fr,u(z,0) € AxY}
= {zef'A (z,0)euY}
= {ze(fTANX),0eY}
= A xY

and so v(T7HAxY)) =v(f}A) x Y). Therefore

A(fTPA) =v(fTAXY)=v(THAXY))=v(AxY)=A(A).
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2 2.2. PRELIMINARIES (2.2.0)

To prove that A is ergodic for f, if f7!A = A then ux(A) = 0 or 1 from which
it follows that pux X Ay (A X Y) =0 or 1. Therefore by redefining H (recall that H

is the density of v) on a ux X Ay measure 0 set if necessary we have

vV(AXY)= Hd(pux x Ay) =0 or 1.
AXY

Therefore, A(A) =0 or 1.

Since the measures on X are absolutely continuous with respect to Lebesgue, and

hence unique, A(A) = pux(A) from where it follows that

n

WEB) < (Y < Y) = ABY) = u(BY) < &

We now prove a version of condition D’(u,,).

Lemma 2.11. Under the assumptions of Theorem 2.1, for v a.e (xg,0p) € X XY

/

nZy(®oT0>un,<I>oTj>un)—>0 as n — oo. (2.2.10)

=1

Proof. We begin by recalling that H € L1*%(\) C L*(\). Let
- 1
E,={(z,0) : d(T’(z,0),(z,0)) < - for some j < g(n)}

where g(n) is as in Theorem 2.1. Let D7y’ < ¢ < § and recall that ' < ¢/D. Define

the Hardy-Littlewood Maximal function as

1
¢ 00) Sup—/ Hyxp,d).
( ) >0 )\(BT(IL',Q)) By (x,0) "
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By the Hardy-Littlewood Maximal Principle, since Hyg, € L'()),

C C C
)\(Qn(xﬁ) > 5) < XHHXEnHl < EV(En) < W

Choose v such that v(5 — 1) > 1. Replacing § by me and n by n” we get

1 C
A (Szn7 = nd”Y) S n“/(ﬁ*w) )

Therefore we have
C
Z A ( o > ) < Z D)
which is summable. Hence, by the Borel-Cantelli Lemma, for A a.e. (z9,6y) € X XY,

we have (20,0) ¢ limsup{£,» > =} and so there exists N(zo,6) such that n >

N(wo,0p) = L < 55, e,
1 / Hypdh < —
SUP “7 5 7 A L T
>0 )\(Br(lbveo)) By (z0,60) v Y

Set r = n% in the above to get

1
Tl'YD/ HXEn“/dA S T
B_1_(z0,00) ntv

Therefore we have

I/{{d((x,é’),(:}co,Qo)) nl}ﬂEn} WLHD (2.2.11)

2=

Let g(n) := g(n/2) and k = (3;/*10

{(m,@) d((@,0), (70, 00) < 175, AT (2, 6), (20, 00)) < 575 for some j < g(né/e—v)}
D

. We see that,

“ {(“) dl(,0), (20,00)) < 1755, (T (2,0), (7,60)) < 2515 for some j < (Zl/v )}
c {(x,e) d((,6), (10,60)) < 7, d(T (x,0), (x,0)) < - for some j < g(gkv)}
- {(M) (@, 0), (w0, 60)) < k;i d(I?(z,0), (x.6)) < ,% for some j < g(m} (2.2.12)
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2eY

so that, by (2.2.11) and (2.2.12), for any j < g (ﬂ>

) e Y+D
{®oT’ > u,, ®oT9 >u,} < %.
ntD

Since g(n) ~ nP7,

nl/D
()
oD~ P,
n

and so we obtain

A1/D
() _
n Z {®oT’ > u,, ®oT? > u,} — 0. (2.2.13)

J=1

]

Lemma 2.12 (Condition Ds(uy,)). Let B,.(x,0) be a ball of radius r and let € > 0 be

1

arbitrary. Let ks be conjugate to 1+6 (i.e, 115

—|—% = 1) and let A be any measurable
set. Then, under the assumptions of Theorem 2.1, there exist constants C7 and Cy

so that

x D+e (7
(B, N T~ (A)) — v(B)v(A)] < CLH|PE? ((A) + 1) 7+ + —2— (2.2.14)

T1+fta

Proof. We construct a Holder continuous approximation to the characteristic func-
tion for B,. Let ' = r — r'T¢. Construct ®p by letting it be 1 on the inside of the
ball of radius r" around (z, #) and letting it decay to 0 at a linear rate between r and

r’ . The Lipschitz constant of this function may be chosen to be r1+
Next, we note that A\(B, \ B.) = r? — (r — r1*)P < 2PrP¥€ and so we have,

195 — va [ = / By — x5, | dv < v(B, \ By) = / Hxp\ 5,4\
(2.2.15)

+e

A (z,0 A (z,0 D
< HIS xpos, 12 < CulH||EDr 5
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Finally,

‘/XBXAOTth_/XBdV/XAdV
< ‘/XBXAoTth—QDBXAoTth
+'/(I)BXAOTth—/CI)BdV/XAdV
+'/(I)BdV/XAdV—/XAdV/XBdV

C o ||PB|la
vl

< xae T'lwllxs — ®5lly + x5 — ®sll7-

(2.2.16)

A substitution of estimates from equation (2.2.15) completes the proof. ]

2.3 Proof of Theorem

To prove Theorem 2.1, we begin by breaking n as a product of p and ¢ with p = /n.
We note that

V(M < up) R v(Mprg < up)
where ¢ is a monotonically increasing function chosen to satisfy é — 0. The main
estimate in the proof is

V(Mg < up) = (1 —pr(®o T° > up)).

The function ¢ needs to be chosen so that terms of the form n) ¥ _ v(® o T° >
Up, ® o T7 > u,) that appear in the error to the above approximation can be broken

into sums over 1 < j <t and t < j < p with ¢ being small enough for growth of
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2 2.3. PROOF OF THEOREM (2.3.0)

terms in the first sum to be killed by Lemma 2.11 while large enough for growth in
the second sum to be killed by Lemma 2.12. We call this argument the “Blocking
Argument”. A similar argument is used in Section 3 to establish extreme value

theory for dispersing billiards and Lozi-like maps.

Theorem 2.13. Under the hypotheses of Theorem 2.1, for v a.e.(z,0) and for any

veER,

lim v (M) < w,) = e =0, (2.3.17)

n—oo

Proof. Choose (z,0) ¢ limsup,,_, ., E, such that

) 1
}LILI(I) WV(BG(QS, 0)) = H(z,0).

Then from above

lim nv(B v (1,0)) = e P H(z,0).

n—oo 1/D

Choose

e>Dn(§—1> (2.3.18)

(2.3.19)

Define t =n", p = \/n and ¢ = \/n. Note that, by Lemma 2.8,
V(M < ) = v(Mypry) < un)| < qt(® o T > uy,).
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Now, for 1 <1 <gq
‘V(Ml(p—l—t) <tp) = (L=pr(®oT" > un) )V (Ma-1)(p+t) < Un)‘
= |pr(® 0 T° > wn)v(Mi-1)pre) < tn) + V(Migpre) < tn) = V(M-1)pet) < tn)]

<

p
PO T 2 )Mot < ) = 3 [ Xt Xty ) 2T
j=1

+

p
V(Migpisy < tn) = V(Ma_1ypray < tn) + Y / (@2 ) X{ M1y <t} © TV
j=1

P
pr(®oT° > Un )V (M(-1)(p+t) < tn) — Z/X{<I>0Tj2un}X{M(z1)(p+z)<un} o T"dy
j=1

+

p
v(Mypsn < tn) = V(Mipsii—pae) < tn) + Y / X (@073 2u) X{Mypis— ey <un) © TP AV
=1

(2.3.20)

By Lemma 2.2.9 we have

p
V(Mlp+lt < Un) — V(M(l—l)(p+t) < Un) + Z / X{®oT0>u,} © TJX{M(ZA)(ert)} o TPHtdy
j=1

p
< QPZ / X{®oT0>u, } X{®oTO>u,} © T'dv 4 tv(® o T° > uy,)

j=1
(2.3.21)

For the remaining part,

p

pU(® 0 T > ) (M_1ygpary < tn) — Y / X (@I un} XAM 1)y <un} © TPV

j=1
< 2

J=1

V(@ 0T > un ) v(Mu-1)prry < Un) — / X4 20 XM 1)y <un} © T AV

D+e 1+e
e VT Cono

< pC
> P nDDJ;E +pefv(1+e)ta

(2.3.22)
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for large n by Lemma 2.12.

Define
P _yDae lic
. e m Con™D
Ly i= t(@oT" > uy) +QPZ/X{%Tozun}X{@oTozun} o T?dv 4 pCy T TP T
j=1 5

Therefore we have, for 1 <1 <g¢
”/(Ml(ert) <up) = (1 —pr(@oT’> Un ) )V (M1-1)(prt) < un)‘ < Th.

Since nv(®oT° > u,) — e PV H(z,0), for n large enough, pv(®oT® > u,) < 1, and

so on applying the above formula inductively we get

Cs H s (1 — pv (P > un))*

‘I/(Mq(pﬁ) <tp)— (1 —pr(®oT®> un))q‘ <ql', +
ne

We now show that ¢I',, — 0 as n — oo and this will complete the proof because

<1 — pqu(® o T° > u”>>q e PH(0)
q

By Lebesgue’s Differentiation Theorem, for v a.e. (z,0)

nv(® o T > u,) — e PV H(x,0)

and so since

t
——0asn—

we have
lim qtv(® o T° > u,) = 0.
Also,
e_v%
nC’lT — 0
N Dk
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because € > 3'% — D. Further,

Con' D 34 1l1+e
n—=2—— () because a > L()
e—v(l+e) o T

by equation (2.3.19).

For the remaining part

p
Y v{@o T’ 2 u} NTHEoT" 2 u,))

= N . (2.3.23)
e VT Con D
< ap'v(®oT" > un)’ + qp"Cr—5 + ' —
nbe e~V €)ta

We show that the terms on the right hand side converge to 0 as n — oo. Since
qpr(® o T° > u,) — e PYH(z,0),

672DUH(ZE, 0)2

qp*r(® o T > u,)? ~ — 0 as ¢ — oo.

q

Next, by (2.3.18),

e~V I 1

qucl Dic ~ T3 _Die 0.

