(© Copyright by
Qi Han

August, 2012



EXTERIOR REGULARIZED HARMONIC AND
HARMONIC FUNCTIONS

A Dissertation
Presented to
the Faculty of the Department of Mathematics

University of Houston

In Partial Fulfillment
of the Requirements for the Degree

Doctor of Philosophy

By
Qi Han

August, 2012



EXTERIOR REGULARIZED HARMONIC AND
HARMONIC FUNCTIONS

Qi Han

Approved:

Dr. Giles Auchmuty (Committee Chair)
Department of Mathematics, University of Houston

Committee Members:

Dr. Yuliya Gorb

Department of Mathematics, University of Houston

Dr. Daniel Onofrei

Department of Mathematics, University of Houston

Dr. Jianxin Zhou
Department of Mathematics, Texas A&M University

Dr. Mark A. Smith
Dean, College of Natural Sciences and Mathematics
University of Houston

i



ACKNOWLEDGMENTS

I wish to express my sincerest gratitude to my Ph.D. thesis advisor, Dr. Giles
Auchmuty, for his consistent encouragement, generosity, guidance, inspiration, and
patience. I feel extremely honored to have him as my Ph.D. advisor. He is such a
great person from whom I should learn for the rest of my life. Without him, this
work could never have been done. Moreover, I want to thank him for his financial
support during the research through the NSF Award DMS-0808115.

Also, I am grateful to my committee members Dr. Giles Auchmuty, Dr. Yuliya
Gorb, Dr. Daniel Onofrei, and Dr. Jianxin Zhou for spending their times to read
this thesis carefully, and for the valuable comments and suggestions.

I would like to thank all the academic and administrative members in the Math
Dept of the University of Houston. In particular, to Dr. Garret Etgen, Dr. Shanyu
Ji, Dr. Gordon Johnson, Dr. Daniel Onofrei, and Dr. Andrew To6rok.

Thank all my fellow graduate students, already left or still being here. Special
thanks to my good friends Ilija Jegdic, Chang’an Liu, and Da Zheng.

I dedicate the thesis to my parents and my dear wife Jingbo Liu.

1l



EXTERIOR REGULARIZED HARMONIC AND
HARMONIC FUNCTIONS

An Abstract of a Dissertation
Presented to
the Faculty of the Department of Mathematics

University of Houston

In Partial Fulfillment
of the Requirements for the Degree

Doctor of Philosophy

By
Qi Han

August, 2012

v



Abstract

In this work, we mainly study harmonic functions on an exterior region U C RY
(N > 3), with a compact, Lipschitz boundary OU, in our new finite energy function
space E' (U) (2 H' (U)), via the sequence of exterior harmonic Steklov eigenvalues
and associated eigenfunctions. These eigenfunctions consist of an orthogonal basis
for the subspace 5 (U) of E' (U) of all functions harmonic in U.

Actually, our results generalize exactly certain well-known results on Laplace’s

spherical harmonics in mathematical physics, i.e., solutions of
—ANoY,(0,0)=n(n+1)Y,(0,¢), YVn=12 ... (1)

Here, Ay is the classical Laplace-Beltrami operator on S, defined as

R A o
2= sing oo \*" 99 sin? @ 0¢?’

where 6, ¢ are the inclination and azimuth (-angles), respectively.

Through the interior and exterior harmonic Steklov eigenvalues and associated
eigenfunctions, the space H3 (0U, do) and its dual space H3 (OU, do) are defined,
whenever QU is compact and Lipschitz. This may not be the traditional definition,
as we only require weaker boundary regularity conditions. Moreover, discrete form
inner products on H: (0U, do), as well as the induced ones on H: (0U, do), can
be described from using the interior and exterior harmonic Steklov eigenvalues and
associated eigenfunctions, and these norms are shown equivalent.

In the end, series representations of harmonic functions in 7 (G) and 57 (U)



will be obtained. These representations involve the boundary data, and the inte-
rior or exterior harmonic Steklov eigenvalues and associated eigenfunctions, which
enable us the study of explicit spectral approximations. As an application, for any
g € Hz (OU, do), a pair of harmonic functions in H! (G) and E* (U) can be found
such that they share the same Dirichlet data g; while, for any h € H -3 (0U, do),
a pair of harmonic functions in H! (G) and E' (U) can be found again such that
they share the same Neumann or Robin data h. Surprisingly, this differs from the
classical single and double layer potential methods, as our harmonic functions are

determined precisely in terms of their respective boundary data.
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Chapter 1

Introduction

In mathematics, spherical harmonics are the angular portion of a class of solutions
of Laplace’s equation. Represented in a system of spherical coordinates, Laplace’s
spherical harmonics are a specific set of spherical harmonics that forms an orthogo-
nal system, first introduced by P.S. Laplace in 1782. These functions are important
in many theoretical and practical applications, particularly in the computation of
atomic orbital electron configurations, the representations of gravitational fields as
well as the magnetic fields of planetary bodies and stars, and the characterization
of the cosmic microwave background radiation. By using the sequence of Laplace’s
spherical harmonics, together with the radial function |z|, two families of harmonic
functions, one in the unit ball B; and the other in its exterior A; := R? \El, are
easily derived, and each family provides an orthogonal basis for the corresponding,
properly defined harmonic function space either in By or in A;.

The family of orthogonal harmonic functions on the unit ball By is a subset of

the Sobolev space H! (By), which conventionally is the standard function space to



CHAPTER 1. INTRODUCTION

find weak solutions for various types of partial differential equations. However, for
the corresponding family of orthogonal harmonic functions obtained in the com-
plement A; of By, not all of them are in H' (A4,;), an example being the function
|;1:|_1. Therefore, in order to use exterior harmonic functions, a new Sobolev func-
tion space should be introduced. That is, the finite energy space E' (A4;) (defined
in page 13), which only requires L%-integrability of the gradients of the functions
but not the functions themselves. Thereby, H' (A;) G E' (A;).

More generally, for any exterior region U C RY (N > 3) with a compact,
Lipschitz boundary U, we will have the finite energy space E' (U) which contains
the function |z|*~" and of which H' (U) is a proper subspace.

Let E} (U) be the subspace of E' (U) of functions whose traces on 9U are zero.

A function u in E' (U) is said to be harmonic, provided
/Vu-Vvda::O, VveE)(U). (1.1)
U

On the other hand, for the study of harmonic functions that are determined by
their respective Dirichlet, Neumann, or Robin boundary data, the usual approaches
used involve single and double layer potentials. For such problems, the boundary
data is usually required be continuous, and there are many open questions about
how harmonic functions are influenced by their boundary data.

After E' (U) is introduced, we develop a theory of exterior harmonic Steklov
eigenproblems and then derive a corresponding sequence of eigenvalues and an asso-
ciated family of eigenfunctions. The traces of these eigenfunctions characterize the

boundary fractional Sobolev space Hz (AU, do) and its dual space H~2 (8U, do)
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with respect to the boundary L?-inner product. Besides, this family of exterior har-
monic Steklov eigenfunctions provides an orthogonal basis for the subspace 7 (U)
of E' (U) of all functions harmonic on U, and their traces provide an orthonormal
basis for the boundary space L? (OU, do). This enables the series representations of
harmonic functions in E* (U) via their boundary data, combined with the exterior
harmonic Steklov eigenvalues and associated eigenfunctions.

When 90U is compact and Lipschitz, the Calderdn extension theorem (see Marti
25, theorem 5.3.1], or McLean [26, theorem a.4]) holds. This will imply that there
exists an isomorphism between the harmonic function subspace # (U) in E' (U)
and the one 2 (G) in H' (G), with G := RY \ U. In addition, decomposition of
the function space D' (RY) (see Lieb and Loss [24, sections 8.2 and 8.3]) can be
accordingly described, using the spaces ¢ (G) and 72 (U).

Much of the work discussed above is true for regularized harmonic functions,

which are defined as solutions of the equation
/(Vu-Vv—l—uv) dr =0, YveH(U). (1.2)
U

This is the simpler case as everything works out in H' (U).

We start with a brief review of some background knowledge, and next give the
assumptions, definitions and notations in chapter 2. Then, in chapter 3, we shall
introduce the finite energy space E' (U) and show some of its basic properties, for
example, we have v (H! (G)) = v (E' (U)). After that, we endow E' (U) with an
inner product involving the boundary L?-term, and prove that it is a real Hilbert

function space with respect to this inner product (-, -), .
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In chapter 4, we shall describe approximations of the spaces H* (U) and E* (U),
respectively. As H' (U) and E! (U) correspond to different situations yet H! (U)
is easier to handle, we first do the approximation for H' (U) and later in section
4.2, we do it for E' (U). Moreover, when the boundary QU is nice enough, we can
show that the Gauss-Green theorem holds on E' (U).

The study of the regularized harmonic and harmonic Steklov eigenproblems in
each truncated finite energy space E! (U,,) will then be the main part of chapter 5.
Here, U, is some bounded region that exhausts U as n — co. The methods used
involve standard calculus of variations and convex analysis.

Chapter 6 is devoted to the derivation of the sequences of exterior regularized
harmonic and harmonic Steklov eigenvalues and associated families of respective
Steklov eigenfunctions either in H' (U) or in E' (U). The limiting process depends
on a compact trace theorem, which says that the trace mapping from H'-functions
on certain bounded regions to their boundary values in L? (9U, do) is compact. In
addition, both sets of the exterior Steklov eigenvalues go to oc.

On the other hand, in chapter 7, we shall continue the study of these exterior
Steklov eigenfunctions and show that the exterior regularized harmonic eigenfunc-
tions provide an orthogonal basis for the null space of the operator £1(u) = u—Au
in H' (U) while the exterior harmonic eigenfunctions provide an orthogonal basis
for the subspace of E' (U) of all functions that are harmonic on U, from which we
can accordingly decompose H! (U) and E* (U), respectively. Moreover, via bound-
ary L2-normalization, the traces of both families of exterior Steklov eigenfunctions
will then provide orthonormal bases for the space L? (U, do). In consequence, our

results actually generalize exactly certain well-known results on Laplace’s spherical
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harmonics in dimension 3. We refer the reader to Axler, Bourdon and Ramey [13,
chapter 5] for a different type of generalized spherical harmonics.

In chapter 8, classical examples of sequences of both the interior and exterior
regularized harmonic and harmonic Steklov eigenvalues and associated families of
respective Steklov eigenfunctions in the standard regions B; and A; := RV \ B,
are provided when N = 3. They are described using the modified spherical Bessel
functions in By and Ay, and Laplace’s spherical harmonics on Sy.

Chapter 9 focuses on the weak solvability of exterior regularized harmonic and
harmonic equations, subject to Dirichlet, Neumann, or Robin boundary conditions,
in the function spaces H' (U) and E' (U), respectively. In particular, the fractional
Sobolev space Hz (9U, do) and its dual space H~2 (8U, do) are described. Related
boundary solution operators are also characterized. We repeat here that our space
H?z (8U, do) and its dual space Hz (OU, do) are defined by using the interior and
exterior Steklov eigenvalues and associated eigenfunctions. This is not the original
definition, because we only require OU be compact and Lipschitz.

Finally, in chapter 10, through the exterior regularized harmonic and harmonic
Steklov eigenvalues and eigenfunctions, H?2 (0U, do) can be endowed with discrete
form inner products to become a real Hilbert function space. These inner products
and those via the interior regularized harmonic and harmonic Steklov eigenvalues
and eigenfunctions can be shown all equivalent for the function space H 3 (0U, do).
In addition, isomorphisms from H 2 (OU, do) to the interior and exterior regularized

harmonic and harmonic function spaces are obtained, respectively.



Chapter 2

Assumptions, Definitions, and

Notations

A non-empty, open, connected subset U of RY (N > 3) is called an exterior region
when its complement, say, G := RV \ U, is a non-empty, compact subset. Without

loss of generality, let’s assume that 0 ¢ U and write ro := sup {|z| : x ¢ U}, with

2| = /at+ai+ -+ 2% for x = (z1,29,...,25) € RY, the usual Euclidean
norm. For r > rg, define U, := U N B,. Here, B, is the open ball of radius r in
R centered at the origin. Denote the boundary of a set A by OA. Then, we have
oU, = OU U S,., where S, is the boundary of B,.

For a compact set K C RY, C'(K) denotes the Banach space of all real-valued,
continuous functions on K endowed with the maximum norm. In addition,  C R¥
denotes a non-empty, open, connected subset that can be bounded or unbounded.
Then, C! (Q2), as usual, denotes the set of all real-valued, continuously differentiable

functions that have compact support in €.
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Figure 2.1: Graph of U with the shaded area G = RN \ U.

Let p € [1,00], and let all functions be from RY to R := [~00,o0]. LP () and
LP (052, do) are the standard spaces of real-valued, Lebesgue measurable functions
on 2 and 9 with their usual norms |[-[|, o and [|-|[, 5o, respectively. In addition,
for the case when p =2, L? (Q) and L? (99, do) then are real Hilbert spaces with
respect to their respective inner products (-, -), o and (-, ), -

WP (Q) denotes the standard Sobolev space of functions defined on 2 that are
in LP (2) and whose weak derivatives Dju are again in L? (Q2) for j =1,2,..., N.

It is a real Banach space with respect to the usual W'P-norm

([ ( [ ul+ 19 da:) | (2.1)

where Vu := (Dyu, Dou, ..., Dyu) is the weak gradient of u.
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In the situation where p = 2, we use the notation H' () for W2 (Q). Then,

it is a real Hilbert space under the standard H!-inner product

(U, v) ) = / (uv + Vu - Vo) dz, (2.2)
Q

and the associated norm is denoted |[ul| g

Given a function v € C! (RN ), its restriction to Q is denoted Rg(v). The set
of all such restrictions will be denoted CJ, (), and it is a subspace of W> (Q).
Let G'7 (Q) be the closure of C () with respect to ||-[]y1.p(q)-

Grisvard (see [21, theorem 1.4.2.1]) quotes a result saying G'? () = WP (Q)
when the region € has a continuous boundary 02. DiBenedetto (see [16, chapter
vii, propositions 18.1 and 19.1]) shows that G'? (2) = W? (Q) when the region ©
satisfies a segment property, and moreover he also provides a counterexample when
) has a disconnected boundary 0€2. Many of the standard extension theorems for
C'-functions on Q will imply the equality of W and G spaces. See the discussions
about extension theorems in Brezis [15, section 9.2], Kufner, John and Fuéik [22,
chapter 5], and Treves [27, section 26 | and its appendix. In fact, whether W7 (Q)
equals G1? (Q) or not is a regularity condition on the boundary 9.