N Dk n-2 Dk

And, further,
anlge 1
] —ae O
e~ viiTe)fo Nyt D

Also, from Lemma 2.11,

t
quu(q) 0T > u,, ®oT? > u,) — 0 because t =n" and 7 < /. (2.3.24)
j=1

This completes the proof. O
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2.4 Applications and Examples

We now verify the conditions of Theorem 2.1 and hence establish extreme value
theory for S' skew extensions of piecewise C? uniformly expanding maps of the
interval, non-uniformly expanding maps of the interval modeled by Young towers
and a skew-product map with a curve of neutral points. We will also discuss briefly
two other important classes of maps: extensions to the Manneville-Pommeau-type
maps and the Viana-type maps. In the course of the discussion we will sketch why

these maps satifsy all but one of the hypotheses of Theorem 2.1.

2.4.1 Uniformly and non-uniformly expanding maps of an

interval modeled by Young towers
2.4.1.1 Piecewise C? uniformly expanding maps of the interval

We suppose that f : I — I is a piecewise C? map of an interval I onto itself in the
sense that there is a finite partition {I;} of the interval I, f is C* on the interior
of each I, f : I; — I is onto and monotone, and |f (z)| > 1+ § for all x lying in
the interior of each I;. It is known from [30] that such maps possess an absolutely
continuous mixing invariant measure p and there exists a C' such that % < 5_;2 <C.

Let z,y € {z : d(z, f72) < %} N 1;. We can see that, by the mean-value theorem,

(L+6)d(z,y) < (L+6Yd(z,y) < |(f7)|d(z,y) = d(fz, fy)
<d(flx,x) +d(fy,y) + d(z,y)
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and so d(z,y) < %. Thus on summing over the contribution of each I; we get an

estimate of the form m{z : d(x, fix) < %} < % Thus, for any 1 > +" > 0,

. 1 : 1
m{x:d(x,fja:)<—forsomeje{l,...,n%}} < —=
n

- pl-2v '
In particular, choosing v/ < i, we see that (A3) of Theorem 2.1 holds.

Such maps possess a Young tower with exponential return time tails [75], hence,
as shown in [35] for a residual set of S' cocycles h : I — S | the skew-extension
T of the base map f has exponential decay of correlations. Thus this class of maps

satisfies the conditions of Theorem 2.1.

2.4.1.2 Non-uniformly expanding maps modeled by a Young tower

Suppose [ : X — X is a non-uniformly expanding map of an interval with bounded
derivative, i.e., sup,cy |f (7)] < C, modeled by a Young tower with exponential
return time tails. Collet [21] has shown that there exists a 3 > 0 for which u(EX) <
n% and so by Proposition 2.10 we may conclude that the system 7" : X x St — X x S!
defined by T'(z,0) = (f(x),0 + h(z)) for any measurable cocycle h satisfies this
property. Further, Gouézel shows in [35] that for a residual set of Holder cocycles,
such systems satisfy the second hypothesis (A4) of Theorem 2.1 for an arbitrary «
(by showing that decay is in fact exponential). Since the map T along the group S*
is an isometry, it’s density with respect to the Lebesgue measure is 1 and hence the
density of the invariant measure is just the density for f. Collet [21] shows that this
density lies in L' for some § larger than 0, and so all the hypotheses of Theorem

2.1 are satisfied.

50



2 2.4. APPLICATIONS AND EXAMPLES (2.4.2)

2.4.2 Skew product with a curve of neutral points

We consider Gouézel’s map studied, for instance, in [32]. Define f : S! — St by
f(z) =4z and T, : [0,1] — [0, 1] as

y(I+2%%) if0<y<
To(y) = (2.4.25)

2y — 1 ifl<y<i

DO [—

where a : St — (0,1) is a C? map with minimum a,;, and a maximum ., and
satisfies 0 < Qmin < Omax < 1, Qmax < %ocmin, and {y : a(y) = min} = {¥o}
with a”(yo) > 0. The map T : S' x [0,1] — ST x [0,1] is defined as T'(z,y) =
(f(z), Ta@) (y)). From [32, Theorem 2.10], the density H of the map T is L' with
respect to the product p x Leb where p is the invariant measure on S* for f (and
is the same as the Lebesgue measure). Since f is uniformly expanding, by exactly
the same argument as in section 2.4.1.1 we see that (A3) of Theorem 2.1 is satisfied.

Further, from [31], if ® is any Holder function with exponent &,

‘/onn—/cb/qf’ < O Vomer [ o[ 9] (2.4.26)

and so (A4) is also satisfied. Further, by [32, Theorem 2.10], the density H is
Lipschitz on every compact subset of S' x (0,1]. The only places in the proof of
Theorem 2.1 that we require the density to be in L' is to estimate the volume of
balls, and this requirement can be replaced by the Lipschitz requirement on every

compact subset. Recall, that B, is a ball about a fixed point (z,y) of radius r, and

5 — xally < (B Bo) = [ Hy s
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Fix a closed ball I' with center (x,y). For r sufficiently small, B, C I' and so

|H |r ||oo < 00. Therefore

/ Hym,d\ < | H |r [A(B, \ By)

and so bounds of the type of Lemma 2.12 may be obtained with x set equal to 1.
Now, if we choose € > £, in equation (2.3.23) we have

—v(D+e)
¢ — 0.

w =g

The last term in equation (2.3.23) will converge to 0 if the function « is chosen so

that qma.x satisfies
min{v/, %
min{y/, %} + % (1 + %) + %

amax <

2.4.3 Some other extensions

2.4.3.1 The Viana maps

Let f be a uniformly expanding map of the circle S* given by f(f) = df mod 1 for
d > 16. Suppose b : S — S! is a Morse function, that u,(6,z) = ag + ab(f) — >
and that ag is chosen so that z = 0 is pre-periodic for ag — x?. Let T,(0,z) =
(f(0),uq(0,x)). From [2], for small enough «, there is an interval I C (—2,2) for

which T, (S* x I) C int (S* x I).

Along the base, this map exhibits a uniformly expanding behavior, and thus,
from Proposition 2.10, we can conclude that (A3) of Theorem 2.1 is satisfied. Also,

it has been shown in [33] that such a system displays a decay of correlations at the
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rate of O(e=“V™) which is faster than any polynomial. From [2], we know that the
density of the absolutely continuous invariant measure lies in L'(\). If we knew that
this density was in L'*°()\) for small § > 0, then all the hypotheses of Theorem 2.1

would be satisfied and in that case the limiting distribution obtained would be

lim V(Méx,e) < un) _ e—H(x,G)E*Qv.

n—oo

2.4.3.2 Manneville-Pommeau-type maps

We will consider the Liverani-Saussol-Vaienti map f : [0, 1] — [0, 1] defined as

z(l+2¥2%) z €0, %)
flz) =
27 — 1 z € [5,1]

Near the origin, this map is z — x + 2*2'™* and the density near the origin is

seen to be h(z) ~ 27 so h € Lo~ for any € > 0. It is a result from [41] that

MX {x dfiae) < % for some 0 < j < g(n)} = (%)1‘“

so if we choose u to be a cocycle, g(n) = n'z and 6= 1_T“’, we see that for Y = S*
we have D =2, 7/ = 12 < % and px (E2) < 5. Further, since we have an isometry
along the fiber, the density H for v will lie in Lo~ and so all the hypotheses of The-
orem 2.1 are met except that the rate of decay of correlations for such an extension
T = (f,u) is not known. If a rate satisfying (A4) can be established, we will be able

to establish the extreme value law.
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Chapter 3

EVT for Uniformly Hyperbolic

Maps Exhibiting Singularities

3.1 Statement of Results

Let X be a Riemannian manifold with Lebesgue measure A and let 7' : X — X be
a (local) diffeomorphism modeled by a Young tower. The Young tower assumption
implies that there exists a subset A C X such that A has a hyperbolic product
structure and that (P1)-(P5) of [75] hold. We refer the reader to Young’s paper [75]
and the book by Baladi [9] for details. A similar axiomatic construction of a tower is
given by Chernov [19] which is a good reference for background on dispersing billiard

maps and flows.

By taking T" to be a local diffeomorphism we allow the map T or its derivative
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3 3.1. STATEMENT OF RESULTS (3.1.1)

to have discontinuities or singularities.

We make the following assumption.

(A5) For p a.e. 29 € X there exists d := d(xy) > 0 such that if A, () = {y € X :
r < d(zg,y) <1+ €} is a shell of inner radius r and outer radius r + € about

the point x¢ and if r sufficiently small, 0 < e < 7 < 1, then p(A, (z¢)) < €.

For systems modeled by a Young tower with exponential return time tails satis-
fying (A5), we will verify condition Ds(u,). Planar dispersing billiards with finite
horizon and Lozi-like maps satisfy (A5) and may be modeled by a Young tower with
exponential return time tails. For planar dispersing billiards with infinite horizon we
will use the results of [19]. For these systems we also verify condition D’(u,). Our
method of proof uses ideas from Collet [21] but the arguments need to be modified
due to the stable foliation, unbounded derivative and, in the case of Lozi maps, the

dissipative nature of the SRB measure.

3.1.1 Framework of the proof

Henceforth, we will fix a reference point x( in the support of  and define a stochastic
process X,, given by X, (z) = —logd(T"x, (). This observation determines the
extreme value distribution of more general functions with unique maximum at the
point xg [41, 28]. We are interested in the distribution of the maximum of X,

denoted by

Mn = maX{Xo, X17 c. >Xn}
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3 3.1. STATEMENT OF RESULTS (3.2.0)

We will prove the condition Dy(u,,) [27] for a sequence u,, for which nju(B(zq, e ")) —
e~? for some v € R. We define x(n) to be the rate of decay of correlations of Lipschitz

functions with respect to the SRB measure p on the manifold: so that

[ ovorrdn— [ odu [ vdul < )6l vl
X X X

for all Lipschitz ¢, ¢ : X — R. In fact we may use the L> norm of ¥ in the estimate
above as 1 is defined on the quotiented tower (see [75, Section 4]) and in general
a faster decay rate than x(n) holds. We assume in this chapter that there exists
0 € (0,1) such that k(n) < 6"

We define

B, k(o) = {x : Tk(W;;(ﬁ)) NOB(xg,r) # (D}

where B(zg,r) is the ball of radius r > 0 about .

An immediate consequence of (A5) is the following:

Proposition 3.1. Under (A5) there exist constants C > 0 and 0 < 17y < 1 such that

for any r, k

U(B,s(x0)) < Crh.

Proof. As a consequence of [75, (P2)], there exist a € (0,1) and C' > 0 such that

d(T"(x), T"(y)) < Ca™ for all y € Wy(x). In particular, this implies that
[TH(W; ()| < Ca

where |...| denotes the length with respect to the Lebesgue measure. Therefore,
T*(B, x(z0)) lies in an annulus of width 2Ca* around the boundary of the ball of

radius 7 centered at the point xy. By (A5) and invariance of u the result follows. [
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3 3.2. CONDITION Dy(Uy) (3.2.1)

3.2 Condition Dy(u,)

In this section, we establish condition Dy(u,) for maps modeled by a Young tower

with exponential tails satisfying (A5). Our main theorem for this section is:

Theorem 3.2. Let T : (X,u) — (X,u) be a dynamical system modeled by a
Young tower with exponential tails satisfying (A5). Then the stochastic process
X, = —logd(T"z,xo) satisfies the condition Dy(u,), namely, for any integers j,1

and n,

1 (X0 > kO {My < wa}) — 1 ({Xo > wa}) it ((Mog < wn})| < A, (3:2.1)

where y(n, j) is non-increasing in j for each n and ny(n,t,) — 0 as n — oo for

some sequence t, = o(n), t, — 00.

We now show how Dy(u,) is used, along with a version of D’(u,) to obtain
extreme laws. This uses a blocking argument of Collet [21] based on extreme value
statistics (Collet attributes this approach to Galambos [29]). This argument proceeds

along the lines of the proof of Theorem 2.1.

3.2.1 The blocking argument.

We will divide successive observations {Xo,...,X,—1} of length n into ¢ blocks
of length p 4+ ¢t. The gap t will be large enough that successive p blocks are ap-
proximately independent but small enough so that wu(M, < w,) is approximately
equal to pu(M,, < wu,). For the purposes of our applications, which have expo-

nential decay of correlations, we may take p ~ /n and t = t, = (log(n))® but
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3 3.3. PROOF OF Dy (Uy). (3.3.0)

the method is quite flexible. Using approximate independence of p blocks we show
w(M, > uy,) ~ (M, > u,)? and p(M, < u,) ~ 1 — pu(M, > u,)?. More precisely

Collet, using general set inclusions and probabilistic arguments shows
(M, < up) — (1= pp(Xo > un))?| < gL'y

where

p—1

Ty = py(n.t) + tu(Xo > un) +2p > pn({Xo > un} N {X; > un}).

j=1
By assumption

lim nu(Xo > u,) =e™*

n—00
SO

lim p(M, <u,)=e° "

n—oo

provided ¢I';, — 0. The term pgy(n,t,) — 0 from Ds(u,) while gtu(Xo > u,) — 0
as nu(Xog > u,) — eV and t = o(n). Finally we need to check ”Z?; w({Xo >
u,} N {X; > u,}) — 0. This is a version of D'(u,) as in applications p is prescribed
as a function of n (for example p = y/n). In our applications we will give more details

in our proofs on the interplay of non-recurrence and decay of correlations needed to

ensure n 3P~ pu({Xo > un} N {X; > u,}) — 0.

j=1

3.3 Proof of Dy(uy,).

We now turn to the proof of Theorem 3.2. The constant 7 below is from (A5).
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3 3.3. PROOF OF Dy (Uy). (3.3.0)

Lemma 3.3. Suppose ® : M — R is Lipschitz and VU, is the indicator function

Vo = 1{x,<un, Xoi1 <ty Xasp<tn}

There exists 9 > 0, 0 < 17y < 7o < 1, such that for all 3 >0

‘ / Wy 0 TV — / Dy / \Ifo,ldu‘ < 0(1) (190 + @]l 1,092 ) (33.2)

Proof. Define the function ® : A — R by ®(z,r) = ®(T"(z)) and the function
Top(2,7) = Wop(T7(2)). We choose a reference unstable manifold 4% C A, and by
the hyperbolic product structure each local stable manifold W,j(a:) will intersect 4*
in a unique point . Here x denotes a point in the base of the tower Ay and we

therefore have z € Wy (2).

We define the function U, (z,r) := \T/a,b(a?,r). We note that ¥, is constant
along stable manifolds in A and the set of points where ¥, ; # ‘ifal, is, by definition,
the set of (z,r) which project to points T"(x) for which there exist x1, 25 on the

same local stable manifold as 7" (z) for which

x1 €E{ Xy < U,y Xawp < upt
but

o & { X0 < Upy .oy Xovo < upt

This set is contained inside Uf*°B, . If we let a = [j/2| and b = [ then by

Proposition 3.1 we have
I+14/2]

W # T £ Y0 nBu,s) < 00,
k=_3/2]
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3 3.3. PROOF OF Dy (Uy). (3.3.0)

O<m<m<l.

By the decay of correlations as proved in [75] under the assumption of exponential

tails, we have

‘/éﬁu/%lOFj_I.j/2JdV—/i)dy/wu/zv”dy

Therefore,

< OM)[[@l|uipl ¥tV

<| [ & (W0me = Fuima) o P] 4 O0) o014

—|— ‘/&)dy/ (@U/QL[ - \ill.]/2jal> O FJfU/QJdV

< 0(1) <H‘I’||oo’/ {@qu 7 ‘T’U/zJ,z} + H<I>||Lip9“m>

< 0(1) (@t + @07 ) (3.3.3)

We complete the proof by observing that [ Wo;dp = [ W;/2),dp by the p invariance
of T and that \IJU/QJ 10 T‘Y_U/2J = \IjjJ = \DO,I o) T]

To prove condition Dy (u,,), we will approximate the characteristic function of the
set {Xo > u,} by a suitable Lipschitz function. This approximation will decrease
sharply to zero near the boundary of the set {Xy > w,}. The bound in Lemma 3.3
involves the Lipschitz norm, therefore, we need to be able to bound the increase in

this norm. To this end, we prove our next lemma.
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Lemma 3.4. 1. For p a.e. xq for every e > 0 there exists an N € N such that
foralln > N

1 1
d+€(v+logn) < u,(v) < T

(v+logn)

2. Denote by S(n,xq) := A(e_u"fe_u% e_u%)(l’()> the annulus formed by the region

—u2

n about xy. There exists a 6(xg) €

between balls of radius e and e™"» — e

(0,1) such that for n large enough

p(S(n, x0)) < O(1)(n=>00lEm),

Proof. (1) By the definition of d, for any ¢ > 0 there exists an N; such that

for all n > Ny, (e7")d+9) < p(B(x,e7")) < (e7%n)@=9) Since we have assumed

v v

lim,, oo nu(B(z,e7%)) — e7?, we must have limsupn(e )4 < e, Since e >
0, this implies given 7 > 0 there exists Ny such that n(e=%")4t¢ < (1 4 n)e™? for all

nZNQ

For the other direction, since liminfn(e=4")4=¢ > ¢~ there exists N3 such that

for all n > N3, n(e )?¢ > (1 — n)e . Since n was arbitrary the result follows.

(2) The proof follows from part (1) and (A5). There exists a § € (0,1) such

that
p(S(n,x)) < O(1)[S(n, z0)|°

where | - | denotes the width of the annulus. From part (1), |S(zo,n)|® < e % <

exp(—0(1/(d + €)?v* + (logn)? + 2vlogn)) < O(1)(n=20v=%18") for some §" > 0.
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We note that if the map T preserves an absolutely continuous measure, as in the
case of dispersing billiards, then this estimate can be obtained trivially. We are now

ready to prove Theorem 3.2.

Proof of Theorem 3.2. We approximate the indicator function 1{x,s.,} by a Lips-
chitz continuous function ® as follows. The set {Xy > w,} corresponds to a ball of

radius e %" centered at the point zy. We define ® to be 1 inside a ball centered at

Un, u

o of radius e — "% and decaying to 0 at a linear rate on S(n, xy) so that on the

boundary of { Xy > u,}, ® vanishes. The Lipschitz norm of ® is seen to be bounded

by exp(u?). Since
‘/ Loy Ulijaga © T/ 2y = p(Xo > un) / qu/zJ,zdﬂ‘
= ‘/ (1ixo>uy — @) ‘I’Lj/zj,ldu‘ +O(1) <\|<I>\|OO‘7'272U/4J T ”q>||Lip9Lj/2J)
+'/(1{xo>un} — D) du/\llu/wdu‘? (3.3.4)
and because || 1{xy>u,} — Pll1 < p(S(n,x0)), we have
({ X0 > un Y N {M;; < un}) — p{zo > u Du({ Moy < un}) < v(n,5)
where
v(n,j) = O(1) (n725’vfz§’ logn n2v+logn01Lj/2J>

where 0; = max {7,0}. Let j = t, = (logn)®. Then nvy(n,t,) — 0 as n — oco. Note
that we had considerable freedom of choice of t,,. Anticipating our applications, we

choose t,, = (logn)®.
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3.4 Applications

We now prove condition D’(u,,) for some concrete examples. We consider Lozi maps
and Sinai dispersing billiards. These are (almost) hyperbolic systems that admit
invariant cone fields, but the derivative map DT is discontinuous or singular. We

discuss these in further detail below.

3.4.1 Planar dispersing billiard maps and flows

Figure 3.4.1 Planar dispersing billiards with convex circular scatterers, also
known as Lorenz gas. The picture shown here is on T2, the two-dimensional torus.
The light gray dots (in the center right of the image) shows the initial position of
two trajectories, while the dark dots show their position at time t = 1.
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Let ' = {I';,;i=1:k} be a family of pairwise disjoint, simply connected C*

curves with strictly positive curvature on the two-dimensional torus T?.

The billiard flow B; is the dynamical system generated by the motion of a point
particle in @Q = T?/(U_, (interiorl’;) with constant unit velocity inside  and with
elastic reflections at 9Q = UF_ T, where elastic means “angle of incidence equals

angle of reflection” (see figure 3.4.1).

If each T'; is a circle then this system is called a periodic Lorentz gas, a well-
studied model in physics. The billiard flow is Hamiltonian and preserves a probability
measure (which is Liouville measure) i given by dji = Cgodq dt where Cp is a

normalizing constant and g € Q),t € R are Euclidean coordinates.