Now, we require some boundary regularity on our U such as

(B1). U is an eaterior region in RN, with 0 ¢ U, and U is the union of finitely

many, disjoint, closed, Lipschitz surfaces, each having finite surface area.

Remark 2.1. Note here, under assumption (B1), there exists a bounded extension
operator € : H' (U) — H' (RN). Therefore, H* (U) = G2 (U), i.e., all functions

in H' (U) can be approvimated by sequences of C'-functions on U with respect to

8



CHAPTER 2. ASSUMPTIONS, DEFINITIONS, AND NOTATIONS

"l g1ty that are restrictions of some functions in CH (RYN) on U. See Marti [25,

theorem 5.5.1], and McLean [26, theorem a.4] for more details.

Remark 2.2. As a matter of fact, what is mostly needed later for our proofs is
to have such extension operators € : H' (U,) — H{ (Bay) for all v > ry. This may
only require some weaker reqularity conditions on OU than compact and Lipschitz
(see Evans and Gariepy [17, p135, theorem 1] for the latter case). Therefore, we

shall call such a U a 1-extension exterior region when this holds.

Below, we shall use those definitions and terminology from Evans and Gariepy
[17], save that o and do, respectively, will represent Hausdorff (N — 1)-dimensional
measure and integration with respect to this measure. Besides, Hausdorff (N — 1)-
dimensional measure will be called surface area measure in this thesis. In addition,
we require that a unique, unit, outward, normal function v : 9Q — S; C R¥~! be
defined o a.e. on 9N for all suitable regions €2, bounded or not.

A region () is said to satisfy the Rellich-Kondratchov theorem provided the
imbedding 2 : WP (Q) — L9 () is compact for 1 <p < N and 1 < g < pg with
Ps = ]\’,’—JL, the Sobolev conjugate of p, when N > 3. Besides, it is said to satisfy the
Sobolev imbedding theorem provided the mapping ¢ : WP (Q) — LPs (Q2) is also
continuous. There exists a number of different criteria on 2 and 9€2 implying these
results. In particular, when € is bounded, and 052 is compact and Lipschitz, Evans
and Gariepy (see [17, p135, theorem 1, p144, theorem 1] plus [18, p279, theorem 2|)
give them. Adams and Fournier (see [1, chapters 4 and 6]) treat various conditions
for these results thoroughly and show that they are even true for certain classes of
unbounded regions that have the property of ”small diameters”.

Moreover, a region ) is said to satisfy the trace theorem provided the trace

9
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mapping v : WHP (Q) — L4(09, do) is continuous for 1 <p < N and 1 < ¢ < pr

p(N-1)

N when N > 3. In addition, it is said to satisfy the compact

with pr =
trace theorem provided the trace mapping v : W17 (Q) — L7 (09, do) is compact
for 1 < g < pr. The trace operator 7 is the linear extension of the mapping
restricting Hélder continuous functions on Q to the boundary 9). When € is a
bounded region having a compact, Lipschitz boundary 99, and u is in W (Q),
the trace of u, denoted yu, then is a well-defined Lebesgue integrable function on
0 with respect to 0. Evans and Gariepy (see [17, p133, theorem 1]) show that ~
is continuous, and Grisvard (see [21, theorem 1.5.1.10]) proves an inequality that
implies this compact trace result. Also, DiBenedetto [16, chapter ix, section 18]
and Leoni [23, chapter 15] both give results of this type. Recently, Auchmuty [9]
derived different trace inequalities with sharp bounds.

On the other hand, when € is a region with a compact, Lipschitz boundary

0Q, for all u,v € H' (), the Gauss-Green theorem holds in the form below

/Q (vDju+uDjv) de = /69 (vu - yv) v;do, (2.3)

where v; : 02 — R denotes the j-th component of v for j = 1,2,..., N. Evans
and Gariepy (see [17, p209, theorem 1]) show that (2.3) holds for u,v € C} (RY),
and the general case follows from the density of C! (RN ) in H! (RN ) and remarks
2.1 and 2.2. By assumption (B1) on U, plus remarks 2.1 and 2.2, the Gauss-Green
theorem holds on the space H' (U), as now H* (U) = G2 (U).

In addition, an identity related to self-adjoint, divergence form partial differ-

ential equations, as will be studied in this thesis, can be derived from (2.3). That

10
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is, for u,v € H' (Q) with Au being in L? (2), we have

/ [(Au)v+ Vu - V] de = / (D,u) yvdo. (2.4)
Q o0

Here, the unit, outward, normal differential operator D, : H' (Q) — H -2 (09, do)
is defined as, for all u € H' (), D,u := Vu-v, and the condition yv € Hz (99, do)
is applied to justify (D,u,vv), 5o (see Auchmuty [4, sections 5-8]).

Below, we give another boundary regularity requirement such as

(B2). For eachr > ry, the bounded region U, is such that the Rellich-Kondratchov,

Sobolev imbedding, compact trace and Gauss-Green theorems hold.

In the following, we shall apply various standard results from the calculus of
variations and convex analysis. Background materials on these methods may be
found in Blanchard and Briining [14], and Zeidler [28], both of which have some
discussions for the variational principles concerning the Dirichlet eigenvalues and
eigenfunctions of second-order elliptic operators. The variational methods used by
us here are variants of those described there and analogous to those employed by
Auchmuty [2, 3]. In addition, all variational principles and functionals are defined
on some closed, convex subsets of H' (U,). A functional F : H' (U,) — (—o00, 00] is
said to be G-differentiable (Gateauz) at some u € H' (U,), if there is a continuous

linear functional F'(u) on H' (U,) such that, for all v € H' (U,),

F(u+tv) — F(u) _ Flu)(v), (2.5)

lim
t—0

In this situation, F'(u) is called the G-derivative (Gateauz) of F at u.

11



Chapter 3

The Finite Energy Space E' (U)

For a bounded region (2, the standard Sobolev function space H' (€2) is Hilbert with
respect to the inner product (2.2). Moreover, when 95 is compact and Lipschitz, all
these functions in L* (2), with gradients in L? (Q; R"), are in L? () by Poincaré’s

inequality (see [17, pl44, theorem 1] plus [18, p290, theorem 1]) as

/ uw’dr < M (Q) - ug, +/ |Vl de, (3.1)
Q 0

where g 1= m Jq udz. Here, M is the usual N-dimensional Lebesgue measure.

We thus can conclude that, whenever the estimate (3.1) holds,
H' () ={u:ueLl"(Q) and Vue L* (GRY)}. (3.2)

When M (Q) is infinite, there is no simple rule for the comparison of different
function spaces L? (2). Also, for our exterior region U, there are functions, such as

f(x) = |z*", that have gradients in L? (U; RY) yet it is not in L* (U). Moreover,

12



CHAPTER 3. THE FINITE ENERGY SPACE E! (U)

we shall require some decay at infinity of the functions to be considered.

We define the finite energy space E* (U) to be the subspace of L} (U) of all

loc

functions u such that the following two properties are satisfied.

(A1). u vanishes at infinity in a measure-theoretic sense, that is, for all a > 0,
My(a) = M{z €U : |u(x)| > a}) < c0.

(A2). The weak gradient Vu of u is in the space L? (U; R").

Notice the term finite energy refers to L2-integrability of the gradients.

From Chebyshev’s inequality (see Folland [20, theorem 6.17]), one has

M,(a) < a™ /

{zeU:|u(z)|>a}

luf? do < (a—l Hqu’U)p < 0 (3.3)
for all w € LP (U), with 1 <p < 0o and a > 0, so that (A1) holds. This implies
H"(U) ¢ E*(U). (3.4)
These results lead to proofs that the weak solutions of
p*u — Au = 0 in U, subject to yu =1 on OU (3.5)

are in H' (U), where u > 0 and 7 is some suitable boundary data. When p = 0,

however, the weak solutions of

—Au =0 in U, subject to yu = n on oU (3.6)

13
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need not be all in H' (U), such as u(z) = |z|*~" for |z| sufficiently large (see also
Auchmuty and Han [10, 11]). In consequence, for the harmonic problems, we must
drop the requirement that « € L? (U), and use the function space E'! (U) instead.

Let’s for the moment go back again to the case when {2 is a bounded region with
02 compact and Lipschitz. Sobolev imbedding theorem (see [17, p135, theorem 1,
p138, theorem 1] plus [18, p279, theorem 2]) gives H' (Q) C L?s (Q) for 25 := 2

see |1, section 4.3]). Noticing 2 < 2g, one actually has that
( [ g
H' (Q) = {u cu € L*(Q) and Vu € L? (Q;Rj')} . (3.7)

Fix a r (> r¢o > 0), with ¢ being sup {|z| : € U}. For the exterior region U,

and two given constants ry, o satisfying r > ry > r1 > rq, define

0 on B,, U{R¥\B,,},

. _
P (W) on By, \ By,

I SO
IS e
Let X(z) be the restriction of X (|x|) on U. Then, X is a decreasing, smooth

and accordingly write X (|z|) :

function, lying in between [0, 1], such that

X=1 onU,,

X=0 onU\U,,

and such that |[VX]|_ ;; < co.

14



CHAPTER 3. THE FINITE ENERGY SPACE E! (U)

Given u € E' (U), set & := (1 — X) u. By zero extension to RV, @ € Lj,, (RV).

Applying Cauchy’s and Poincaré’s inequalities (see (3.1)), we have

/ |va|2dx:/ (1 —X)Vu— (VX)ul dx

RN RN

g/ |Vaul? d:v+HVXHiO7U/ ude+zy|vxy|oo,U/ luVul| de (3.10)
U Ur Ur

<2 (/ Vul* do + [|VX[Z (M (U,) - ug, +/ Vul|? d:v)) < 0.
U U

Hence, Vi € L? (RY;RY). Also, & vanishes at infinity as u does, for G is a bounded

region. Thereby, 1 is in D* (RN ), which is the global version of our function space

E' (U) in R", that is, w € D' (R") whenever w € L}, (R"), w vanishes at infinity
in the sense of (A1) for RV, and Vw € L* (RY;RY). Sobolev imbedding theorem
for gradients (see Lieb and Loss [24, sections 8.2 and 8.3]) derives @ € L?s (RY).
In particular, the restriction of % on U \ U,,, equaling ulp\p,_, is in L*s (U \ U,,).

Besides, ulg is in H' (U,) by (3.2), so that it is also in L?s (U,) by (3.7). We thus

obtain u € L?s (U). In consequence, it actually says that

Proposition 3.1. A function u is in E* (U) if and only if it is in L*s (U) and its

gradient Vu is in L? (U; RY).

As a result, we can derive the following comparison result on different function
spaces LP (U) when 1 < p < oo, on condition that all these functions involved are

such that their weak gradients are in the space L* (U; RY).

Corollary 3.2. When (B1) holds, for any functionu on U with Vu € L* (U; RY),

if u is in LP (U) for some p € [1,00), then u will be in L*s (U).
Recall that G = RV \ U. Evans and Gariepy (see [17, p135, theorem 1]) give us

15
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the existence of a bounded extension operator £ : H' (G) — H} (B,) since G € B,
for 7 > rg. Restrict the space H} (B,) on U,. For all u € H} (B,), u|y, will be in
E'(U) by zero extension to infinity. That is, for all u € H' (G), there exists some
@ € E' (U) such that vt = yu on OU. Besides, for all u € E' (U), write v := Xu.
Then, yv = yu on OU and yv = 0 on S,,. Again, we will have a bounded extension
operator £ : H' (U,,) — H} (B,) since U,, € B, for r > ry. Restrict H} (B,) on G.
For all u € H} (B,), one has u|g € H' (G) as G € B,.. Note here, v € H' (U,,) by
the boundedness of VX and (3.2). That is, for all w € E' (U), there exists some

@ € H' (@) such that v = yu on OU. Therefore, we derive that
v (E'(U)) =~ (H"(G)) on dU. (3.11)

This argument, plus remarks 2.1 and 2.2, can also show that, on QU, the trace

spaces of H! (U) and H' (G) are the same, which implies that
v (E'(U)) =~ (H"(U)) on dU. (3.12)

On the other hand, another type of Poincaré’s inequality (see [17, p138, theo-
rem 1] plus [18, p279, theorem 3]) says ||ul| ;) and [[Vu[|2(g.gv) are equivalent
on Hj (G), the subspace of H' (G) of all functions whose traces are zero on 9G.
If we view Hj (G) as a subspace of D' (RY), rather than H' (R"), since only the
gradients matter, we shall get something new, as H' (RN ) ¢ D! (RN ) This also

explains how we got E' (U), as now (3.11) and (3.12) lead to

H'(U) = H' (RY) /H} (G). (3.13)
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CHAPTER 3. THE FINITE ENERGY SPACE E! (U)

with the notation = denoting (algebraic) quotient isomorphism, and
E'(U) = D" (RY) /H; (G). (3.14)

This can be regarded as the third characterization of E* (U).
First of all, we show that D! (RN ) is a real vector space. Actually, let w,w* €

D! (]RN), and let ¢ # 0 be a constant. For all a > 0, we have

Mw-l—w* <a> S Mw (%) + Mw* (%) < 00,
(3.15)
Mw(a) < M, (ﬂ) < .

Noticing that M (G) < oo as G is bounded, we are done.

Write w ~ w* whenever w—w* € Hg (G). Then, for all [w] € D' (RY) /Hj (G),
u = wlg € E' (U) is uniquely defined. Yet, for all u € E' (U), (3.11) derives some
interior extension, say, 4, in H' (G) such that yu = 4 on U, so that, via (3.2),
w :=u+a € D' (RY) and [w] is uniquely determined by u. Note here, the notation
[-] denotes the equivalence classes in the quotient group.