From the flow B;, we may construct the “collision map” T : 0Q) — 0Q by
considering only the positions and angles of collisions. Let r be a one-dimensional
coordinatization of I' corresponding to length and let n(r) be the outward normal to
I' at the point r. For each r € I" we consider the tangent space at r consisting of unit
vectors v such that (n(r),v) > 0. This gives us the possible angles a particle can
take after it collides with the boundary. We identify each such unit vector v with
an angle 6 € [—m/2, /2|, which is the angle the outgoing trajectory makes with the
unit normal. The boundary X is then parametrized by X :=0Q =T x [-7/2,7/2]
so that X consists of the points (r,0). T : X — X is the Poincaré map that gives the
position and angle T'(r,6) = (r1,6,) after a point (r,6) flows under B; and collides
again with X, according to the rule “angle of incidence equals angle of reflection”.
Thus if a trajectory starting at (r,0) flies for time h(r,8) before it collides with

0Q again, we may set T'(r,0) = By(.9)(r,0). The billiard map preserves a measure
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dp = cx cos 8drdf equivalent to two-dimensional Lebesgue measure dm = drdf with

density p(z) where z = (1, 0).

Under the assumption of finite horizon, namely, that the time of flight A(r, 0) is
bounded above, Young [75] proved that the billiard map has exponential decay of
correlations for Holder observations. This settled a long-standing question about the
rate of decay of correlations in such systems. Chernov [19] extended this result to
planar dispersing billiards with infinite horizon where h(z,r) < oo for all but finitely
many points (r,6) but is not essentially bounded. Chernov also proved exponential
decay for dispersing billiards with corner points (a class of billiards we do not discuss
in this chapter). A good reference for background results for this section are the
papers [17, 16, 75, 19]. We first establish extreme value statistics for billiard maps
and then, in the next section, deduce corresponding limit laws for billiard flows using

the results of Holland et al [41].

(Ab) is satisfied by planar dispersing billiards with finite and infinite horizon as
the invariant measure is equivalent to Lebesgue. This is proved in [17, Appendix 2]
where it is shown that d may be taken as 1 in the case of finite horizon and 4/5 in the
case of infinite horizon. The proof of Ds(u,,) is immediate in the case of dispersing
billiard maps with finite horizon, as they are modeled by a Young tower in [75],
have exponential decay of correlations. Chernov [19, Section 5] (see also [17, Section
5]) constructs a Young tower for billiards with infinite horizon to prove exponential
decay of correlations so that condition Ds(u,,) is satisfied by this class of billiard map

as well. Hence we need only prove condition D’ (uy,).
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It is known (see [19, Lemma 7.1] for finite horizon and [19, Section 8] for infi-
nite horizon) that dispersing billiard maps expand in the unstable direction in the
Euclidean metric |.| = /(dr)? + (d¢)? , in that |DTv| > C¢"|v| for some constants
C', o > 1 which is independent of v. In fact |L,| > C¢"|Lo| where Ly is a segment of

unstable manifold (once again in the Euclidean metric) and L,, is T"Ly.

We choose Ny so that p := Co™° > 1 and then T™ (or DT™0) expands unstable

manifolds (tangent vectors to unstable manifolds) uniformly in the Euclidean metric.

It is common to use the p-metric in proving ergodic properties of billiards. Young
uses this semi-metric in [75]. Recall that for any curve ~, the p-norm of a tangent
vector to vy is given as |v|, = cos ¢(r)|dr| where ~ is parametrized in the (r, ¢) plane
as (r,¢(r)). The Euclidean metric in the (r, @) plane is given by ds* = dr? + d¢?; this
implies that |v|, < cos¢(r)ds < ds = |v|. We will use [,(C) to denote the length of
a curve in the p-metric and [(C') to denote length in the Fuclidean metric. If v is a

local unstable manifold or local stable manifold then C1l(7), < () < Cay/1,(7).

For planar dispersing billiards there exists an invariant measure p (which is equiv-
alent to 2-dimensional Lebesgue measure) and through p a.e. point = there exists a
local stable manifold W} (x) and a local unstable manifold W}, (z). The SRB mea-
sure i has absolutely continuous (with respect to Lebesgue measure ) conditional
measures i, on each W (z). The expansion by DT is unbounded however in the
p-metric at cosf = 0 and this may lead to quite different expansion rates at differ-
ent points on W} (x). To overcome this effect and obtain uniform estimates on the
densities of conditional SRB measure it is common to definite homogeneous local

unstable and local stable manifolds. This is the approach adopted in [17, 16, 19, 75].
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Fix a large ko and define

Qz{mm;g—kﬁ<e<g—m+¢r%

Lk:ﬂnﬁ:—g+Mﬂﬂf2<9<—g+k”}
and
h:{mm:—g+%ﬂ<e<g—k3}

In our setting we call a local unstable (stable) manifold W (z) (W} .(x)) homo-
geneous if for all n > 0 T"Wp . (z) (T"W;.(x)) does not intersect any of the line
segments in I, UUg([UI_). Homogeneous W} () have almost constant conditional

SRB densities Z’;w in the sense that there exists C' > 0 such that % < d’”;/\ﬂ d”dﬂ”T(zz) <

C for all z;, zo € W (x) (see [19, Section 2] and the remarks following Theorem

3.1).

From this point on, all the local unstable (stable) manifolds that we consider will
be homogeneous. Bunimovich et al [17, Appendix 2, Equation A2.1] give quantitative
estimates on the length of homogeneous W} (x). They show that there exists C, 7 >
0 such that p{z : {(W; . (z)) < eor [(Wi.(x)) < e} < Ce” where [(C') denotes 1-
dimensional Lebesgue measure or length of a rectifiable curve C. In our setting 7
could be taken to be %, its exact value will play no role, but for simplicity, in the
forthcoming estimates we assume 0 < 7 < %

The natural measure p has absolutely continuous conditional measures p, on

local unstable manifolds W} (z) which have almost uniform densities with respect

to Lebesgue measure on W, (z) by [19, Equation 2.4].
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We prove,

Theorem 3.5. Let T : X — X be a planar dispersing billiard map. Then for u
a.e. o the stochastic process defined by X, (x) = —log(d(xo, T"x)) satisfies a Type

I extreme value law in the sense that lim, .. u(M, < (v +logn + log(p(xo)))/2) =

—e v

e

Proof. Let A e = {z : [Wg.(z)| > e} then p(AS;) < Ce/?. Let v € A and
consider W} (z). Since |T*Wg (x)| < MW (x)| for k > Ny the optimal way
for points T*(y) in T-*W} () to be close to their preimages y € W} () is for
T=*WE () to overlay W (), in which case it has a fixed point and it is easy to see

that
Hy € Wi(w)  d(y, T+y) < e} <y € R d(y, ¥) <} < (1= A7) e

Accordingly I{y € W (z) : d(y, T *y) < ¢} < Cy/el{y € W .(z)}. Recalling that
the density of the conditional SRB-measure )\, is bounded above and below with
respect to one-dimensional Lebesgue measure we obtain (A N {y € Wi (x) :
d(y, T"*y) < €}) < Cy/e. Integrating over all unstable manifolds in A ; (throwing
away the set u(A¢.) we have p{z : d(T "z, z) < e} < Ce™/2. Since p is T-invariant,
and because T is invertible, pu{z : d(T*z,z) < €} < Ce™/? for k > Ny. Hence for any

iterate T, k > Ny
En(e) = pf{z : d(T*z,2) < €} < Ce/?

Recall that the scaling constant u,,(v) is chosen so that nu(B(xg, e %)) — e~. For

hyperbolic billiards we take w,(v) = 3(v + logn + log(p(z0))) and shrinking balls of
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radius roughly \/iﬁ about points. This leads to the use of \/LE in the next definition.
Define

, 2
Ep = {z:d(T’z,2) < —= for some 1< j < (logk)"}

Vk
We have shown that for any § > 0, for all sufficiently large k, u(Ey) < k~7/4%. For
simplicity we take pu(Ey) < k=7 where 0 < 7/4 — 0 and omit the constant e~” in the

following equations.
Define the Hardy-Littlewood maximal function £, for ¢(x) = 1g,(z)p(x) where

plx) = j—i(m), so that

1
L(z) = S B.(2) /B " g (y)p(y)dm(y)

A theorem of Hardy and Littlewood [53, Theorem 2.19] implies that
MMy > ¢) < 1Bl
where || - ||; is the L' norm with respect to m. Let
Fio o= (o p(Byowss () 0 Bya) > (k9272
Then F}, C {M,.,2 > k~7%/?} and hence
ANF) < M(EM/Q);C’W/? < Ok k82
If we take 0 < 3 < o and 7y > /2 then for some § > 0, k~77k?%/2 < k=19 and hence
Z AFy) < o0
K

Thus for A a.e. (hence p a.e.) zg € X there exists N(xg) such that zq ¢ Fj, for

all k > N(xg). Thus along the subsequence ny = k72, u(Xg > up,, Xgo T7 >
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U, ) <m0 for k> N(x), j < (logny)®. This is sufficient to obtain an estimate
for all u,. From the estimate for nj, we may deduce that if k1?2 <n< (k + 1)“’/2,
then u(Xo > up, Xoo TV > u,) < u(Xo > up, Xoo TV > u,) < n,;l_‘s for j <
min{(log(nx))?, (log(n))®}. But if n is large enough (note that this forces k to be

large), then

kit 1
P2 <0< (k+ 1772 = 0 <logn—/2logh < Llog ™~ — 0,

Hence logn = log ng, so we may in fact take j < (logn)®.

We now control the iterates 1 < j < Ny. If xg is not periodic then

— ; i J
s(xg) = | foin d(T'xo, T’ x9) > 0

and hence for large enough n, for all 1 < j < Ny, u(Xo > up,, Xgo T? > u,) = 0.

Recalling that u,, was chosen so that nu(Be-uw.(z)) — €77, we get, for any 1 <

j < (logn)?,
(X > up, Xgo TV > uy,) < 207170
Hence

(logn)®

lim n Z (Xo > tp, Xg0 T? > u,) =0
=1

We now use exponential decay of correlations to show

p=vn
lim n Z (Xo > tp, Xg0 T? > u,) =0
(logn)®

We let 1,, denote the indicator function of the set { Xy > u,}. We approximate the

indicator function 1, by a Lipschitz function ¢,, which is 1 on a neighborhood of x of
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—u2

» and linearly decays to 0 outside it, so that on the boundary of the

—Un

radius e —e

ball of radius e™**, ¢,, = 0. ¢,, has Lipschitz norm bounded by elun)? ny p(v+logn)?/4,

Note that

!/1un1unoTjdu—(/1undu)2| < /%qﬁnoTjdu /d)ndu
+ /¢ndu /undu)

i '/1“" Ly, o T dﬂ—/abn b0 T dp.