Finally, we shall make E'! (U) a Hilbert space. Remember that, for any bounded
region 2 with 9Q compact and Lipschitz, H' (Q) is again a real Hilbert function

space with respect to the d-inner product (see [2, corollary 6.2])

(u,v)agzz/Vu-Vvdx+/ yu - yvdo, (3.16)
’ Q o)

and the associated norm is denoted |[|ul[, o. Besides, the two norms ||ul| . o) and
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u are in fact equivalent on H* (€2). Inspired by this, and being aware of (3.11
8,0

implying v (E* (U)) C L* (9U, do), we define the d-inner product

(u, ) 1 ::/Vu-Vvdx+/ yu - yvdo, (3.17)
U ouU

along with the associated norm |[u|[, ;,, on E' (U). Then, one has

Theorem 3.3. Under our general assumption (B1), EY(U) is a real Hilbert func-

tion space with respect to the d-inner product (3.17).

Proof. Obviously, E'(U) is a vector space as shown in (3.15). Besides, as Vu = 0
and condition (A1) yields u =0, ||-||, is indeed a norm on E' (U).
Let {uy},—, be a Cauchy sequence in E' (U). That is, for each ¢ > 0, there

exists a positive integer K € N such that, for all k1, ky > K,
un, — uny ]y <&, (3.18)
from which it follows simultaneously that
IV, — Vel sy < € and [, — g llgy <o (3.19)
For all u € E' (U), define @ to be the unique weak solution for
At =0 in G, subject to ya = yu on OU. (3.20)

The condition yii = yu € Hz (OU, do), via (3.11) and [5, identity (3.2) and theorem

6.2], ensures the existence of our solution in H' (G). Call @ the interior harmonic

18



CHAPTER 3. THE FINITE ENERGY SPACE E! (U)

u on G, Vi on G

extension of u over GG, and write w := Thereby, Vw =

u on U. Vu on U
is in L* (RV; RY). As G is bounded, w will be in D* (RY) by (3.2).

Now, let uy be the interior harmonic extension of u; over G, and accordingly set

INLk on G,
Wy = for every k = 1,2,.... Applying Sobolev imbedding theorem

up on U,

for gradients (see Lieb and Loss [24, theorem 8.3]) then leads to, for some constant

Cy =7 \N4rn N(]X_Q) (F (Ngrl))_% relying only on N,

2 2
Wi, — Wiy |5 gy < ON [V, = Vg, |[72@y gy

=Cy (/ Vur, — Vg, |* da +/ |Viig, — Viig,|” dx) (3.21)
U G

=Cy (/ Vg, — Vug,|* dz +/ (Yur, — Yug,) (Dytig, — Dyiy,) dU) :
U oU

where (2.4) was used to derive the last identity above. This shows that {wy},,
and {Vwy},-, are Cauchy sequences in L*s (RN ) and L2 (RN RN ), respectively,
by (3.19), as @, € H' (G) implies that D,y is in H~2 (OU, do), the dual space of
H2 (OU, do) with respect to the boundary L%inner product, for each k = 1,2, ...
(see appendix, and also see Auchmuty [4, section 6] and Brezis [15, pp136-137]).
Here, D, is the unit, outward, normal differential operator.

The completeness of the spaces L2s (]RN ) and L? (]RN ‘RN ) thereby yields the
existence of a function w € L? (R") and a vector function v := (v!,v?,... ,v") €
L? (RM;RY), such that |Jwy —w||y, gv — 0 and |[Vwg — V|| 2@n,gyy — 0 when

k — oo, respectively. As a consequence, for all ¢ € C! (]RN ), standard argument

19



CHAPTER 3. THE FINITE ENERGY SPACE E! (U)

about weak derivatives derives that

/ w(Djp) de = lim / wy (Djp) dx
RN k—oo JpN

= — lim (Djwy) pdr = —/ v pdz,

(3.22)

which implies that Vw = v € L? (RY; R") in the weak sense, where D; is the j-th
weak partial differential operator for each j =1,2,..., N.

Now, w € L?s (R") shows w € L}, (R"), and, from (3.3), w vanishes at infinity
in the sense of (A1). As a result, wis in D* (R"). So, one has v :=w|y € E* (U)
from (3.14). Applying the compact trace theorem on G (see [21, theorem 1.5.1.10]),

together with Hélder’s inequality, we have that, for this function @ := w|g, and for

other two vector functions Vu := V| and Vi := Vg,

2 2 2
ur = ully,p = [[Vur = Vullp2pmy + [lvue — yull op

2 ~ ~112 ~ ~112
<||Vur, = Vul[ 2 rvy + Ca (HUk —ally,q + [V — quL2(G;RN)>

(3.23)
< (1+ Ca) [IVwr = ¥l 2 vy + Co (MG [l — il ¢
< (14 Co) [[Vwr = V|2 zwy + Ca (M GV [Jwr —ull5, gn — 0
as k — 0o, where Cg > 0 is a constant depending only on G.
Thus, E' (U) is complete with respect to the norm [|-|[, ;. O

Remark 3.4. In general, though one has ||-[|, ; < C'[||| g1 for some constant
C > 0 that depends only on U (see [10, theorem 3.1]), H' (U) is not complete with
respect to ||-||5 ;- This can be shown via the function f(x) = 12>, using the cut-

off functions x,(x) by (4.12) and the sequence {uni11 = Xnf} ;-
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Remark 3.5. Adapting the above arguments, D* (RN) can be shown a real Hilbert

function space with respect to (-,-)g, the gradient L? (RN; ]RN) -inner product,
(w,w")g = / Vw - Vw*dz, (3.24)
RN

with its associated norm ||wl||g. See also Auchmuty [7, sections 2 and 3].

Remark 3.6. From the above discussions, along with the decomposition of H' (G),

as described by Auchmuty (see [5, identity (3.2) and theorem 6.2]), that is,
HY(G) = HY(G) @0 7 (G) (3.25)
with 2 (G) being the subspace of H' (G) of functions harmonic on G, we have
DY (RY) = B (U) by H'(G) = B (U) by [HL(G) @00 #(G)] . (3:26)

Here and henceforth, we use different subscripts under the notation @ to indicate

the direct sums are related to the corresponding inner products.
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Chapter 4

Approximation of Function

Spaces

4.1 The Approximation of H' (U)

Below, we approximate the exterior region U and the space H' (U) accordingly as
an illustration to that of E' (U), which will be given in the next section.

Fix a r > max{1,r¢}, so that R¥N \ U € B,. For every n = 1,2, ..., define
the bounded region U,, := U N B, having a compact, Lipschitz boundary oU,, =

OU U S,», and correspondingly define the truncated finite energy space
E'"(U,)={ueH' (U):u=00nU\U,}. (4.1)
In consequence, we have, via the very definition,

E'(U)C---CE' (U, CE'" (Uyy)C---CH' (U). (4.2)
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4.1 THE APPROXIMATION OF H! (U)

Here and henceforth, by abuse of notations, we write U,, instead of U,n.

Denote the restriction of E' (U,,) on U,, by H: (U,).

Obviously, H3 (U,) is a subspace of H! (U,,) of functions whose traces are zero
on Syn. Take u € H' (U,) to be such that yu = 0 on S,». Via zero extension to
infinity, it is then in E' (U,). So, u itself is in H2 (U,,). HZ (U,) is also closed in
H'(U,). Actually, let {uy},~, be a Cauchy sequence in HZ (U,) with respect to

| gw,y- Recall [[[| g,y and |[-]|5 1, are equivalent on H' (U,). The complete-

ness of H' (U,,) yields a function u € H' (U,,) such that

/ IV, — V| do +/ (yuy, — yu)? do +/ (yu)* do — 0 (4.3)
n ou

Syn

when k& — oo. Therefore, yu = 0 on S,», so that u is in H2 (U,).

Consequently, H2 (U,) is the maximal subspace of H' (U,,) of all functions that
have zero traces on Syn. So, Hy (U,) & H2 (U,,) follows accordingly, where H} (U,,)
denotes the closure of the set C! (U,,) with respect to IRIFTErenE

Our next step is to prove the following approximation result.

Proposition 4.1. Givenu € H' (U), there exists a sequence {u,} -, of functions,

with u, € E* (U,) for each n > 1, such that lim ||u, — ull gy = 0.
n—oo

Proof. Define, for every n = 1,2,..., and for all z € R,

0 on Brn U {RN \ETn-H} s
fa(lz]) = (4.4)

1 —
eXp ((|5E\*T”)(|m|fr”+1)) on Br7l+1 \BT"7
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TR et
IS war
Let &, (x) be the restriction of X,,(|z|) on U. We then easily see that X, is a

and correspondingly write X, (|x|)

decreasing, smooth function, lying in between [0, 1], such that

X, =1 onU,,

X=0 onU\U,,

and such that ||V, || ;; is bounded, independent of n.
Now, for all w € H' (U), write u, 1 := X,u. Then, u,; is in E' (U,41) since
Unt1 = 0 on U\ Upyr. Besides, [[uny1 —ully ; < 2{[ully iy, — 0 as n — oo, for

u € L? (U). Moreover, from Cauchy’s inequality, we have

/ Vit — Vul? de = / UV X, + X,Vu — Vul|® dz
U U

= / |Vul?dz + / UV X, + (X, — 1) Vu|* dx
U\Un+l Un+1\Un

(4.6)

< / \Vul?dx +/ UV X, >+ 2/ luV X, - Vu| dz

U\Un Un+1\Un U”‘Fl\Un
<2 (/ \Vul|?dz + ||vxn||§oU/ u2dx) -0
U\Un Jo\u,

as n — oo, for u € H' (U). Thus, |[ups1 — ul| g1y — 0 as n — oo. O

Let C} (U), as before, be the restriction of C! (RY) on U. That is,
C (U) == {v: ¥ = |y for some ¢ € C, (RN)} : (4.7)

By remarks 2.1 and 2.2, C} (U) is dense in H' (U) with respect to 1 g 0y
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4.2 THE APPROXIMATION OF E' (U)

4.2 The Approximation of E! (U)

In this section, we approximate the finite energy space E! (U).

First, observe that the truncated finite energy space E! (U,) equals
E'(Uy)={uecE'"(U):u=00nU\U,} (4.8)
via condition (B2) and (3.2), when restricted on U,. So, we also have

E'(U)C---CE' U, CE" (Up1) C---CE'(U). (4.9)

Similarly, we can derive the approximation result below.

Proposition 4.2. Given u € E' (U), there exists a sequence {u,}.-, of functions,

with u, € E* (U,) for each n > 1, such that lim ||u, — ul|lgy = 0.
n—00 ’

Proof. Define, for every f,(|x|), given by (4.4), with n =1,2,...,

( “+o0
S fa(t)dt -
m on BT”—i—en U {RN \ Brn+1_5n} s
Fu(lz) = S
e @t (al=r"—en) [t~ )t
rten _ r"tten
L fj;: fa(t)dt (Tn+1_rn_25n)f_+§: fa(t)dt on BT‘"“—sn \ Br"+ena
(4.10)
where €, = O (W) > () is a constant so chosen that
rntl_e
1 n " (t)dt
exp = f’" tén ®) ) (4.11)
€n (r" + €, — rntl) rrtl —pn — ¢,

Let x,(z) be the restriction of F,,(|z|) on U. One then easily sees that x,, is a
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4.2 THE APPROXIMATION OF E' (U)

decreasing, smooth function, lying in between [0, 1], such that

Xn =1 on U,,

=
3
Il
o

on U\ Ups1, (4.12)

L [ VXalloop 18 exactly O (757) -

For all u € E' (U), set u,11 := Xnu. S0, tupyq is in E' (U,y1) via the bounded-
ness of Vy,, and (3.2), as u,41 =0 on U \ U,41. In addition, yu,; = yu on OU.
From proposition 3.1, and Cauchy’s and Hélder’s inequalities, we have

/ (Vg1 — Vul” do = / UV xn + Xn VU — V| dz
U U

:/ \Vul? dz + / [uVxn + (xn — 1) V| dz
U\Un+1 Uny41\U

+1\Un
S/ |Vu|2 dx + 2/ (|uVXn|2 + |Vu|2) dx
U\Un+1 Un+1\Un
<2 P2Vl [
U\U'n ’ Un+1\U'n

2 N2
2 2 N 2g N
<2 \Vu|” dz + 2 ||Vxallo o dx lu|™® dx
U\U», ’ Unt+1\Un Un+1\Un
2 2 = \\ = 2
S 2 HVUHLQ(U\Un;RN) + 2 HvXnHOQU (M (Un—i-l \ Un)) HUH2S,U\Un —0

(4.13)

when n — oo, as u € E' (U) implies that ||UH§S,U\U” — 0 and ||VuHiQ(U\Un,RN) —
0, respectively, when n — oo, while, on the other hand, as |[Vxall, = O (=57)

— L
yields that ||Vxn|l .y (M (Ups1 \ Un)) ™ = O(1), independent of r, when n — oc.
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In consequence, it follows that ||u,+1 — ul|; ; — 0 when n — oo. O

Propositions 4.1 and 4.2 tell us that E' (U,) exhausts H' (U) with respect to
|l .17y and E'(U) instead with respect to ||-||, , as n — oo.

Recall that D! (RN ) is the finite energy space on RY. One has

Corollary 4.3. Take {V}}j’;l to be any class of bounded regions satisfying V; &

Viyr and RY = U;’il Vi, such that OV} is compact and Lipschitz for every j =

1,2,.... Then, for allw € D* (RN), there exists a sequence {wj}]o.il of functions,

with w; € Hy (V;) for each j > 1, such that lim [lw; — w||g = 0. Here, ||||¢ (see
J]—00

remark 3.5) denotes the gradient L* (RY;RY)-norm.

Proof. As discussed ahead of (3.13), via zero extension over RY, H} (V;) becomes
a subspace of D' (RY) with respect to the norm |[|-||g. For all j sufficiently large,

there are two integers n;, > nj,, with Bn;, € V; € B,n;,, such that

Now, a slightly modified proof of proposition 4.2 shows that the space D* (]RN )
can be approximated through the spaces H} (B,n) as n — oo with respect to ||| .
Actually, for all w € D' (RY), write w,,11 := F,w € Hj (B,n+1). Proposition 3.1,
the fact ||[VE,|[ ;= O (=4+) and the estimate (4.13) then yield it.

Therefore, along with (4.14), this gives us the desired limit. O

Remark 4.4. What this result really says is, with respect to ||-||¢, C+ (RY) is

dense in D' (RY), as D' (RY) can be approzimated by Hi (B,n) and C} (Bn) is

dense in Hg (Bn), in view of Poincaré’s inequality.
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Recall that C} (U) denotes the restriction of C! (RY) on U. CJ (U) is dense
in E' (U) with respect to ||||,, which follows from remarks 2.1 and 2.2 again,
together with an estimate like (3.23). We shall show it below.

Let u be a function in E' (U). For each € > 0, there exists a u,, € E' (U,), for
sufficiently large n, such that |Ju, —ul|,;; < 5. Restricting u,, on U, and using the
same notation leads to u, € H2 (U,). Remarks 2.1 and 2.2 (also see (3.11)) then
give a w,, € H} (B,n), which is an extension of u,, over B, as yu, = 0 on S,» and
U, C B,n. Therefore, there exists a sequence {y},-, of functions in C} (B,«) such
that ||V, — Vw,||g — 0 as k — oo, by Poincaré’s inequality and zero extension

outside B,» to RY. Let 9, be the restriction of ¢, on U. Then,

2 2 ;
¥k — unllz,p < [IVer = V|2 .mmy + 170k — YWnll3 00
2 2 :
<||Ver — anHLQ(U;RN) + Cq (H@k — wnHQ,G +||Ver — anHLz(G;RN)> (4.15)
<max{1,Cqc}||Ver — anHiZ(Brn;RN) +Caller — wan’BT"

as k — oo, where the compact trace theorem on G and Poincaré’s inequality were
applied for deriving this estimate, Cc > 0 is the constant given below (3.23), and
Cp,. > 01is a constant relying only upon B,». As a consequence, ||[¢, —ul|,, <€

follows immediately when k is sufficiently large.

4.3 The Gauss-Green Theorem

As an application, we have the following version Gauss-Green theorem.
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Theorem 4.5. Let u € E* (U) be such that its Laplacian Au exists and is in the

intersection space L (U) N L~ (U). Then, for allv € E*(U), one has

loc

/ [(Au)v+ Vu - V] de = / (D,u) yvdo. (4.16)
U ouU

In particular, when u is a function in H' (U) such that its Laplacian Au exists

and is in the space L* (U), this identity still holds for allv € H' (U).

Proof. On each bounded region U,,, in view of our assumptions, we have

/ [(Au) ¢+ Vu - Vo] dx:/

(D,u) 71/1d0+/ (Dyu) v do (4.17)
n ou

Syn

by (2.4) for such a u € E' (U) described as above, so that, letting n — oo leads to

/U [(Au) Y+ Vu - V| de = / (Dyu)ypdo (4.18)

oU

for all » € C} (U). Being aware of the fact v € L?s (U) and the density of C, (U)
in B (U) with respect to ||-||, ;, our desired result then follows.

On the other hand, for such a w € H! (U) as described in our hypothesis, the
identity (4.18) still holds for all 1> € C} (U). Noticing now the density of C, (U)

in H' (U) with respect to ||| 1, we finally finishes the proof. O

Corollary 4.6. The respective weak solutions of the systems below,

—Au=01in U, subject to yu =mn; on AU,
o (4.19)

—Au=01in U, subject to D,u—+b(yu)=mny on OU,
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4.3 THE GAUSS-GREEN THEOREM

in our space EY (U), if exist, are unique, where b > 0 is a constant.

In addition, the respective weak solutions of the systems below,

pru — Au=01in U, subject to yu = n3 on OU,
or (4.20)

pPu—Au=0in U, subject to Dyu+b(yu) =mn4 on OU,

with some constant > 0, in the space H* (U), if exist, are again unique.

Proof. Take v = u € E' (U) to be harmonic in (4.16) such that either yu = 0 or
Dyu+b(yu) = 0 on 9U. We thereby have [, |Vu|? dz = 0, so that v = 0 from
condition (A1). This consequently confirms the first statement.

When u is a weak solution of p?u — Au = 0, applying (4.16) yields

/ (1Puwv+ Vu - Vo) do = / (D,u)yvdo, Vove H (U). (4.21)
U oU

Suppose again that either yu = 0 or D,u + b (yu) = 0 on OU. Substituting v = u

into (4.21) leads to u =0 as g > 0. This finally finishes our proof. O
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Chapter 5

Steklov Eigenproblems in the

Function Space H61 (Un)

5.1 The Regularized Harmonic Case

In this section, we study in detail the regularized harmonic Steklov eigenproblems
in the truncated finite energy space H2 (U,,), using standard variational principles
and convex analysis, whereas simply outline the parallel results in the next section
for the harmonic Steklov eigenproblems, again in H2 (U,).

In the following, we shall find the weak solutions of the following mized Dirichlet-

Robin type eigenvalue problem in H' (U,)

Li(u) :=u—Au=0 in U,, subject to

D,u = 7u on OU, and yu =0 on Syn.
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On the bounded region U,, having a nice boundary 9U,, = OU U S,«, the Gauss-
Green theorem holds. In consequence, we are going to find the non-trivial solutions

in H: (U,) x (0,00) that satisfies the following identity
/ (Vu - Vo + uv) d:L‘—T/ yu-yvdo =0, Yove H:(U,). (5.2)
n ou

We call our problem regularized harmonic due to the operator £4(u) = u— Au,
yet, the results are exactly the same if we instead consider the operator £, (u) :=
p*u — Au for p > 0 and using the weighted H-inner product. To avoid blurring
the essence, we simply consider the standard case where u = 1.

Let K be the closed unit ball in H2 (U,,) with respect to the standard H'-norm,

given by (2.2). That is, K C H} (U,) is such that
K= {u € H2(U,): / (u? + |Vu|?) do < 1}. (5.3)
Define the functional 7 : H! (U) — [0, 00) by
T (u) == / (yu)? do. (5.4)
ou

Note here, T is also well-defined by (4.2) for w in H: (U,,). Consider the variational
principle (9%61,71) of maximizing 7 on K, and write
K1 :=sup T (u). (5.5)

ueK

K is a bounded, closed, convex subset of H2 (U,), which enables us to prove
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5.1 THE REGULARIZED HARMONIC CASE

the following existence result for solutions of (%h61,n)~

Theorem 5.1. There exists some mazimizer u ,, (so does —uy ) of T in K with

[us,nll g1,y = 1, which is an eigenfunction for the problem (5.2) corresponding to

the least positive eigenvalue 11, with 11 , =

Kl,n‘

Proof. As K is bounded, closed and convex, it is weakly compact in H2 (U,,). Also,
the compact trace theorem on U, implies that T is weakly continuous on the space
H* (U,), and so is it on H2 (U,). Hence, T attains its supremum, technically as a
maximum, at at least one function, say, u; ,, € K, such that s, =7 (u1,,) > 0 is
finite. If [[uyn|| 1,y <1, we set ¢ := Hul,nH;Ill(Un) > 1, so that |lcw |, =1
vet, cuy,, € K and T (cuy,) = T (u1.,) > k1, This is a contradiction.

A Lagrangian functional for the above variational principle (9%(‘51771) is given

by Fi : H: (U,) x [0,00) = R, which is defined as, for some constant A > 0,

Fi(u,A) = A (/ (2 + |Vul?) do - 1> _ /6U(7u)2da. (5.6)

Our problem of maximizing 7 on K is equivalent to finding an inf-sup point of
JF1 on its domain. Any such a maximizer is a critical point of F1(-, A) on H2 (U,),

that is, (-, A\)(v) = 0 for all v € H: (U,). As a result, we have

A (/ (Vuy,, - Vo +uy ,v) dx) — / Yy, - yvdo =0, Vo€ HL(U,). (5.7)
n oU

Letting v = uy ,, yields A = &y ,,. Thus, (5.2) holds with 7 ,, = ﬁ > 0.

If 7, ,, is not the least positive eigenvalue of (5.2), there would be a 71, < 715,

and some 1y , € K with \|ﬂ1,n||H1(Un) = 1 such that (5.2) is satisfied by (i1, 71,n)-
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5.1 THE REGULARIZED HARMONIC CASE

Yet, this is impossible, for otherwise we would have &y ,, = - L > 1 = Kinp. O

Ti,n T1,n

Remark 5.2. As an immediate application, by homogeneity, it follows that

Vullyo0 < VL ullg ), Y u € Hy (Un). (5:8)
Given the first k& (> 1) regularized harmonic Steklov eigenvalues {71 5, ..., Tkn}
and an associated set {u15, ..., ugn} of (-, ) g1y, -orthonormal eigenfunctions, we

show below how to find the next pair (U115, Ter1.0) € H2 (Uyn) X (0,00).

For each k£ > 1, define
K, = {u €K : (YU Yin)y gy = 0 fori = 1,2,..., k:} . (5.9)
Noticing 0 < 11, < 7o, < -+ < T, by (5.2), it is equivalent to set
K, = {u € K« {(u, i) i) =0 for i =1,2,.. k:} . (5.10)

Consider the variational principle (?ﬁh@ i +17n) of maximizing the functional 7

on the subset K, of H: (U,) C H* (U,,), and write

Rikt+1n := sup T (u). (5.11)

ueKy

Theorem 5.3. There are mazimizers £uyi1, of T on Ky with || nlly, =1

These functions are eigenfunctions of our problem (5.2) associated with the eigen-

value Tiy1.n such that T, = . Moreover, Tiy1,, ts the smallest eigenvalue

REk+1,n

for our problem greater than or equal to Ty .
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5.1 THE REGULARIZED HARMONIC CASE

Proof. Via the compact trace theorem on U,, each of the linear functional 7T;(u) :=
Jou TWin - Yudo is continuous in Hi (U,) for i = 1,2,..., k. Thus, K}, is bounded,
closed and convex in H2 (U,) by (5.9). So, it is weakly compact.

As a result, 7 attains its supremum, again as a maximum, at some function,
say, W1, € Ki, such that kxi1, = T (Ugg1,,) > 0 is finite. Also, kgy1.n < Kk
follows, and, similar to our proof of theorem 5.1, |[ug11,n[ g1 g, = 1 holds.

Let Vi be the linear space spanned by {uy ,,, U, ..., U, }. A result of Auch-

muty (see [3, theorem 2.1]) says 41, satisfying the identity below
(YU, Y0)g oy = A+ w0, V) gy s VU E H(U,), (5.12)

for a constant A > 0 and some function w in V. That is,

/ Vg1 - YUdO — / (Vw - Vo +wv) dx
o " (5.13)
~) / (Vikorn - Vot tpprnt) do, Yo HE (U,).

Keep in mind (5.9) and (5.10). Letting v = ug4q,, yields A = Kg41,, since w € Vi,

1
Rk+4+1,n

> 0. Just as

while letting v = w yields w = 0. So, (5.2) holds with 7541, =

theorem 5.1, 741, is the least positive eigenvalue of such kind. O]

Clearly, this process can be iterated to derive a countable, increasing sequence

{Tk,n}re, of regularized harmonic Steklov eigenvalues such that
Theorem 5.4. We have klim Tkn = 00 foralln =1,2,.. ..
—00

Proof. Since the family {uy,} ., of associated regularized harmonic Steklov eigen-

functions is part of an orthonormal basis for H} (U,) with respect to (-,-) HI(Un)
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5.1 THE REGULARIZED HARMONIC CASE

it converges weakly to zero. Therefore, the compact trace theorem on U, yields a
subsequence {uy, »},°, such that yuy, , — 0 in L? (0U, do) as | — oo, from which

we have ry, , =T (U, n) = 0, and thereby 7, ,, = 00, as [ — oo. O

From (5.2), we see that, for every k =1,2,.. .,

/ (Vi - Vo +uv) de =0, YoveCH(U,). (5.14)

n

Let A% ¢, (Uy,) be the null space of the operator Ly, given by (5.1), in H2 (U,).
That is, it is the collection of all functions in H} (U,) such that (5.14) is satisfied.
5.2, (Uy,) is called the subspace of regularized harmonic functions in H2 (U,,). We
can accordingly decompose the space H2 (U,) such as

HY(U,) = M.z, (Up) @,y Hy (Uy) - (5.15)

o

Theorem 5.5. The family {uy,},, of reqularized harmonic Steklov eigenfunc-

tions is a mazimal (-, -) gy, \-orthonormal subset of N5z, (Uy).

Proof. Obviously, by definition, these eigenfunctions {uy ,},-, are in A5z, (Uy),
and are (-, ) gy, -orthonormal. Also, one has kh_)rgo'T(ukn) = (. If they are not
maximal in A5 ¢, (U,), there would exist some function u,, € A5 ¢, (U,,) such that
[uall g,y = 1 and (o, we ) o) = 0 forall k= 1,2, If T (u,) > 0,a kg €N
can be found such that sy, , > T (U,) > Kgyt1,n- However, by definition of w41 ,,

T (u,) < Kiy+1,, must be true, for u, is in Kj,. Nevertheless, 7 (u,,) = 0 yields

u, € Hj (U,), so that u,, =0 as it is in A5 ¢, (U,) N Hy (U,). O
Thus, {uy,,},., providesa (., ) i (u,)-orthonormal basis for the space A5 £, (Un).
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5.1 THE REGULARIZED HARMONIC CASE

On the other hand, define

Uk,n *= \/Th,n Wk,n- (5.16)

From (5.2) and the condition that [[ugu|l;1 ) = 1, [[Vtknlly gy = 1 follows for

every k =1,2,.... We can consequently derive the result below.

Corollary 5.6. The sequence {Yury},, of trace functions of {uyn},., provides

a (-, )y gy -orthonormal basis for the space L? (OU, do).

Proof. By (5.9) and (5.16), {7tk n} 4, is orthonormal. Now, let g € L? (9U, do) C
H~2 (QU, do) be such that (9, Yuk,n)g oy = 0 for each k = 1,2,.... Consider the

maxed Dirichlet-Neumann type boundary value problem such as

u— Au =0 in U,, subject to
(5.17)

D,u = g on 0U, and yu =0 on Sn.

The H'-solvability of (5.17) in H' (U,,) is answered in Auchmuty [2, 6]. In partic-
ular, for such a g as given, we have a unique weak solution.