If (logn)® < j < p = y/n then by decay of correlations | [ ¢,(z)¢, o TV (z) —
([ ¢n)?dp| < Ceap) < Ce=2logn = £, if n is sufficiently large. Furthermore if n is

large |([ ¢ndp)? — ([ Lo, du)?| < Cp=20v=dlen) < Cp=2

Finally | f Gt 0 T7 dp — 14,1y, 0 T7 d| < p(dn(x) # 1xysu,) + pt(dn 0 TV (x) #

Lxpori(z)) < % since the supports of ¢,, and ¢,, 0T are contained inside the supports

of 1, and 1,, o TV.

Hence
p=vn A
n lim Z w(Xo > up, XooT? > u,) = 0.
j=(logn)?

This concludes the proof of Theorem 3.5.

3.4.1.1 Billiard flows

In section 3.4.1, we established extreme value theory for the map 7' obtained by

restricting attention to successive collisions for the billiards flow B;. The full flow B;
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can be viewed, given the collision map 7', as a suspension flow over T', with time of
flight given by the function h. This viewpoint lets us exploit the results of Holland et
al. [41], on extreme value theory for suspension flows as a consequence of the theory

for the base maps.

Suppose B, : Q — @ is the billiard flow preserving the ergodic invariant natural
measure /i and A is the average first return time of the billiard flow from the boundary
to the boundary with respect to pri.e. h = Cx [ h(r, ) cos pdedr where h(r, ¢) is the
time of flow till the point (r, ¢) € JQ hits the boundary again 0Q. As a consequence

of [41, Theorem 2.10], we have the following corollary,

Corollary 3.6. Forfia.e. py € Q, if o(p) = —logd(p, po) and M; := maxs<{¢(Bs(p))}

then

—v

lim fi(M; < v +log(t/h) + log p(0)/2) = e™*

3.4.2 Lozi-like maps

The Lozi mapping 7' is a homeomorphism of R? given by

(z,y) = (L +y — alz], bx)

where a and b are parameters. It has been studied as a model of chaotic dynamics
intermediate in complexity (or difficulty) between Axiom A diffeomorphisms and
Henon diffeomorphisms [57, 22, 74]. The derivative is discontinuous on the y-axis

and this leads to arbitrarily short smooth local unstable manifolds. Misuiurewicz [57]
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proved that there exists an open set G of parameters such that if (a,b) € G the map
T is hyperbolic. If (a,b) € G, then T,; has invariant stable and unstable directions
(where the derivative is defined) and the angle between them is bounded below by

/5. We will restrict our attention to maps with parameters in the set G.

These maps admit a strict cone, and the tangent derivatives, where defined, sat-
isfy uniform expansion estimates [22] in that there exists p > 1 such that |DT"v| >
p"v for all v € E" (the unstable direction) and correspondingly for £ (the stable di-
rection). T, has an invariant ergodic probability measure p [22] which is absolutely
continuous with respect to the one-dimensional Lebesgue measure along local un-
stable curves. In fact the conditional invariant measure on local unstable manifolds
is simply one-dimensional Lebesgue measure [22]. Young [74] established similar re-
sults for a broader class of maps, ‘generalized’ Lozi maps which are piecewise C?
mappings of the plane. But one reason for restricting to maps 7,4, (a,b) € G is
that for such maps Collet and Levy have also shown that for p almost every point
on the attractor the Hausdorff dimension of u exists and is constant [22]. We need
this fact for verifying Lemma 3.4, which is an essential ingredient in the verification

of condition Ds(u,,) for these maps.

The existence of a dimension d implies that for almost every z in the attractor, the
dimension constant d(z) in the definition of u, is the same. We will use a sequence
of scaling constants u, (zg,v) defined for a generic point xy by the requirement that

np(B(zg, e v @ov))) — e7v,

In later work [75, Section 7] Young constructs SRB measures via a tower construc-

tion for a broader class of piecewise C? uniformly hyperbolic maps of the plane. The
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Lozi map T, 5, with (a,b) € G, b sufficiently small, may be modeled by a Young tower
with exponential tails [75]. Hence the Lozi maps we consider satisfy exponential

decay of correlations for Holder continuous observations.

We now summarize the ergodic properties of the Lozi maps that we will use. T has
an invariant SRB-measure p and g a.e. point x has a local stable manifold W, .(z)
and local unstable manifold W} (z). In [22, Proposition IV.1] it is shown that the
conditional measures of 1 on the local unstable manifolds are the corresponding 1-d
Lebesgue measures. Furthermore p a.e. point x has a quadrilateral §(z) with a
local product structure, in the sense that y € [(z) implies there exists a unique
z € B(x) such that z = W (y) N W, (z) and a unique 2z° € B(x) such that z' =
W (y)NWE (x) [22, Section 4]. Suppose that W (x) and W (x') are local unstable
manifolds. Then the holonomy h : W (z) — W (z') is defined on the set D(h) :=
{x € Wr(z) : W (x) n Wi (z) # 0}. The holonomy between local unstable

manifolds satisfies the following quantitative estimates,

Proposition 3.7. [22, Proposition II.4] Given W} (x) and W (x") there is a con-

stant L such that for any Borel subset A C W (x) N D(h),

(1= L(d(Wise(w), Wige () /)U(A) < 1(h(A)) < (1+ L{d(Wio(2), Wig.(x))*)I(A)

Note that the local unstable manifolds lie in a strict cone and the conditional
invariant measure on local unstable manifolds is one-dimensional Lebesgue measure.
Suppose that zg € X, A, (z) is an annulus with center xy and A, is conditional

measure on W (x) with z in the quadrilateral ().
Proposition 3.8. (A5) is satisfied for the Lozi maps, if (a,b) € G.
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Proof. Around almost every point zg, there exists a quadrilateral 3(zg) which has
a hyperbolic product structure. Furthermore, the conditional measure on each local
unstable manifold is the 1-d Lebesgue measure. If any unstable leaf completely
stretches across the annulus of width e around a ball of inner radius r, then it
intersects the annulus in a curve of length at most C'\/e for some constant C' which
may depend only on zy but not on € or r. Since the measure is supported on the

unstable leafs, the assertion holds.

]

Thus we need only show condition D' (u,,). We will establish D' (u,,) in this section

and prove the following theorem.

Theorem 3.9. Let T,;, : X — X be a Lozi map with (a,b) € G with b sufficiently
small. Then for p a.e. xq the stochastic process defined by X, (z) = —log(d(zo, T"x))

satisfies a Type I extreme value law in the sense that lim, . pu(M, < u,(zo,v)) =

—e v

e

Remark 3.10. We do not know the precise scaling constants w,(zo,v), but for all
€ > 0, lim, oo p(M, < (1 —¢€)(logn +v)/d)) < e " < lim, oo (M, < (1+

€)(logn + v)/d)) which provides an estimate of the correct sequence u,,.

Proof. We need only establish D'(u,). We will denote the length of a rectifiable
curve C' by [(C) in the usual Euclidean metric. As tangent vectors to local unstable
manifolds lie in a strict cone the projected length onto either the horizontal or vertical

axis of a connected component C of TFW (z) is bounded below by xl(C) for some
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t > 0. This constant will be absorbed into our C’s below, so that the expansion of
a local unstable manifold under 77 may be used to estimate the measure of points
which satisfy d(z,7z) < e. The projection of W (z) onto the horizontal axis
expands uniformly for all 5 > N, for some Ny, but as in the case of billiards this does
not affect our argument if x( is not a periodic point. For simplicity of exposition we

assume Ny = 1.

One would think that as the derivative is bounded and there is uniform expan-
sion in the unstable direction, which lies within a cone, the proof of D’ (u,) would
be immediate but the presence of discontinuities for the derivative complicates the
picture. If W (x) is a local unstable manifold then 7"(W}.(z)) is either a line
segment or a connected broken line segment. Here is what could possibly go wrong
in the latter case. Suppose that the map T (restricted to local unstable manifolds),
expands uniformly and |T"(x)| > p > 1. Let L be a segment of unstable manifold and
consider 7™ L. It expands but may encounter the set of discontinuities/singularities
S. Suppose T"L is partitioned into X smooth components [3; with corresponding
pre-image intervals a; C L so that T"a; = (3;. Suppose the map 7™ folds back on
itself many times and places each 3; atop «a; such that the left endpoint z; of «; lies
very close to the left endpoint T"x; of ;. If | ;] < € then each point in «; lies within
e of its image under 7". We have to show this cannot happen. We use the structure

of a Young tower to do this.

We first show there exists o > 0 such that that for a generic point z (generic here
means a set of points of full measure) if € is sufficiently small then \,(y € W.(2) :

d(y, T'y) < €) < e“l(W,(2)) where A, is conditional measure on W (2).
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Assume that z = w(x,r) for some (z,r) € A ie. for some i, x € A; C Ay,
r < R(x) = R; we have T"x = z. We may assume without loss of generality that
Wi (z) D T"(We.(z) N A;), otherwise we could refine the partition on the tower by
defining a new return time on the base Ri(y) = R(y) + ... + R(f*y). By refining
in this way we could also require (7%)'(x) > 2. This is equivalent to considering a
tower with return time partition \/g Py = \/?;é f7 Py on the base, where Py is the
original partition into sets {A;}. For large enough k, W .(z) D T"(Wik.(z) N A;).
Note that the new tower will also have exponential return time tails. We identify
Wi(z) == T"(Wis(z) N Ay) "Wk (2) € X with Wi (z,7) on the tower. The portion
of local unstable manifold W*(2) may not be symmetrical about z but this will not

affect our argument.

There exists 7 > 0 such that if € > 0 is sufficiently small then except for a set
of Ajs of Ao measure less than €7, [W(y) N A;| > (/e for all y := (y,0) € A;. This
observation uses exponential decay of the return time. To see this suppose that A,
has return time R,. Let v be the length of Ay in the unstable direction. Since

T'(z)] < K is bounded we have K% |A,| ~ ~ and hence |A,| > ~ve BrlosE Qg if
| v v

R, < _klf;g; then |A,| > v+1/e. Since we have exponential return time tails, m(x €

2

A : R(x) >T) < COT for some 0 < 6 < 1. Hence \g(UA, C Ag : |A,] < Ve) < €

for some 7 ~ 5; l(l)céglg. Choose 0 < o < 1 so that €7 > €™ + /e for sufficiently small

e > 0.

Now T7(W}(z)) expands uniformly for j = 1to R;—r then makes a full crossing of
the base Ag. By full crossing we mean that on the quotiented tower T7(W2(z)) = Ao,

where Ay is Ag quotiented along stable manifolds. By the same argument as in the
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case of billiards, by uniform expansion, for sufficiently small € > 0 for each j < R;—7,
He € Wi(z) : d(z,T7z) < €} < Ce < C\/el(W}(z)) where [ is one-dimensional
Lebesgue measure. For j = R; — 7, T7(W}(z)) has made a full crossing and this
partitions W(2) into components C}, such that for each Cy, T Ri=rCy. crosses Ay. By
bounded distortion, (except for a set of measure less than €I(W}(z)) correspond-
ing to those Cj such that T%"C), crosses Ay and |Ax] < /€) each C} satisfies
TE=Cy) > e TEI(THECL) > /e then I(y € Cy, : d(y, TR y) < €) < /el(Cy).

This proves [(y € W (z) : d(T"% "y, y) <€) < l(W(2)) as € > \/e+ €.

Each set T%~"C), expands uniformly under 7% until s = Rj, so for s < Ry,
Iy € Cy : d(y, T* i y) <€) < /el(Ck). When s = Ry, T*T®~"C}, has made a full
crossing and Cj, is partitioned into sets A¥ such that T*THi~"AY = A; N T*TH"Cy.
By bounded distortion except for a set of A;‘?’s of measure less than €7I(Cy), each A?
satisfies {(T*T™ 1 AY) > (/e in which case [(y € A¥ : d(y, T 7"y) <€) < /el(AF).

Thus I(y € Cy : d(y, T5Ti7"y) <€) < ?l(Cy) for 0 < s < Ry,.

Given t we induce a partition of W}'(2) by writing, for each x € W} (z), t =
R(z) —r 4+ R(fx) + ... + R(f"@(x)) + k(z), so that F'(x) has made precisely n
returns to the base and moved k levels up the tower. This defines a partition of
W(2) into intervals I/ such that points in I/ have not been separated on the tower
for n — 1 returns to the base (n(z) a random variable), then made a full crossing
and moved up to level k(z). By bounded distortion and the same argument as in

the case of the components Cy, for each I7, [(xz € IJ : d(z,T"z) < €) < €°l(I7). This

proves that for all j, I(y € Wi(z) : d(y, T7y) <€) < "I(W(z)).
Now let x € X be a generic point so that for a (sufficiently small) local unstable
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manifold W*(x) we have I(y € W¥(z) : d(y, T7y) < €) < e”l(W*(z)). We consider
W#(x) as a measure space equipped with one-dimensional conditional Lebesgue mea-

sure \,.
Let

By ={y e W () : d(Ty,y) < 3 for some 1 < j < (logk)®}

Vk

We have shown that for any § > 0, for all sufficiently large k, \,(E;) < k=0,

For simplicity, we will take \,(E}) < k=7/2.

Define the Hardy-Littlewood maximal function £; for ¢(y) = 1g,(y) so that

e =swp— [ 1a@d)

a>0 24 J,(p)
where I,(z) = {y € Wj(z) : d(y,p) < a}. By the Hardy and Littlewood Theo-

rem [53, Theorem 2.19] , for any C' > 0,

[Tz
(S]] > C) < L
(21> 0y < 12
where ||, ||; is the L' norm with respect to \,. Let, for some 3 and 7,

By ={z € Wi (z) : \e(Lj—/2(2) N Epay2) > (k=782 =2y
Then Fy, C {£;2 > k~7%/2} and hence
Aa(F) < Ap(Epoyo ) KV8/2 < QR4 05/

If we take 0 < 3 < 0/4 and v > 8/0 then for some § > 0 A\, (F,) < k~'=°. This

implies that

> Xa(Fr) < o0

k
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and hence by the Borel-Cantelli lemma for A\, a.e. xy there exists N(zg) such that

xo & Fy for all k > N(xo).

Since z was arbitrary and the invariant measure is carried on unstable man-

ifolds this implies that for p a.e. xo there exists an N(zg) such that A\, {y €

Wit s (@) + d(T7y,w0) < 2= forany j =1,... , (log k)5 ) < (K7/2)7179 for all

k > N(xg), or, equivalently, I({y € W ,(x0) : d(T7y,z0) < 3/VE/? for any j =

1,...,(logk?/?)%}) < (kK7/2)71=9k=7/2_ As in the case of billiards, since

) k—l—l /2
() =1

we obtain the same estimate for all k£ sufficiently large, not just along the subsequence

kY2,

If max{d(y,xo),d(z,z0)} < \/LE and z € Wp(y) then d(T7z, 1) < \/LE implies

that d(T7y, ) < \/lE since d(T7y, xo) < d(T?y,T?2) + d(T? z, z¢). Thus d(T7y,xq) >
\% for all j =1,...,(logk)® implies that d(T7z,xq) > \/LE forall j =1,...,(logk)®

for all z € W*¥, (y).
vE

Since the holonomy map satisfies the quantitative estimates of Proposition 3.7 on
each unstable manifold W() in a neighborhood of x of diameter \/LE for sufficiently
large k, [{y € Wlu/\/g(x) cd(Ty,y) < \/LE forany j=1,...,(logk)’ } < \/E_l_d(l -
\/E_l/g)lfl/2 < \/E_l_(S/lfl/2 for some § > 0. Thus the fractional conditional mea-
sure on each unstable manifold in a \/LE neighborhood of zg of points y € W;(x) such
that d(T9y,y) < 4 for any j =1,...,(logk)® is bounded by (\/E_1_6(1+\/E_1/3)) <
\/E—a'—l.

Recalling that u,, was chosen so that nu(Bg-u. (x)) — e~¥, we obtain that for any
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1 <j < (logn)®,
(Xo > tp, Xgo TV > u,) < C’n_l_‘sl/2

Hence nz(bg" w(Xo > Up, X 0 T9 > u,)) — 0.

The argument that exponential decay of correlations implies that n > 7 (log )3 pu(Xo >
Up, Xo 0 T? > u,) — 0 is the same as that for billiards. This concludes the proof of

Theorem 3.9.
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Chapter 4

Some Borel-Cantelli Lemmas

4.1 Setting and Statements of Results

4.1.1 Gibbs-Markov maps

We first describe 1D Gibbs-Markov maps (see Definition 4.2) and then show that
for such maps, sequences of intervals satisfying a bounded ratio criterion have the
sBC property. The base map of a Young tower (see section 1.7) is a Gibbs-Markov
system and our result for such systems, Theorem 4.7, will play a crucial role in the

proof of Theorems 4.9 and 4.12.

Let (X, B,m) be a Lebesgue probability space. Let P be a countable measurable

partition of X such that m(«) > 0 for all o € P.

Definition 4.1. A measure-preserving map T : X — X is said to be a Markov
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map if the following are satisfied.

1. (P generates B) We have oc({T (o) : « € P, i € ZT}) = B (mod m), where

o(-) denotes the o-algebra generated by its argument.

2. (Markov property) For all a,5 € P, if m(T(a) N B) > 0 then 8 C T(«)

(mod m).

3. (local invertibility) For all o € P, T|av is invertible.

For n € N, let P,, be the refinement of P defined by

n—1 n—1
P = \/T_i(ﬂ’): {ﬂT‘i(ai):aiE’P for Oéién—l}.
i=0

=0

Define

d(m o T*)

dm

JTk -

Definition 4.2. The quintet (X, B, m,T,P) is said to be a Gibbs-Markov system

if T is a Markov map and the following properties also hold.

(H1) (full branches) For all « € P, T(ar) = X (mod m).

(H2) (uniform expansion) There exists Ky > 0 and v, € (0,1) such that m(a) <

Ki~p for alln € N and a € P,,.

(H3) (distortion control) There exists Ky > 0 and vy, € (0,1) such that for alln € N

and o € P,,, we have

log (‘Zg;)‘ < Kol (4.1.1)

for all z,y € a.
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A consequence of (H3) is that for every w € P, and for every B measurable set
A, m(ANw)/m(w) < O1)m(T"A)/m(X). We will use this observation in the proof
of Theorem 4.9.

Remark 4.3. Some authors weaken (H1) in the definition of Gibbs-Markov systems

by requiring that m(T(a))) > K > 0 for some K independent of a.

Definition 4.4. The Gibbs-Markov system (X, B, m,T,P) is said to be a 1D Gibbs-

Markov system if X is a compact interval and P is a partition of X into subintervals.

Now let X be a compact interval. A map T : X — X is said to be piecewise-
differentiable if there exists a coutable partition P of X into intervals with disjoint
interiors such that for all I € P, T is differentiable on the interior of I. A piecewise-
differentiable map T' : X — X is said to be uniformly expanding if there exists
K > 1 such that |T"(x)| > K for all  at which 7"(z) exists. We similarly define

piecewise-C* maps for k > 2.

For certain piecewise-differentiable uniformly expanding maps, Kim [45, Theo-
rem 2.1] establishes the sBC property for sequences of intervals. His result can be

more usefully stated as

Proposition 4.5 ([45]). Suppose T' is a piecewise-differentiable uniformly expanding
map of the compact interval X and suppose that T admits a unique absolutely contin-
uous invariant probability measure p with density bounded away from 0. Assume that
there erists a summable sequence (k(n))2, and C' > 0 such that for all f € L*(p)

and ¥ € BV(X), we have

Joriwan- ([ ran) ([ ¢du)' <Crm)f ey, (412)
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If (A,) is a sequence of intervals in X and Y~ w(A,) = oo then (A,) is an sBC

sequence.

The proof is the same as that of [45, Theorem 2.1]. As a corollary we have the

following sBC result for certain one-dimensional Gibbs-Markov systems.

Lemma 4.6. Suppose that (X, B, m,T,P) is a piecewise-C? 1D Gibbs-Markov sys-

tem for which there exists L > 0 such that

7" (@)|
supsup ————= < L < 0. 4.1.3
aeg xeg T/(I)Z ( )

Let (A,)82, be a sequence of intervals in X. If Y7 ;m(A,) = oo, then (A,) is an

sBC' sequence.

Proof of Lemma 4.6. Condition (4.1.3) is sometimes called the Adler property.
It enables us to show that g := 1/7” is of bounded variation. Rychlik [63] has
shown that for piecewise-differentiable uniformly expanding maps with g of bounded
variation, correlations decay exponentially; that is, (4.1.2) holds with x(n) decaying
exponentially (see also [9, 40]). Kim uses the result of Rychlik to establish the sBC
property for sequences of intervals in the setting of piecewise-differentiable uniformly
expanding maps with g of bounded variation, although his proof is valid if (k(n)) is

summable.

To see that g is of bounded variation, let z,y € o € P. Using (4.1.3) and (H3),
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we have

'T% y) = T'(a)
T'(@)T'(y)

[,
-/ ('ﬂiﬁ') (\T'g%n) *

< Klz—yl.