Let u € A5 ¢, (Uy,) be this unique solution. As we already showed, {1, },_, is
a (", ) g1 (p,-orthonormal basis for A5 ¢, (Un). Therefore, u = i CkUp n, With ¢

k=1
being constants for all £ =1,2,.... Then, on OU,

g = D,,u = Z CkD,,ukyn = Z CkTk,n —. (518)
k=1 k=1 vV Tk,n

1

SO7 C = \/TT

(9, YUk,n)y oy = 0 for each k > 1, and thus g = 0. O
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5.2 THE HARMONIC CASE

5.2 The Harmonic Case

In this section, analogous to (5.1), we consider the weak solvability of the following

mized Dirichlet-Robin type eigenvalue problem in H! (U,)

—Au =0 in U,, subject to
(5.19)

D,u = éu on U, and yu =0 on Syn.

Systems like (5.19) are called the harmonic Steklov eigenproblems, so that ours are

to find the non-trivial solutions in H2 (U,) x (0,00) such that

Vu-Vvda:—é/ yu-yvdo =0, Yve Hi(U,). (5.20)

Un oU

Let B be the closed unit ball of Hj (U,) with respect to [|-]|, ;. . That is,

B = {u € HX(U,) : |Vu|2 dx +/ (7u)2 do < 1} . (5.21)
Un U

Consider the variational principle (& ;) of maximizing 7 on B, and write

Brn =sup T (u). (5.22)

ueB

As ||| g1,y and |||l are equivalent on H* (Uy), and as Hj (U,) is maximal
in H' (U,) with zero traces on S,», B is bounded, closed and convex in H2 (U,),

which enables us to prove the existence result for solutions of (S ;).

Theorem 5.7. There exists some maximizer s, (so does —81,) of T in B such
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5.2 THE HARMONIC CASE

that ||s1,n]|5 , = 1, which is an eigenfunction of the problem (5.20) corresponding

l_ﬁl,n
ﬁl,n :

to the least positive eigenvalue o1, with 6y, =
Proof. As B is a bounded, closed, convex subset, it is weakly compact in H2 (U,,).
Thus, T attains its supremum, as a maximum, at a function s;, € B such that

Bin =T (s1,,) > 0 is finite. Similarly, |[s1,[|,,, =1 holds. Now, if 5 , = 1, then

fU |V517n]2 dr = 0 by (5.21), so that s ,, is a constant. However, it is impossible,

as one would have vs; , = + taU) # 0 on U yet vs1, = 0 on Syn.

A Lagrangian functional for the above variational principle (&, ,,) is described

by Fy : H: (U,) x [0,00) = R, which is defined as, for some constant A > 0,

Folu, A) = A </ IVl de + /w (yu)? dor — 1) - /aU () do.  (5.23)

Analogously, we can derive that, as a critical point, s, ,, satisfies

A ( Vs, - Vodz + / V1 p - yvd0> — / V$1.5 - Ydo =0 (5.24)
Un U U

for all v € HX (U,). Letting v = sy, yields A = 31 ,. As a result, (5.20) follows
with 6y, = 52 > 0.

Finally, 0, , can be shown the least positive eigenvalue of (5.20). O]

Remark 5.8. Again, as an application, by homogeneity, one has that

61,n
Il <\ T2 IVl . Yu€ HI(U).  (5.29

This further implies that, for the function space H: (U,), the gradient L*-norm is

equivalent to ||| gy, as |||,y < Cun [I'lla,p, for some Cy, > 0.
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5.2 THE HARMONIC CASE

Given the first k£ (> 1) harmonic Steklov eigenvalues {01 p, ...,k »} and a set
{810, -+, 80} of associated (-, ), ; -orthonormal eigenfunctions, we show how to
derive the next pair ($x11.,,0k41.n) € H2 (Uy,) % (0,00) below.

For each k£ > 1, let
By = {u € B (yu,9850); 5 = 0 for i = 1,2, k}. (5.26)
As 0 <91, <9 <+ < Ogp, by (3.17) and (5.20), it is the same to set
By = {u e B: (i), =0 fori=12,..k}. (5.27)

Now, consider the variational principle (S 1,,) of maximizing the functional

T on the bounded, closed, convex subset B, C B C HX (U,), and write

B i= sup T(u). (5.28)

ueBg

Theorem 5.9. There are mazimizers £s11,, of T on By with ||$i1,n|ly ;. = 1.

These functions are eigenfunctions of our problem (5.20) associated with the eigen-

1_ﬁk+l,n

value dp41.p, such that dxiq1 = B

. Besides, 041, s the smallest eigenvalue

for our problem greater than or equal to Oy, .

Proof. Obviously, by (5.26), By, is a bounded, closed, convex subset of H2 (U,,). So,
it is also weakly compact. Hence, 7 attains its supremum, as a maximum, at some
function sg11,, € By such that Sxi1.n = T (Sk41.,) > 0 is finite. SBri1n < Ben <1
follows, and, analogous to theorem 5.1, ||§k11,n||5 ;, = 1 holds.

Let Sy, be the linear space spanned by {81,525, ..., 5k }. Then, for a constant
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5.2 THE HARMONIC CASE

A > 0 and some function w in Sy, we similarly have

/ VSkt1,n - YVAO — (/ Vw - Vvdx+/ fyw-'yvda>
ou n ou

(5.29)
=\ ( Vsgi1,n - Vode +/ YSkt1,m ° vvda) , VYove H(U,).
Un U

Recall (5.26) and (5.27). Letting v = §341 ,, yields A = By41., as w € Sy, and letting
v = w yields w = 0, so that (5.20) holds with dg 11, = IBsin - ), Besides, 0j+1,n

5k+1,n

can also be shown the least positive eigenvalue of such kind. O]

Analogically, this process can again be iterated to derive a countable, increasing

sequence {dy,},., of harmonic Steklov eigenvalues such that
Theorem 5.10. One has klim Ok,n = 00 for eachn =1,2,....
—00

Proof. Since the family {s , },-, of associated eigenfunctions is part of a (-, -) 00"
orthonormal basis for Hj (Uy), and since [|-[| 1y, and |||, are equivalent on
H' (U,), being aware of remark 5.8, the gradient L?-norm is determinant. Then,

the compact trace theorem on U, yields the desired result. O

From (5.20), we can easily see that, for all v € C! (U,),

/ Vs Vodr =0 (5.30)

n

holds for this family {s;,},-, of harmonic Steklov eigenfunctions.
Take 7% (U,,) to be the collection of all functions in H2 (U,,) that satisfy (5.30),
and call it the subspace of harmonic functions in H2 (U,,). Because Hj (U,,) is also

the closure of the set C; (U,) with respect to the norm ||-[|, ; , we thus have that
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5.2 THE HARMONIC CASE

the function space H2 (U,) can be decomposed as
H; (U,) = 565 (U,) ®o,u, Hy (Un) - (5.31)

Theorem 5.11. The family {s,},., of associated harmonic Steklov eigenfunc-

tions is a maximal (-,+), 1; -orthonormal subset of 7 (Uy).

Proof. Obviously, by definition, these eigenfunctions {sj ,},., are in J% (U,), and
are (-,-), . -orthonormal. Moreover, klim Bn = klim T (8k.n) = 0. Therefore, we
yUn —00 —00

can similarly prove this result as discussed in theorem 5.5. [

This result actually says that 573 (U,) is exactly the closed subspace of H} (U,)
generated by all these harmonic Steklov eigenfunctions {sj ,},., with respect to

the inner product (-, ), . On the other hand, write

Sk,n = 1+ 5k,n5k,n‘ (532)

From (5.20) and the condition that ||s [l = 1, [[vsknlly 5y = 1 follows for

every k= 1,2,.... We can then derive the result below.

Corollary 5.12. The sequence {ysi .}, of trace functions of {si},, provides

a (-, )y gu-orthonormal basis for the space L* (OU, do).
Before to start our proof, we first discuss the H!-solvability of

—Au =0 in U,, subject to
(5.33)

D,u =g on 0U, and yu =0 on S,
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5.2 THE HARMONIC CASE

i.e., a mized Dirichlet-Neumann type boundary value problem, in H* (U,,).
Without loss of generality, we consider both the harmonic case (5.33) and the

regularized harmonic case (5.17) altogether. As a matter of fact, there will exist a

variational principle for studying this. For g € L? (QU, do), consider the problem

of minimizing the functional F : H} (U,) — (—oc, 00], defined by

F(u) = / (Vu® + |Vu|2) dx — 2/ g - yudo, (5.34)
n ouU

where ¢ is an index which equals either 0 or 1 such that ¢ = 0 corresponds to the
situation (5.33) while ¢ = 1 corresponds to the situation (5.17).

Recalling remark 5.8 and applying Holder’s inequality, we have

‘/ g - yudo
U

for all w € H: (U,). So, F is coercive, strictly convex and continuous on H2 (U,).

< HgHz,aU : H’V“Hz,aU < Cy HVUHLQ(U,L;RN) (5.35)

Thus, F has at least one minimizer, say, m, which is a critical point of it in H2 (U,,),

that is, F'(m)(v) = 0 for all v € HZ (U,,). In consequence, one has

/ (Vm - Vv 4+ dmo) dm—/ g-yvdo =0, Yove H:(U,). (5.36)
n ouU

Therefore, the minimizer m € H2 (U,) satisfies weakly the system (5.17) in the
case when ¥ = 1 and the system (5.33) in the case when ¥ = 0.

In addition, one sees that the existence of m in H2 (U,) actually is unique as
the family of constant functions is excluded from this space.

Below, let’s give the proof of corollary 5.12.
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5.2 THE HARMONIC CASE

Proof. We see easily that {vysg,},, is orthonormal in L? (9U, do), by (5.26) and
(5.32). Let g € L2(dU, do) € H~2 (8U, do) be such that (9, YSk,n)g gy = 0 for all

k =1,2,.... Then, the system (5.33) admits a unique weak solution u € 7% (U,) C

Hal (Uy,). Write Y cx8g., as the series expansion of w in terms of {5;6,”}20:1, where
k=1
¢k is a constant for every k = 1,2,.... Hereby, on OU, one has
g = D,,u = i Ck;Dy5k,n Z Ck k,n ’}/Sk - (537)
o1 v/ 1+ 5k n
(9:75K6,m) 5 o
Therefore, ¢, = ——=+ =0 for each £ > 1, and thus ¢ = 0. ]

(sk,n(1“"519,71,)7j
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Chapter 6

The Exterior Steklov

Eigenproblems

6.1 The Regularized Harmonic Case

In this part, we shall study the ezterior reqularized harmonic Steklov eigenproblems.

That is, we want to find the non-trivial solutions (u, 7) in H' (U) x (0, 00) satisfying
/(Vu-Vv—l—uv)dx—T/ yu-yvdo =0, VYove H (U). (6.1)
U

ou

Such eigenfunctions are weak solutions in H' (U) of

Li(u)=u—Au=0 inU,

subject to D,u = Tu on OU.
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6.1 THE REGULARIZED HARMONIC CASE

In view of (5.2) and (6.1), we derive constructively the non-trivial solutions for
(6.1) as the limits of those for (5.2). We need to ensure 71 > 0, as 7y ,, is decreasing

with respect to n (see also Auchmuty [8] for another description).

Theorem 6.1. There are non-trivial solutions +uy for (6.1) corresponding to the

eigenvalue 7 > 0.

Proof. Upon zero extension to infinity, theorem 5.1 guarantees the existence of at
least one solution u; ,, of (6.1) in E* (U,,) € H' (U), through (4.2), with 71 ,, > 0, for
each n > 1. In addition, when n; < ng, then 7 ,, > 7 5, follows, as a consequence
of the fact that E' (U,,) C E' (U,,) implies 1 ,, < 1., by definition.

For this class {71,,} -, of eigenvalues and an associated set {uy ,}  of eigen-
functions with |[uy || 1 = 1, recall (5.16) for {ur, = mul,n}zo:l- Hence, we
have H”Yul,nH;,aU =1 and HULnHip(U) =nn,<miforaln=12...

o0

There exists a subsequence {uy,, }._ of {u1,} - and a function uy in H* (U),

=1

as the function u; s are bounded with respect to [|-[| 1 ), such that
U, — up in H' (U) (6.3)

when j — oo, where — denotes the notion of weak convergence.

Set V1, := XUy, (see (4.5)) for every j =1,2,.... One then has

HvlanHQ,Ug < Hul’nsz,UQ < Hul»”sz,U S HulvnjHHl(U)’
(6.4)

HLQ(UQ;RN) <C Hul’"j | ‘Hl(Ug)

valvny‘ <cC Hulznj

[P
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6.1 THE REGULARIZED HARMONIC CASE

where C' is such a constant that C' > /2 max {1, ||VX1|]007U} > 0.
Thus, {Umj };il are in H2 (U,) by construction, when restricted on Us. Besides,

vy := Xjuy is also in H: (Us). Moreover, from (6.3), as j — oo, we have
U1,n; — vy in Hl (UQ) . (65)
In fact, for all w € L? (Uy) and each i = 1,2,..., N, it follows that

)
ng Uy nwdz = [ U, (Xw) de — [, u (Xw) de = fU2 nwdz,

S fU2 (Divl,nj) wdz = [, uyn, (WD;Xy) dz + [, (Diulmj) (Xw) dx (6.6)

| — Jo w1 (WD Xy) dx + [ (Dyug) (Xyw) do = fU2 (Dyvy) wdz

when j — oo, as Xjw,wD;X; € L? (U) by zero extension to infinity.

From (6.4), {vlynj};ozl are bounded with respect to ||| g1 (p,), as {u1,n},—, are
with respect to ||| 1. Since yur = yur and yvi,,; = Yu1,y; on OU for all j > 1,
applying (6.5) and the compact trace theorem on U, to the function vy ,,’s derives

z of {Ul,nj }jol such that yui,;, — yui in L? (90U, do) as
1

a subsequence {Ul,njl}

=1.
2,0U

On the other hand, the lower semicontinuity of norms implies that

| — oo. This further yields that ||yui||, 5 = zhm Hvul,njl
’ —00

. 2 :
||U1||§Il(U) S }E}}o Hulv”jHHl(U) - jhjgo Ty = T (6.7)

where 71 > 0 is defined as the limit of the decreasing sequence {7y,} .
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6.1 THE REGULARIZED HARMONIC CASE

By definition, 71 = 0 implies v; = 0, which however contradicts the condition
[7v1lly,9p = 1 and the trace estimate on Us. Thus, 71 > 0 must be true.