Using the distortion estimate (H3) again, for every a € P and for every = € «, we

have

where A denotes Lebesgue measure on R. Consequently, if x € a € Pandy € 5 € P,

then
19(2) = 90)] < o + - < K(A(a) + A(B))
g\r)—g\y)l x B « .
T"(z)]  [T'(y)]
We will now let @y, 41,...,%n,,, € @it1,0 < @ < 0o,sup{n;} = N be any finite

partition of X. If an oy, contains none of the points z;, we let n;,; = n;. Let A

denote the set of intervals «; which contain at least one of the points xy,...,xN.

1

The elements of 2 can be numbered as o', ...a' for some ¢, where t < N. We can

calculate the variation of g as

t—1
e =) € 30 Kl = omal + 30 K@) + M)
=0 J=1

< KAX)+ KXX) + KXX) == Ky < oo.

Since supy Ky = 3K\(X), g is of bounded variation if the Adler condition holds. [
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We now state a result for 1D Gibbs-Markov systems without the Adler condition
but with a bounded ratio restriction on the sequence of intervals. The proof of

Theorem 4.7 is given in Section 4.2.

Theorem 4.7. Let X be a compact interval and let P be a countable partition of
X into subintervals. Suppose that (X,B,m,T,P) is a Gibbs-Markov system. Let
(An)22, be a sequence of intervals in X for which there exists C° > 0 such that
m(A4;) < Cm(A4;) forall j > 1> 0. If > m(A,) = oo, then (A,) is an sBC

Sequence.

We have already described Young towers for maps of an arbitrary compact man-

ifold X. In the 1-D setting, we make the following additional assumptions:

(A6) Ay, the base of the Young tower A, is an interval, as are the partitions A; of
Ay.

While a general one-dimensional non-uniformly expanding map may not be modeled
by a Young tower in which the base is an interval and in which the partitions of the
base are also intervals, (A6) is true for all common examples in the mathematical
literature, in the sense that all the partition elements can be enclosed within disjoint

intervals. Therefore, the setting of our results is not a restrictive setting.

Definition 4.8. We say that (M, B, u,T) is a 1D system modeled by a Young tower

if it satisfies the setting described in Section 1.7 and satisfies (A6).

Theorem 4.9. Let (M, B, u,T) be a 1D system modeled by a Young tower A. Let

g : Rt — RT be a decreasing function and let (I(n))22, be a nested sequence of closed
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intervals in M such that I(n) has length g(n) for alln € Z*. If Y~ g(n) = co and

Joo 1= ﬂ I(n) C m(A),

n=0

then the following hold.

1. If Jw is an interval, then (I(n)) is an sBC sequence.

2. There exists a set I' C M, p(I') = 1, such that if p € T and p = J then (I(n))

1s a dBC sequence satistying

lim ,, o

Remark 4.10. If J, is an interval then the conclusion of Theorem 4.9 follows

immediately from the Birkhoff ergodic theorem.

Remark 4.11. For any p € M and for every k and [, either Ay, N7 (p) = 0 or
Ay N7 Y(p) consists of a single point py;. The set T consists of points p € M such

that pi,; € int(Ayg,) for all k and | for which py; is defined and

) dp

0 27, - d)\(p) > 07

where I(p,r) is the ball (interval) centered at p of radius r.

The following dBC result for nested intervals centered at a point p € M does not

require that p € T.

Theorem 4.12. Suppose that (M, B, p,T') is a 1D system modeled by a Young tower
A. Letp € M and let g : RT — Rt be a decreasing function. For n € Z*, let 1(n)
denote the closed interval centered at p of length g(n). If 7 g(n) = oo and

p € w(A), then (I(n)) is a dBC sequence with respect to Lebesque measure .
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As mentioned earlier, if (M, B, u,T) is a C**¢ dynamical system on a compact
interval M such that p is ergodic, 4 < A, and p has a positive Lyapunov exponent,
then the system can be modeled by a Young tower (personal communication by José

Alves and Henk Bruin; see also [4, 5, 15]). This implies the following corollary.

Corollary 4.13. Suppose that (M, B, u, T) is a C' dynamical system on a compact
interval M such that the invariant probability measure p is ergodic and absolutely
continuous with respect to Lebesque measure. If (M, B, u,T) has a positive Lyapunov

exponent, then Theorems 4.9 and 4.12 apply to (M, B, u,T).

Remark 4.14. In the context of Theorem 4.9, (I(n)) may not be a dBC sequence if
Joo & T(A). Kim [45] constructs explicit examples of this phenomenon in the context
of the Liverani-Saussol-Vaienti maps defined by (1.6.13) (see [49]). Theorem 4.9
applies if 0 < a < 1. For every 0 < a < 1, Kim proves that the sequence A(n) =
0,0 Y=Y satisfies S o0 w(A(n)) = oo but for p a.e. x € M, T"(x) € A(n) for

only finitely many values of n. The intervals A(n) satisfy

() A(n) = {0}

and 0 ¢ w(A) for the Young tower modeling ([0, 1], p1, To,) (for an explicit construction
of this tower see e.g. [12]).
4.1.2 One-dimensional maps

Theorem 4.9 applies to many classes of one-dimensional maps. Here we give a partial

list.
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1. Pomeau-Manneville intermittent-type maps (such as Liverani-Saussol-Vaienti

maps) [49, 62]. See [34, 45] for related results.
2. Certain classes of multimodal maps; see Bruin et al. [14].

3. A class of non-uniformly expanding circle maps; see Young [76, Section 6]. Let
T : St — S! be a map of degree d > 1 such that T is C!' on S! and C? on
S'\ {0}, 7" > 1 on S*\ {0}, T(0) =0, T"(0) = 1, and for some 0 < o < 1, we
have —aT"(x) ~ |z|* for 2 # 0.

4.2 Proof for the Gibbs-Markov Case

We prove Theorem 4.7 by using a sufficient condition for the sBC property given
in [46, 66]. This sufficient condition has also been used by Chernov and Kleinbock [20]

and by Kim [45].

Proposition 4.15. Let (X, B, m) be a probability space and let (B,,)>, be a sequence
of measurable subsets of X such that Y~ m(B,) = co. If there exists a constant

C > 0 such that for all N > M >0
N
Z (BiN B;j) —m(B;)ym(B;) < CY_ m(By), (4.2.4)

then for every e > 0, we have
N-1 N-1 N-1 3 \ N-1
Z 1p,(z) = m(B;) + O ( m(BZ)> log2™** ( m(Bl-))
i=0 i=0 ‘ ‘

for m-a.e. v € X.



4 4.2. PROOF FOR THE GIBBS-MARKOV CASE (4.2.0)

Remark 4.16. The implied constant in the error estimate

s mot uniform but a function of x.

Our proof uses the fact that Gibbs-Markov maps are exponentially continued
fraction mixing [1, page 164] in the sense that there exists 7 € (0,1) and a constant

K3 > 0 such that
im(a N T~ (3)) = m(a)m(f)| < Ksm"m(a)m(B)

for all measurable 5 € B, a € Py.

Proof of Theorem 4.7. Throughout this proof C' will be used to denote a constant,
whose value may change from line to line. Set B; = T~*(A4;) in (4.2.4). Notice that
if j > i, then T—(A;)) NT9(A;) = T~ (A, N T~U=9(A;)). Since T preserves m, we

have m(T—(A; N T~U=9(4;))) = m(A; N T~-U=9(A;)). We therefore estimate

Z (BN By) = m(Bym(B) =2 3 m(ANT-U7(4)) — m(A)m(4;)

i=M j=i+1
N
+ 3 m(A) — (m(A))
=M
(4.2.5)
For the diagonal terms, we have the straightforward estimate
N N

D m(A) = (m(A)* <> m(A). (4.2.6)
i=M =M

Now assume that j > i. We estimate m(A4; N T~ (A4;)) — m(4;)m(A4;).
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4 4.2. PROOF FOR THE GIBBS-MARKOV CASE (4.2.0)

Let V;; = {a € Prij—iyo N A; # (Z)}. Let N(i) be the largest integer such
that A; intersects at most 2 partition elements of P9 for j —i < N(i). If

N(i) >j7—1i>1and j—iis even, we have the estimate

= m(4;N T—(j—i)/2(T—(j—i)/2Aj>>
< 209 Pm(TUT Ay
= 200 (4

< O mAy).

This holds because

1. using (H1)-(H3), for each a € V, ; we have
m(aNT-U=2(T=0=0724)) < Cm(a)m(T~ U972 A;)
and m(a) < Klfyfjfi)/z,
2. #V,; < 2since j —i < N(7), and

3. m(A;) < Cm(A4;) by assumption.

If 5 — 7 is odd we estimate

= m(4;N T—(j—i+1)/2(T—(j—i—l)/2Aj))
and proceed as before. In particular, if j —¢ = 1 we use the simple estimate m(A4; N
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T-U=9A;) < m(A;). Thus

i+N()—1
> m(ANTU04;) — m(A)m(A;) < Cm(A;)

J=i+1 B
We now consider j —i > N(i). We can no longer assume that A; intersects at most 2

elements of Pr(;_;)/21. In this case the collection V; ; induces a partition of A;. Define
\721,]- ={aeV,;;:aC (inf(A4),sup(4;))}.

Since P consists of subintervals, V7, := V; ; \ V; ; contains at most 2 elements. For

k = 1,2 define

U{a ae\?]}

We have
N
> m(ANTUIA;) — m(A)m(A;)
J=i+N ()
N
= > mAnNQ U A;) — m(A)m(4;)
J=i+N(i)
N
+ Z (AN Q?] a4 - m(A;)m(4;)
j=i+N(7)
N
< ) mANQLNT UIA) —m(A; N QL )m(A;) (4.2.7a)
j= i+N(1)
+ Z m(AN QL NTUDA) —m(ANQ2)m(4;)  (4.2.7D)
Jj=i+N(i

We estimate (4.2.7a) first. For this we will use the exponential continued fraction

mixing estimate of Aaronson [1, page 164]. There exists C' > 0 and 7 € (0, 1), both
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independent of 7 and j, such that for o € V} ., we have

Zj’

|m(a N T_(j_i)(Aj)) — m(a)m(Aj)} < CT(j_i)/Qm(a)m(Aj).

Thus
Z ZmaﬂTU DA;) — Z ZT(J D2 (a)m(A;)
J=i+N( )aeVl j=i+N( )aevl

Z T2 (A)ym(A;)

j=i+N{(i)
For (4.2.7b) we note that if § € V, then m(8) < K491 Consider the partition

of 8 induced by P;_;.