Finally, substituting the pair <u1ﬂ”.n , 7'17an> into (5.2) and letting | — oo, then
equation (6.1) follows from the approximation scheme proposition 4.1, (6.3), and

the fact that yu; ,, — yu in L? (U, do) when [ — oo. O

Remark 6.2. As 71 > 0 holds,

Vully,or < Ve llullg ey, YueH(U), (6.8)
follows from the estimate (5.8) by taking limit, where ky = % This provides an

explicit trace estimate upper bound (see also remark 3.4).

Now, given the first k& (> 1) exterior regularized harmonic Steklov eigenvalues
{m1,72,..., 7} and an associated set {uy,us,...,ux} of orthogonal Steklov eigen-
functions in H' (U) with respect to (-, ) ;1 (), We shall describe below how to find
the next eigenvalue 7,1 and a corresponding eigenfunction uy .

Via the proof of theorem 6.1, (6.1) and induction, we have
110y = 75 and [1yuglly oy = 1 (6.9)
for j =1,2,...,k, while, for 51,70 =1,2,..., k with j; # jo, we assume
(wjps o) gy = (Vljas Vs )g o1y = 0- (6.10)

Obviously, 0 < 7, < -+ < Ty < Tpg1,, for all n > 1, which combined with

the limiting process gives us 0 < 7 < -+ < 73 < Tppq := M Tpyq 0.
n—oo
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6.1 THE REGULARIZED HARMONIC CASE

Theorem 6.3. There exists at least one non-trivial pair (ugi1, Tee1) n HY(U) x
(0,00) for which equation (6.1) is satisfied, with 741 being the eigenvalue, given

as above, and ugy1 being an associated eigenfunction, such that

2
sl ey = 1 and [yl o0 = 1, (6.11)

and such that, for all j =1,2,... k,

(g5 We1) ooy = (YU, VUk1)g g = 0 (6.12)

Proof. The proof of theorem 6.1 ensures the existence of a subsequence {u1,5, , }21
of {u1,n},-, and a function uy such that uy ,, , = uy in H' (U) and yuy n, , = 7
in L? (QU, do) as | — oo, and u is an eigenfunction for (6.1) corresponds to 71 > 0.

. . o0 oo .
Inductively, there is a subsequence {uy, n, l}l_l of {tn, ,,},., and a function w

1=1
such that uy,,, , = ug in H' (U) and yug,n, , — Yuy, in L? (U, do) as | — oo, and

such that (6.1) is satisfied by (ug, 7) with 7 > 0. Accordingly, repeating the proof

oo o
1 of {uk+17nk,l}l:1 and a

of theorem 6.1 derives again a subsequence {uk41,n, L )
function w4 such that upiy ., , — Urs1 in H' (U) and YUk 41,mppr, —F VUkt1 iD
L? (90U, do) as | — oo, and such that equation (6.1) is satisfied by (41, Th11), with
Tra1 > T > 0 and ||7“k+1|’2,aU = llirgo H7“k+1,nk+1,z‘|2,aU = 1. The existence of a
non-trivial pair (w1, 7e+1) in H' (U) x (0, 00) for equation (6.1) is thus confirmed.
Letting u = v = ug4; in (6.1) then yields |’Uk+1||ip(y) = Thi1-

Notice (Uki1,n: Ujn) iy = (VUkt1,n, Vjin) g o = 0 by (5.9) and (5.10) while
[vtjnlly 9y =1 by (5.16) for all n = 1,2,... and j = 1,2,... k. Also, from (6.1),

one has (u, ug11) g1y = 0 if and only if {yu, Yugi1)y 5 = 0.
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6.1 THE REGULARIZED HARMONIC CASE

Therefore, applying Holder’s inequality derives that

<’}/U], 7“k+1>2,aU‘ S ‘ </7u] - WUj,nkH,l ; f}/uk+1>2,aU‘

+ ’<7uj,nk+1,177uk+1 o f)/uk+1’nk+1’l>2’6U‘

(6.13)
< H’yujynk-t—l,l - 7“1”2,8U ’ ||7uk+1||278U
+ |‘7uk+1,nk+1,z — VUk+1 ‘ |2,8U ' H,yujv"k'-klﬂl ‘ |2,3U e
as | — 0o, so that (6.12) is indeed true for every j = 1,2,... k. U

In the following, a property of the sequence of exterior regularized harmonic
Steklov eigenvalues {7}, ,, derived by iteration as shown above in the proofs of
theorems 6.1 and 6.3, shall be described, a consequence of which further implies

that each eigenvalue 7, is at most of finite multiplicity for £k = 1,2, .. ..

Theorem 6.4. Under our hypothesis, it follows that

lim 75, = o0. (6.14)

k—o00

Proof. Suppose that, on the contrary, 7., := klim T, < oo. From (6.9) or (6.11),
— 00

{||Uk||H1(U)}k:1 are uniformly bounded. So, there exists a subsequence {ukj}jzl

of {uy,};~, and a function us such that, when j — 0o, uy, = us in H' (U) and

YUg; —> Yloo IN L? (90U, do), exactly as shown in the proof of theorem 6.1. Since

[[Yurlly g = 1 for k= 1,2,..., [[Ytxll gy = 11s also true. However, by (6.10) and

(6.12), {~yuy},—, is part of an orthonormal basis for L? (9U, do), so that yu;, — 0.

In consequence, Yus = 0, and thus a contradiction follows. O
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6.2 THE HARMONIC CASE

6.2 The Harmonic Case

In this section, we shall instead study the exterior harmonic Steklov eigenproblems.

That is, we want to find the non-trivial solutions (s, d) in E* (U) x (0, 0o) satisfying

/Vs-Vvdx—(S/ vs-yvdo =0, YoveE' (U), (6.15)
U ouU

which can also be viewed as the weak form of the following system
—As =0 in U, subject to D,s = ds on OU. (6.16)

In view of (5.20) and (6.15), we can again derive constructively the non-trivial

solutions of (6.15) as the limits of those of (5.20). The point is to have §; > 0.

Theorem 6.5. There are non-trivial solutions £sy of (6.15) corresponding to the

eigenvalue 61 > 0.

Proof. Similarly, theorem 5.7 ensures the existence of at least one solution s; ,, of
(6.15) in E* (U,) C E* (U) (see (4.9) now), with &, > 0, for all n > 1.
Recall, for the eigenvalues {d1,,,}, , and aset {s1,} -, of associated eigenfunc-

tions with |81 ]|, , = 1, {s1.. = /1 + 51,7151,71}20:1 via (5.32). So, ||75Ln‘|§,aU =1
and HsLan p =140, <1401 foralln=1,2,.... Asubsequence {s1,},, of

{s1,n}.2, and a function s; in E' (U) exist such that, as | — oo,

Vsin — Vs in U,
(6.17)

Y81,m — ¥51  on OU.
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6.2 THE HARMONIC CASE

From proposition 4.2, and the fact that E' (U) is a Hilbert space and thereby

contained in its own dual space, we let [ — oo in (5.20) to derive that
/V31~Vvdx—(51/ vs1 -yvdo =0, YveE (U), (6.18)
U oU

where d; > 0 is the limit of the decreasing sequence {d1 ,},~ ;.
Below, we shall show ; > 0. Hence, s; will be an eigenfunction for the exterior

harmonic Steklov eigenproblem (6.15) associated to the eigenvalue ¢;.

51, on G, o _ _
Now, for eachn =1,2,..., put wy , := Here, 5, ,, is the interior

s1,, on U.

harmonic extension of s ,, over G, as given by (3.20). Auchmuty (see [5, theorems
3.1 and 6.1]) shows that, using the sequence {5?};‘;0 of interior harmonic Steklov
eigenvalues, and an associated family {5?};”:0 of interior harmonic Steklov eigen-
functions on G' that is a maximal (-, ), ;-orthonormal subset of the space /7 (G)
in H' (G) of all harmonic functions on G' and whose trace functions on OU provide

a complete orthogonal basis of L? (QU, do), the expansions below

S0 =) (1465) (v81,0:787 )y g 85 (6.19)

J=0

hold for all n = 1,2, ..., with G = RV \ U, such that

> 2
510l = (1+65)° ‘ﬁsl,n,vsﬂz’m]‘ < o0. (6.20)
=0

Note here, as discussed in Auchmuty [5, theorem 6.2], estimate (6.20) is a sufficient

and necessary condition for saying that v§; , = ys1., € H:z (0U, do).
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6.2 THE HARMONIC CASE

o0
Next, we claim {H§Lnl 5 G} is bounded. On the contrary, suppose that there
)=

is a subsequence (for convenience still using) {5, },=, such that |5 ||, , — co as
I — oo. Via (6.17) and recalling the fact that s € H2 (89U, do) € H™z (OU, do),

the dual space of Hz (OU, do), we have, for every j =0,1,2,...,

/ V51, -’yﬁfda — VS1 -’ystda (6.21)
ou ou

as | — oo. Yet, this would imply [[31|[, o = oo by (6.20), with s; being the interior
harmonic extension of s; over GG, contradicting v§; = ys; € H 2 (0U, do) (also see
(3.11) and the discussions after (3.20)). Our claim is thus verified.

In consequence, the compact trace theorem on G induces a subsequence (again

we shall use) {5, },°, and a function t in L? (9U, do), such that
Y810, = VS1,m — t (6.22)

in L? (90U, do) as | — oco. By (6.17), vs; = t holds. So, 71, — 7s1 in L? (9U, do)
as | — oo, which further gives us ||vs1]|y 5y = llirn |vs1,ml5. 00 = 1-
’ —00 ’

Finally, the lower semicontinuity of norms implies that
2 . 2 :
1< [|sillp < llgglo 81,1150 = zliglol + 01 =1+ 01. (6.23)

If §; = 0, we would have [, \V$1|2 dx = 0 by substituting v = s; into (6.18). Thus,
s1 = 0 from condition (A1). In consequence, one then sees §; = 0, which however
is impossible in view of the trace estimate on G, as now |[ysi|[y 5y = 1. Therefore,

01 > 0 must hold and then ||31||§7U =1+, by (3.17) and (6.18). O
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6.2 THE HARMONIC CASE

Remark 6.6. Again, as 6, > 0 holds, for w; := %, we see that

||7U||2,8U < Vi ||Vu||L2(U;RN) , YueE'(U), (6.24)

from (5.25), which further implies that, for the function space E* (U), the gradient
L? (U;RYN)-norm is equivalent to ["lg, (in other words, By := nh—glo Pin<1). So,
EY (U) s pretty much like the space H} (Q) of all functions in H* (Q) having null
integral averages on 0S) (see Auchmuty [2, corollary 6.14]), where § is a bounded
region with a compact, Lipschitz boundary. On the other hand, this further confirms

that |||y < VI+ @1 ||y on H (U) (see remarks 3.4 and 6.2).

Now, given the first k (> 1) exterior harmonic Steklov eigenvalues {91, 02, . . ., 0% }
and an associated set {s1, o, ..., g} of orthogonal exterior harmonic Steklov eigen-

functions in E' (U) with respect to (-,-), ;, we assume that
2
lIsillo,y = 1405 and |Jys;lly 0 =1 (6.25)
for j =1,2,...,k, while, for ji,70 =1,2,...,k with j; # 79,

<Sj17 8j2>67U = <78j1775j2>2,6U = 0. (626)

Notice 0 < 01, < -+ < 0. < Opg1,, for all n > 1. Then, combining this with
the limiting process derives that 0 < 6y < -+ < 0 < Opy1 1= nhj& Ok+1,n-

Repeating the proof of theorem 6.3 and using induction yield a pair (Sg11, Og+1)
in E' (U) x (0, 00) for which equation (6.15) is satisfied such that [|ysii1ly 5, = 1.

Letting s = v = sp41 in (6.15) then yields ||3k+1||<29,U = 1+ 0g41 from (3.17). Recall
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6.2 THE HARMONIC CASE

(Sk+1,n5 8j,n) 0.0 = (YSkt1,m VSjin)g oy = 0 by (5.26) and (5.27) and |[8jn|ly 5y = 1
by (5.32) for alln =1,2,... and j = 1,2,...,k. Also, (s, 841)5 = 0 if and only

if (78, 7Sk+1)9 90 = 0 by (3.17) and (6.15). Hélder’s inequality yields

<73j773k+1>2,8U‘ < ‘<’75j - 75j,nk+1,za73k+1>2,aU‘

+ ‘<73j7nk+1,l773k+1 - 78k+1’nk+1’l>2’8U‘ (6 27)

< HVSj,nkH,l - 75j|‘27aU ) ||75k+1\|2,aU

+ H73k+1,nk+1,z - 75k+1| }2,8U ' H75j7”k+1,l ‘ ’2,8U —0

as [ — 00, so that (6.26) is indeed true for each j =1,2,... k k+ 1.

Summing up the preceding discussions, we actually proved that

Theorem 6.7. There is at least one non-trivial pair (Sgi1, Opy1) in B (U) x (0, 00)
for (6.15), with §x11 and sky1 being the (k + 1)-th eigenvalue and a corresponding
eigenfunction, such that (6.25) and (6.26) hold for j =1,2,... k k+ 1.

Again, from theorems 6.4, 6.5 and 6.7, we can similarly show that

Theorem 6.8. Under our hypothesis, it follows that

lim & = oo. (6.28)

k—o0

Remark 6.9. [t is somewhat intriguing to derive our theorems 6.4 and 6.8 directly

from the conclusions of theorems 5.4 and 5.10, respectively. Yet, we perhaps cannot

do so, because rigorous arguments for ensuring lim lim - = lim lim - are missing.
k—o00 n—00 n—00 k—00

However, we can view these results the other way around, since, givenn = 1,2,...,

the estimates Ty, , > T, and Oy, > Oy hold for all k =1,2,.. ..
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Chapter 7

Decomposition of Function Spaces

First, note here, as shown after remark 4.4, E' (U) is the closure of C} (U) with

respect to ||-[|, ;, while, via remarks 2.1 and 2.2, H' (U) is the closure of G, (0)

with respect to |[-[| 1y, Which together with remark 6.6 again lead to HY(U) C

EYU). In addition, E} (U), the subspace of E' (U) of functions having zero traces

on 9U, is the closure of C} (U) with respect to ||-||, ,, or simply with respect to

the gradient L? (U; RY)-norm, while H} (U) is the closure of C! (U) with respect

t0 |||/ 711y, O that this further implies that Hy (U) C E; (U).
In the following, for all £ = 1,2, ..., write, respectively,
1

= — HY (U
Uy \/T_kuke ( ),

and
1

S
Vito "

5, 1= GEI(U)

Therefore, |[ug||1,n = 1 and ||sg =1, from (6.9) and (6.25).
H\(U) a,U
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7.1 THE E*-SITUATION

7.1 The El-situation

A function u in E' (U) is said to be a weak solution of
—Au=0on U, (7.3)
provided that
(u,v)a,U:/UVu-Vvdsz, VveCl(U). (7.4)

All such functions will be called harmonic on U.
Let 2 (U) be the subspace of E' (U) of all harmonic functions on U. It is clear
that ¢ (U) and Ej (U), as subspaces of E' (U), are actually (-, -), ,-orthogonal.

Therefore, we have the following decomposition of E' (U) such as
EN(U) =2 (U) @ou Ey (U). (7.5)

Obviously, the eigenfunctions {s;},-, are in J# (U) by (6.15) and (7.4). Also,
they are maximal in ¢ (U), which implies that ¢ (U) is generated by all these
exterior harmonic Steklov eigenfunctions. Moreover, their trace functions {ysy}r,

provide a (-, -), y,-orthonormal basis for L? (OU, do).

Theorem 7.1. Under conditions (B1) and (B2), the sequence {~ysy},-, of trace

functions provides a (-, -), o -orthonormal basis for L* (OU, do).

Proof. First, a subset of the index set {n =1,2,...}, let’s call it {a =1,2,...},

can be found such that, for all k= 1,2,..., spo — s in E* (U) and vsg.0 — VSk
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7.1 THE E*-SITUATION

in L? (0U, do) when a — co. Actually, using the same notations,

S1,ny; — S1

52,n271 - 82

Sk,ng — Sk

Sk‘-ﬁ-l,nk_;,_l,l — Sk}+1

holds accordingly. Taking the diagonal sequence {n 1,m2.9,. .., Mk, Mkt k1, - - -

YS1,my, —F VS1 {n11,m12,...} C{n=1,2,...}
VS82,my, — VS2 {no1,m2,0,...} C{ny1,n10,...}
VSkng —* VSk {1, k2, - F S {ne—11, Mee1,2, - - -

VSk+1,mpy1y 7 VSk+1 {nk+1,1, Ng+1,2, - 3 C {nk,la Ng2,. ..

and renaming it {ao =1,2,...}, we get our desired index subset.

The (-, ), gy-orthonormality of this sequence {vs;.},_, follows easily by (6.25),
(6.26) and induction. On the other hand, for all g € L* (U, do), (g, VSk,a)y oy — 0

when k — 00, as {Ys,a )4 provides a (-, ), yy-orthonormal basis of L* (90U, do)

for every given a = 1,2,.... In addition, g can be expressed as

9= ) (9 YSka)eu " VSka

0o
k=1
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7.1 THE E*-SITUATION

for all « = 1,2, ... such that

° 2
’<977$k,a>2’8U < o0, (77)
k=1

||9||2,8U =

which however does not depend on a.
Now, let g € L* (90U, do) be such that (g,vsx), 5y = 0 for each k > 1.
If, for each € > 0, there exists an integer K € N and a subset {oy},-, of the

index set {a& = 1,2,...} such that, for all { = 1,2,..., we have

> 2

IS
Z ‘ <ga ’7Sk,al>2 U S = (78)
k=K+1 \/§

then, accordingly, there exists an integer a. x € N such that

3

<97781,al>273U’ ’ <ga’732,al>27a[j‘ y T ’<97’78K,al>2’a[] S \/7 (79)
for all oy > a. k-, as ysp,o — sk When o — oo for each k = 1,2,.... Thus, it leads

to [|gll, 9 < €, so that actually g = 0 via the arbitrariness of e.

If not, there would be a fixed g5 > 0 such that, for all integers K € N and all
subsets of the index set {o = 1,2,...}, a corresponding index from each one could
be found that violates the estimate (7.8). In consequence, for {a = 1,2,...} itself,

an index, say, @ = 1 (do renumbering if necessary), exists such that

> 2
’(g, 'Ysk,a>27aU >¢e0>0 (710)
k=K
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7.1 THE E*-SITUATION

for @ = 1; again, for {a = 2,3,...}, an index, say, a = 2, exists such that (7.10)
holds for o = 2; continuing like this, (7.10) will finally hold for all these indices
a =1,2,..., independent of K. Letting K — oo thereby derives a contradiction

against (7.7) accordingly, which finally finishes our proof. O

Theorem 7.2. The family {sy},—, of exterior harmonic Steklov eigenfunctions,

given by (7.2), is a mazimal (-, -), ;-orthonormal subset of H (U).

Proof. Obviously, the (-, -), ,-orthonormality of {s}.;2, follows from (6.25), (6.26)
and (7.2) by induction. Suppose there exists a s, € 7 (U) such that ||s,|[, ,;, = 1
and such that (s,,51), ; = 0 for every k =1,2,.... As aresult, from (3.17), (6.15)
and again (7.2), (Y50, VSk)y gy = 0 for all k =1,2,..., so that y5, =0 on U and
thus s, € Ej (U). Therefore, s, € 7 (U) N E} (U), that is, 5, = 0. O

This result can also be interpreted as saying that ¢ (U) is the closed subspace
of E' (U), with all these exterior harmonic Steklov eigenfunctions {s;},-, being a
(,-),p-orthonormal basis. So, for any function u in E' (U), its associated (-, ), ;-

orthogonal projection into # (U) is uniquely determined by

Porwy(u) ==Y (U, 51)5 1+ S (7.11)
k=1

and the projection operator Py () : E' (U) — 2 (U) is onto.
In particular, Parseval’s theorem tells us that every function s € 5 (U) has a

unique series expansion of the following form

Z S ﬁk U * S (7.12)

k=1
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7.1 THE E*-SITUATION

such that

o0

2
Isllow = | D (55000

< OQ.

Moreover, for all u € E' (U), yu can be uniquely represented as

on QU, via the decomposition of E' (U) by (7.5) and (7.2), such that

2
< [wsoo] _Prw@lloy _ oy

H’Yqu,aU: ; 1+6, — V1+90; \/1+51

where the increasing property of the sequence {dy},-, was applied.

For each M € N, setting

M
ZuskaU 5]66%( )
k=1

(7.13)

(7.14)

(7.15)

(7.16)

on U, and arguing in an analogous manner as above, with the M-th truncated trace

mapping v - B (U) — L? (OU, do), defined by
% Us k) o s
o Vit O N

we have the following spectral approximation estimate.
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Proposition 7.3. Under the above hypothesis, for all u € E' (U), one has

2
> ‘<“>5k>aU‘ llu — upl|
) o,U

1y = 9a0) @llor < 4| D

k=M+1 L+ 0 VA VS

(7.18)

and the operator norm of v — yar is evactly ————, upon letting u = sy, 1.
1+

Obviously, in sight of theorem 6.8, ———— tends to zero as M — oo.

1+0nar41
On the other hand, noticing (3.25) and (3.26), (7.5) further implies that

D' (RY) = [} (U) o0 # (U)] By [H}(G) Boc (@] (1.19)

Here, D! (RN ) is the finite energy space on RY when N > 3, as given in [24].

7.2 The H!-situation

A function u in H' (U) is said to be a weak solution of
~Au+ p*u=0on U, (7.20)
with p > 0 being a constant, provided that
<u,v>H;(U) = /U (Puwv+ Vu-Vo)de =0, YveC!(U). (7.21)

All such functions will be called p-regularized harmonic on U.

Here, the weighted H ﬁ—inner product is defined in exactly the same manner as
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7.2 THE H'-SITUATION

(7.21), just replacing U by any region  and then taking u,v € H' (Q).
Let .4}, (U) be the subspace of H! (U) of all y-regularized harmonic functions on
U. Clearly, as subspaces of H' (U), A, (U) and H} (U) are (-, -)H}L(U)—orthogonal.

Consequently, we have the following decomposition of H' (U) such as
H (U) = A, (U) @y Hy (U). (7.22)

Remark 7.4. One has H' (U) G E' (U). Thus, unlike in the bounded case, on U,
as i — 0, the space H' (U), used for finding weak solutions to (7.20), will blow up

to a strictly larger one E' (U), used for finding weak solutions to (7.3).

Just as what we have already said, there is no significant difference if we simply
consider the standard situation where g = 1. Now, it is obvious that {uy},-, are
in A1 (U) by (6.1) and (7.21). Also, they are maximal in .47 (U) so that A4 (U) is
exactly the closed subspace of H' (U) generated by all these exterior regularized
harmonic Steklov eigenfunctions. In addition, their trace functions {yuy},-, again
provide a (-, ), 5-orthonormal basis for L? (90U, do).

Using parallel ideas, we can prove the following result.

Theorem 7.5. Under conditions (B1) and (B2), the sequence {~yu;};., of trace
functions of {ux};=, provides a (-,-), y,-orthonormal basis for L* (OU, do). Also,
the family {uy},, of exterior regularized harmonic Steklov eigenfunctions, defined

in (7.1), is a mazimal (-, ) g1 ;) -orthonormal subset of M (U).

Similar to the E'-situation, for any function u € H* (U), its associated (-, -) y1 ¢y-
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7.2 THE H'-SITUATION

orthogonal projection into .41 (U) is uniquely determined by

00
,PJVl(U E u, uk HY(U) - U,
k=1

and the projection operator Py ) : H' (U) — A4 (U) is onto.

Accordingly, the trace yu of u can be uniquely represented as

> (u, ug)
Tu (PM Z ) HI(U YUk
k=1

on OU, via the decomposition of H' (U) by (7.22) and (7.1), such that

2
o0 ’(u,uk>H1(U)’ < HP/H(U)(U)HHI(U) < ||U|IH1(U)

||’yuH2,8U = Z T — \/771 — \/T_l

k=1

where the increasing property of the 7,’s was applied.

Setting

M
ung = Y (U W) gy ) - Wk € A (U)
k=1

(7.23)

(7.24)

oo, (7.25)

(7.26)

on U, and arguing in an analogous manner as above, with the M-th truncated trace

mapping Y 2 H (U) — L? (90U, do), defined by
M <u,uk> 1

= VT

for M =1,2,..., we have a similar spectral approximation estimate.
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Proposition 7.6. Under the above assumptions, for all w € H' (U), one has

2

S [CTRTIS AN R PRI [

(v = 7a0) (W)]lg,00 < < : (7.28)
20U k:%:ﬂ Tk V1
and the operator norm of v — vy is exactly \/ﬂtﬁ’ upon letting u = Upzyq.
. . . 1
Again, in view of theorem 6.4, T tends to zero as M — oo.
Finally, a result of Auchmuty (see [2, section 5]) implies that
H' (G) = M (G) o) HY (G, (7.20)

where .4 (G) denotes the subspace of H! (G) of all regularized harmonic functions

on G = RN\ U. Combing this with (3.13) and (7.22), it follows that

H' (RY) = [Hy (U) &m@y M (U)] @meyy [Hy (G) Sme M (G)] . (7.30)
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Chapter 8

Several Examples

It is of interest to describe the interior and exterior Steklov eigenproblems for some
standard regions in R?, the physically most important situation.

Let G = B; and then let U = R®\ B;. Write A, := U.

Set ¢ := ﬁa in order that ¢ (S;) = 1 for S} := 0B;. Moreover, all eigenfunc-
tions described below will be of L? (S}, do)-normalization.

Denote Y;; (6, ¢) the (j,1)-th normalized Laplace’s spherical harmonic, derived
from the j-th Legendre polynomial P; and the (j,[)-th associated Legendre function

of the first kind P]l It is defined as, for 7 > 0 and —j <[ < 7,

( N(j’l)Pj’l (cos @) sin (—19¢), l=-1,-2,...,—7,
Yiu(0,0) := ¢ NjoyP? (cosf) = NP (cosf), 1=0, (8.1)
[ NP} (cos ) cos (1), [=1,2,...,].
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Here, N(;,;y denotes the (j,1)-th normalization constant for j, I.

Given j > 0, Y;, (0, ¢) are eigenfunctions of the Laplace-Beltrami operator Ay
on 51, associated with the eigenvalue —j (5 + 1), for —j <1 < 5.

In consequence, in spherical polar coordinates z = (1,0, ¢) € R3, with r being
the radial distance, 6 being the inclination (polar angle), and ¢ being the azimuthal

angle, the interior harmonic Steklov eigenfunctions on B; are
5},1 =7l \/QY;Z 0,0). (8.2)

The interior harmonic Steklov eigenvalues are 5} =0,1,2,..., and the eigenvalue
7 has multiplicity exactly 25 4+ 1. In particular, when j = 0, 31070 =1
As a consequence, we have that the family of interior harmonic Steklov eigen-

i

functions {5],l}j:0 19

_j<i<; brovides a (,*)o, p,~orthonormal basis for 5 (B,),
the subspace of H' (B;) of all harmonic functions on B;.