For w € P,_; such that w C 3, TV"*(w) = X by (H1), so the distortion esti-

mate (H3) and uniform expansion (H2) give

mBOT-0(A)) = 3 mwnT07(4;)) < Cor " m(4))
weP;_;
wCp

and hence

N N

S o m(ANQE,NT U A) —m(AnQE)m(A) < Y 2097 m(4,).

J=i+N(3) J=i+N(3)

This concludes the proof as m(A4;) < Cm(A4;). O
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4.3 Proofs

4.3.1 Relating base dynamics to tower dynamics and pre-

liminaries

For x € Ay and n € N, we define

n—1

R.(x) =Y R(f'(x)).

=0

As a consequence of the Birkhoff ergodic theorem, we have

Lemma 4.17. Assume the setting of Theorem 4.9 and define

(R) = / Rdm.
Ao
Then for m a.e. x € Ay, we have
lim @) gy (4.3.8)
n—oo n

We now prove some elementary lemmas which will be useful in the proofs of

Theorems 4.9 and 4.12.

Lemma 4.18. Suppose g : RT — R* is decreasing and Y .-, g(i) = 0.

(A) For all a > 0 we have

for all n € N.
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(4.3.1)

(B)

"g(t) dt
lim —fong_(l) — =
nee Zizo 9(Z>

Proof of Lemma 4.18. For part (A), observe that since g is decreasing,

(1a)n 0 (L4ajn
/ gt dt = / o(t) dt + / o(t) dt
0 0 n

< [ attar+ @ngn)

< [ atdrrato)+9(2)+ -+ o)

< /Ong(t)dt+a(/Olg(t)dt+-~-+/nnlg(t)dt>
< (1+a)/0ng(t)dt.

For part (B), the bound

implies the result since Y2, g(i) = co.

Lemma 4.19. Let (a,) and (b,) be sequences in RY such that

for some L. If "2 a; = 00, then

Proof. a, = Lb, + ¢, where lim,,_., ¢, /b, = 0. Therefore,

ZZ%O a; S 4 Z%O Ci )
Zz‘:o bi Zz’:() bi
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4 4.3. PROOFS (4.3.2)

If > by < 00, then > 7 j¢, < 307 b, < 0o and so Y > a, < 00. S0, Y. by
diverges. Since |¢,|/b, — 0, there exists an N, such that |¢,| < eb,, for all n > N,

from where it follows that for any M > N, Zﬁé N.

QA/ZQJZN b, < e. Hence, for

any N > N,
'zﬁio ai L‘ < 2yl
N = N
Ei:o bi Zi:O bi
< —ZKJ\],VG il + e
im0 bi
Choose N so large that ), |cil/ SV b < e O

4.3.2 Proofs of Theorem 4.9

Assume that

o0

() 1(n) = {p}.

n=0

The case that ()~ I(n) is an interval follows from the Birkhoff ergodic theorem. We
will consider partition elements Ay ; of the tower such that 7 (p) N Ay # 0. Since
v = u, these are the only partition elements we need to consider to determine
whether F™(x,0) € 7~ '(I(n)) infinitely often (and hence whether T"(x) € I(n)
infinitely often). For all k¥ and [ such that 7! (p) N Ay # 0, let pr,; denote the point

of intersection. We assume that py,; € int(Ay,;) for all £ and [ for which py; exists.

We first consider the sequence Ay, N7~ (I(n)) for a fixed partition element Ay.

For n € Z*t define
A, = AN (I(n(R))), G, = F'(A])
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and for n € N let

For x € Ag and n € N, define

N

S(n,z) =#{j <n:F(z,0) € Ay N7 " (1(5))} -

Step 1. We relate the recurrence properties of F to those of f := T®. We claim

that

lim S(n, )

e (R

for m a.e. x € Ay. As the proof of the claim proceeds, we will place finitely many
restrictions on x. Each of these restrictions will be satisfied by a set of full measure.
First, assume that z satisfies (4.3.8). Ergodicity relates the clock associated with the
tower map F' to the clock associated with the return map f. For small ¢ € R, define

the sets
Ape =Ny N {(I(n((R) +¢))),  Gpe=F (A,

and the sums

n—1

Se(n, 1) =Y la,.0 f1(x),  &(n) =D m(Gye).

=0

For sequences (u,,) and (v,) in R, we write u,, ~ v, if
Unp

lim — = 1.
n—o0 Un
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Since py; € int(Ag,), we have E.(n) — oo as n — oco. Theorem 4.7 gives the sBC
property for the base transformation: for m a.e. z € Ay, we have

iy Se(m:7)

Jim = =1 (4.3.9)

We now examine S(n, z). Define ¢(n, z) by

Rq(nﬂ;) (x) <n< Rq(n7$)+1(l’).

Observe that S(n,z) — S(Ryma), ) € {0,1}. This is so because the levels of the
Young tower are pairwise disjoint and so the orbit of (z,0) must enter Ay, in order
to increment S and this can happen at most once from time Ry, ) to time n. Thus

it suffices to examine S'(Rq(n’m), x). Using (4.3.8), for € > 0 small we obtain
(

(SE(Q(M z), x) + (, 8)) Ec(q(n, SU)))

Elyn. o) alan, )
S(Rq(nvr)’ z)
a(q(n,z))
¢ (Belatnsho)tlng) (Eloina))
= & _(q(n,x)) alq(n,2)) )
where 1) and ¢ are independent of n. Using (4.3.9) and Lemma 4.18, this implies
. S(n,x)
lim =1

A aln@® )
since g(n,z) =~ n(R)~!.
Step 2. We claim that
a(ln(R) ™)) % 3 i)
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where
fk,z(j) = Ay N7 (I(H)).

This follows from a change of variable argument. Let py; € Ay satisfy T'(pr,) = p.

Defining p = ‘Z—T, we have
[n(R)~1]—1 p(p) [n(R)~1]—1
a([n(R)™']) = m(G)) ~ 9(j(R))
=0 ! |DT (pk,l)| =0
_ pp) R
~ R /0 G(H(RY) dt
B p(p) "

(u) du

(R) | DT (1) / g

N pp) =
~ W0 e 220V
~ v(Ia(5))-

Steps (1) and (2) imply that

Step 3. We now study the sequence of preimages (7~1(1(n))%, on the whole tower

A. By definition,

d dv .
Ho= > .

prrETL(p)
Consequently, for every § > 0, there exists N(d) such that the truncated tower
Aney = {Ary k< N(9) and | < min {N(0), Ly }} satisfies

u(I(n) N 7(Ans)) = (1= d)u(I(n)
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for all n sufficiently large. Now fix § > 0. Repeat steps (1) and (2) for every

Pr1 € 7 (p). For m a.e. z € Ag, we have

#lo<i<n: o e i}~ Y vluG) @310

J=0

for every k and [ such that Ay N7 t(p) # 0. For z € Ay, define

Un,z) =#0<j<n:F(z,00e | L)

Tk () CAN(s)
Estimate (4.3.10) and the fact that the levels of the tower are pairwise disjoint imply

the existence of k(0) satisfying 1 — 0 < k(9) < 1 for which m a.e. © € A satisfies

for every 6 > 0. Define

V(n,o) =#0<j<n:F(z,0) € U Iei(5)
Iya(4)ea

Since 0 > 0 is arbitrary, we conclude that for m a.e. x € Ay, we have

V(n,x)

— >
>imo 1(1(5))

h_mn—>oo
and therefore
— o> (4.3.11)
> im0 1I(5))

where

Sp(z) =#{0<j<n:T(x) € I(j)}.
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The arguments in steps (1)—(3) extend to v a.e. element of every level of the
tower A. Relating the dynamics on the tower to those on M, since mo F' =T o
and 7. = u, we conclude that (4.3.11) holds for p a.e. @ € M. This concludes the

proof of Theorem 4.9.

4.3.3 Proof of Theorem 4.12

Since p € m(A) we may consider a single preimage py; € 7 '(p) and note that
J(n) =7 1(I(n)) N Ag, has the property that > v(J,) = co. We then use the same
argument to the one given in steps (1) and (2) of the proof of Theorem 4.9 to obtain

the dBC property.

4.4 Almost-sure Results in EVT for Dynamical

Systems

Including the results in Chapters 2 and 3, there has been much recent work on the
extreme value theory of deterministic dynamical systems [21, 24, 27, 27, 28, 36, 37,
38, 41]. If ¢ : X — Ris an integrable observable on a dynamical system (X, u, T'), we
define ¢;(z) = ¢poT(z) and in turn define (M,,), the sequence of successive maxima,

by

My(x) = max_¢;(x).

0<j<n—1
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Much recent research on the extreme value theory of non-uniformly hyperbolic dy-
namical systems [21, 27, 28, 37] has concentrated on the study of distributional limits
of the sequence (M,,). There, the goal is to find scaling constants a,, > 0 and b, € R

and a non-degenerate distribution G(z) such that

lim p(an(M, —b,) < z) = G(x).

n—oo

Many examples of such distributional convergences are given in Chapter 2 and Chap-

ter 3.

The Borel-Cantelli results allow a description of the almost-sure behavior of the
sequence of successive maxima M, (x), rather than just a distributional description.
This allows an estimation of almost-sure upper bounds. In a similar way the law of
the iterated logarithm gives an almost-sure upper bound for the rate of growth of

scaled Birkhoff sums

1 n—1
bo(z) = —= ) o(T"(x),
ni=
namely
E T bn ()
e Tog log(m)) 2 = ©

almost surely, in contrast to the central limit theorem, which is a distributional

result.

Extreme value theory is related to entrance times to nested balls by the observa-
tion that if ¢(x) = —log(d(z, x¢)), M,(x) < log(n) + v if and only if d(T%(x), o) >

% for 0 <7 < n—1. In the context of Theorem 4.9, for u a.e. center xy we have
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w(M,, > v +log(n)i.o.) =1 since

diverges. By contrast, if 6 > 1 then
p(M,(x) > v +log(n) + dlog(log(n))i.o.) =0

by the classical Borel-Cantelli lemma since

o (8 (0 i)

converges. Thus the sequence u,, = log(n) + dlog(log(n)) is an almost-sure upper
bound for M, for any 6 > 1. The consideration of the function ¢(x) = —log(d(z, o))
is not restrictive; other functions with unique maxima can be considered in this
framework and almost-sure upper bounds u,, for the sequence M, can be derived,
though the sequence u,, will depend upon the form of the function near the maximal

point.
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