In addition, the exterior harmonic Steklov eigenfunctions on A; are
e 1 \/_
Skl = % 2Y), 1,1 (0, 9) (8.3)

fork=1,2,...and —k+1 <[ < k—1. The exterior harmonic Steklov eigenvalues
are 0;, = 1,2,..., and the eigenvalue £ has multiplicity exactly 2k — 1.
Let E' (A1) be our finite energy space. The family of exterior harmonic Steklov

eigenfunctions {52,1};9:172 is a (-, )5 4,-orthonormal basis for 7 (A1),

..... —k1<I<k—1
the subspace of E' (A;) of all harmonic functions on A;. In particular, when k = 1,
s{.0 =", which is clearly not in H' (A;) as it is not in L? (4;). Besides, all these

functions r—sin (r* — 1) f(0,¢), with ¢ > 0 and ¢ € (3, 2], are in E} (4;) but
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clearly not in H] (A;) in view of the conclusion of proposition 3.1.
On the other hand, the interior u-regularized harmonic Steklov eigenvalues and

associated interior p-regularized harmonic Steklov eigenfunctions on B; are

= i (2t4j)u*t

plf 1 (1) 4T (j+t+3
S 1 2f+]
AL ; <J+t+ )

for j=0,1,2,..., and, with —7 <[ < j,

Wy =1 (r) - V25, (6, 0)

7,1
L2t g2t
4t (j+t+3) (8.5)
=0 2
= too 2ies : ﬁy},l (9, ¢) :
2. e d)
t=0*" 2
1
Here, []Jr 1 (r) = % and /5~ ) denotes the j-th modified spherical

Bessel function of the first kind for j = 0, 17 2, ...

el —e BT

In particular, when j =0, 75 = p and uy o = -

Analogically, the family of interior p-regularized harmonic Steklov eigenfunc-

tions {u;l} .

01 <l provides a (-, ) j1 g, -orthonormal basis for .4, (B1), the
=YL - M

subspace of H! (Bl) of all p-regularized harmonic functions on B;.
As a matter of fact, given j > 0, one sees that /- ) is a solution of the

following linear ordinary differential equation, when r < 1,
(i + T 000 - S () = o (56)

subject to ¢;(0) < oco. This then yields that u; , are p-regularized harmonic Steklov
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CHAPTER 8. SEVERAL EXAMPLES

eigenfunctions associated with the eigenvalue 7';- for —j <1<

In addition, on A, the exterior p-regularized harmonic Steklov eigenvalues and

associated exterior u-regularized harmonic Steklov eigenfunctions are

= (0o
= (8.7)

T, = —— =
’ kal(l) _ (kt=1)!
g Z zttlr(k ST (h—t)puttT

and, with —k+1 <[ <k—-1,

for k=1,2,...,
Uz,l = kk—l(r) : \/ﬁyk—l 1(0,9)
(k-+t—1)!
Z ST = 0 t+1rt+1 (8.8)
= 6#(1 ") _k \/5ka1 l (97 ¢) )
1 k]
(k+t—1)!

) 2T (k—t)ptt+!

~ LK, 1
where Kk_%(r) = V;}: (? and Vo K 1 ) denotes the k-th modified spherical
Bessel function of the third kind that solves equation (8.6) (replacing j by k — 1)

M\H

eH(1—r) i

when r > 1 and subject to lim gx(r) < oo, for k = 1,2,
7—00
= em ” Even though

In particular, when k =1, 7f =1+ p and uj , =

in H' (A;) when p > 0, one has lim @zr‘leEl( Y\ H' (Ay)

u—0t
Similarly, the family of exterior u-regularized harmonic Steklov eigenfunctions

-----

subspace of H! (Al) of all p-regularized harmonic functions on A;
For more details, see M. Abramowitz and I.A. Stegun (eds), Handbook of Math-

ematical Functions with Formulas, Graphs, and Mathematical Tables, Chapter 10

National Bureau of Standards, Washington, DC, 198/
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Chapter 9

Boundary Value Problems

9.1 The Harmonic Case

In this section, we shall describe the weak solvability in E* (U) of the harmonic
boundary value problem, subject to various boundary conditions. Then, we shall
discuss that briefly for the regularized harmonic case in H' (U).

First, let’s consider this problem under Dirichlet data, i.e.,
—Au =0 in U, subject to yu = n; on 9U, (9.1)

with 7, € L? (QU, do). Suppose that (9.1) has a weak solution, say, bh; in E* (U).

By definition, h; € 5 (U). Via the conclusion of theorem 7.2, we have

b = chﬁk, (9.2)
k=1
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9.1 THE HARMONIC CASE

where the ¢;’s are constants for k = 1,2,.... Then, on 90U, it follows that
- - 7Sk
= = 5 = 9.3
m = vh: ;CW k ;Ckm ( )

from (7.2). So, by theorem 7.1, one has ¢y = /1 + 0 (1, V8k) o for k= 1,2

Being aware of theorem 6.8, we see that h; € E' (U) if and only if

o

(|h1”aU )Z (1 + ok) ’771775k>2,8U

k=1

i < 00. (9.4)

Obviously, (9.4) need not be true for all n; € L? (OU, do). In view of (3.11) and
certain results below (3.20), (9.4) actually gives another definition of Hz (U, do),
compared with the interior one by Auchmuty [4]. That is, as a proper subspace of
L2 (dU, do), a function i, € Hz (OU, do) whenever (9.4) holds.

Hence, (9.1) is weakly solvable in the space E' (U) if and only if (9.4) is satisfied,

and its uniqueness follows from the first part of corollary 4.6.

Theorem 9.1. Under the hypothesis, when subject to Dirichlet boundary condition
m € Hz (U, do), the system (9.1) has a unique solution b, in E* (U), as described
by (9.2), with ¢y, = /1 + 0k (N1, Y8k)g 9y for k=1,2,....

Represent the exterior Poisson kernel, with (x,y) € (U,0U), b
Pp(z,y) Z V 1+ 0s(z) - vsi(y)- (9.5)
k=1

When 1y € Hz (QU, do), then P4 (-, y)m (y) is integrable over dU, and, for = € U,

bi(z) = [, Pp(z,y)m(y)do is the unique weak solution of (9.1) in E' (U).
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9.1 THE HARMONIC CASE

Keep in mind that, on G = RV \ U, the constant functions are harmonic. Thus,
(3.11) implies that, associated with these constant functions in H' (G), there is a
family of harmonic functions in E' (U) whose trace functions on U are constant.
In consequence, one has that P§ (-, y) is integrable over OU.

Analogously, via the sequence {5?};”;0 of interior harmonic Steklov eigenvalues
and an associated family {5?};10 of interior harmonic Steklov eigenfunctions over
G (see the proof of theorem 6.5), the representation of the interior Poisson kernel

can be given by, for (z,%) € (G,0U) with G = RN\ U,

=) 146857 (2) -5 (y), (9.6)

Jj=0

which can be compared to [13, theorem 5.33] (see also [2, section 9]), where

s5 = 1/1+ 6557 (9.7)

so that nys 1, as we know Hs =1,forj=0,1,2,....

GHQ@U GH@G

In particular, when N = 3 and G = By, one has the identities

;

—|2|? j * Lk
Polzy) = mis = % 20l Y5 (0,0) V(0% ¢")
]:071a277_]SlS]
and (9.8)
x>~ * *
Pp(z,y) = ﬁ:xtyé = > ‘x|kYk—1,l (0,0) Yi—1, (6", ¢7)
k=1,2,...,~k+1<I<k—1

for x = (|z|,0,¢) € Ay :R?’\El, z=(|z],0,¢) € By and y = (0%, ¢*) € 5.
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9.1 THE HARMONIC CASE

Moreover, for any data g € H 2 (0U, do), there are two harmonic functions

hy(x) = fBU Ph(z,y)g(y)do € 22 (U)
and (9.9)

by(2) = [,y Po(z,9)g(y)do € # (G)

satisfying vh, = 'yf)g = gon 0U, via (9.5) and (9.6), which differs from the classical
double layer potential method (see Folland [19, chapter 3]).

As a matter of fact, our solution can be determined explicitly by its boundary
data, involving the Steklov eigenvalues and eigenfunctions.

On the other hand, let’s discuss the harmonic boundary value problem, subject

to Neumann or Robin boundary conditions, ¢.e.,
—Au =0 in U, subject to D,u+ b(yu) =19 on 9U, (9.10)

where b > 0 is a constant, and b = 0 corresponds to the Neumann case.

Now, suppose that (9.10) has a weak solution in E' (U), say,

by = disi (9.11)
k=1

for some constants di, ds, .... Then, on OU, it follows that, from (7.2),

M= Dby +b(7ha) = > di (6 +b) 2. (9.12)
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9.1 THE HARMONIC CASE

Thus, dj = 5 +b = (12, V8k) 5,90 for kb =1,2,.... As 5iiik =0 (ﬁ);

- )
<||b2H§,U :> Z <<(51]€+T;)2 ‘<772773k>2,8U

k=1

2) < 00 (9.13)

whenever 7, is in L? (OU, do), via the conclusion of theorem 6.8.

Then, (9.13) gives a definition for the dual space Hz (AU, do) of Hz (OU, do).
That is, 7, € H~2 (OU, do) if and only if (9.13) is satisfied. Noticing QU is compact,
H~2 (8U, do) contains all these spaces L7 (QU, do) for q > w

Hence, (9.10) is weakly solvable in the space E' (U) whenever (9.13) holds, and

its uniqueness again follows from the first part of corollary 4.6.

Theorem 9.2. Under our assumptions, and subject to Neumann or Robin bound-

ary data ny € H™2 (9U, do), the system (9.10) has a unique solution by in E* (U),

as described by (9.11), with dj, = Vé +b E (N2, YSk)g. 00 for k=1,2,.

For the Neumann or Robin boundary value problems, we set

1+5k
(Sk—l-b

PNR z,y) ) - vsk(y) (9.14)

k=1

to be the boundary solution operator (N'R-kernel) for some b > 0, with b = 0 cor-
responding to the Neumann case, and thereby have hy(z) = [, Pir(z, y)n2(y) do
is the unique weak solution of (9.10) in E* (U), when n, € H™2 (9U, do).

In view of (9.5) and theorem 6.8, P z(-, y) is also integrable over OU. Moreover,
P (-, y)ma(y) is integrable over QU whenever 1, € H™z (OU, do).

In addition, series representations of the exterior and interior Neumann-Robin
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9.2 THE REGULARIZED HARMONIC CASE

kernels can be described respectively such as P§p(z,y) by (9.14) and

© (/146§ o
Pnr(z,y) ]2: 5@ b j (2) © S (y), (9.15)
so that
br(z faU Pir(w,y)h(y)do € 2 (U)
and (9.16)

bu(2) == [, Pyr(z,y)h(y)do € # (G)

are two harmonic functions obeying D, b, + b (vhy) = Dby +b (76h) = h on OU,
for any data h € H —3 (0U, do), which again is different from the well-known single
layer potential method (see again Folland [19, chapter 3]).

Once more, using the Steklov eigenvalues and eigenfunctions, influences of the

boundary data on our solution can be determined explicitly.

9.2 The Regularized Harmonic Case

In the regularized harmonic situation, for the system below
—Au+u =0 in U, subject to yu = n3 on AU, (9.17)

with n3 € L? (OU, do), it has a weak solution, say, & € H' (U) if and only if

= Tk (05, YUk 5 07 Wk (9.18)
k=1

1)



9.2 THE REGULARIZED HARMONIC CASE

via (7.1) and the conclusions of theorem 7.5, such that

o0

(sl By =) S 7| 0, vk,

k=1

2
‘ < o0, (9.19)

which gives another description of Hz (OU, do) by (3.11), (3.12) and theorem 6.4.

Moreover, its uniqueness follows from the second part of corollary 4.6.

Theorem 9.3. When subject to Dirichlet datans € H2 (OU, do), the system (9.17)

has a unique solution € = Z VT (13, YUk) o - W i H (U).

Let
K5 (x,y) =Y /() - yux(y) (9.20)
k=1
be the boundary solution operator (D-kernel). Then, & (z) = [, K% (z,y)n3(y)do

is the unique weak solution of (9.17) in H* (U), when 73 € Hz (8U, do).

Analogously, using the identity v (H' (U)) = v (H' (G)) on dU instead, we have
that IC (-, y) is an integrable function on OU. Further, K%, (-, y)n3(y) is integrable
over U whenever 13 € H2 (9U, do).

On the other hand, for the system below
—Au+u =0 in U, subject to D,u+ b (yu) =mn4 on OU, (9.21)

with b > 0, it has a weak solution, say, & € H' (U) if and only if

EQZi \/Fk

p— (N4, Yur) o - U (9.22)

k=1
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9.2 THE REGULARIZED HARMONIC CASE

such that

<HE2H12L11(U) :> Z (— <774,’yuk>273U ) < 00, (9.23)

1 (Tk + b)2

which yields another characterization of H —2 (0U, do) via duality and theorem 6.4,

and its uniqueness again follows from the second part of corollary 4.6.

Theorem 9.4. When subject to Neumann or Robin data n, € H~2 (OU, do), the

system (9.21) has a unique solution €5 = > Tk—‘/j’“b (N4, YUR)o oy - Wi in H (U).
Let
e . V Tk
Kivr(,y) = () - yuk(y) (9.24)
T + b

k=1

be the boundary solution operator (N'R-kernel). So, &(x) =[5, K§g(z,y)na(y)do

is the unique weak solution of (9.21) in H* (U), when 1, € H™2 (OU, do).
Noticing (9.20) and theorem 6.4, K% (-, y) is also integrable over OU. Moreover,

K& m(-,y)na(y) is integrable over U whenever 1, € H~2 (3U, do).

Remark 9.5. Note here, the existence of weak solutions for (9.10) in E* (U) and
these for (9.21) in H (U) is guaranteed using variational arguments such as those

shown in between (5.33) and (5.56), plus our remarks 6.2 and 6.6.

Through the sequence {TJ-G};(;O of interior regularized harmonic Steklov eigen-
values, and a corresponding family {u?};io of interior regularized harmonic Steklov
eigenfunctions over G that consists of a maximal (-, ) ;1 -orthonormal subset of

M (G) in H' (G) and whose L? (90U, do)-normalized trace functions on U,

u§ = /7§ for j=0,1,2,..., (9.25)

7



9.2 THE REGULARIZED HARMONIC CASE

provide a complete orthonormal basis for L? (OU, do) (see Auchmuty [2]), we define

( Kp(z,y) == i \/Euf(z) -yu§ (y)
and (9.26)

Knr(z,y) = Z \é; uf(2) - yuf (y).

\

In a similar manner, for any data g € Hz (OU, do) and h € H~2 (9U, do), there

are two pairs of regularized harmonic functions, respectively,

= [,u K% g(y)do € M (U)
and (9.27)

t(2) == [,y Kp(z,9)9(y)do € H (G),

and

tn(2) = [y Kir(z,y)h(y)do € A1 (U)
and (9.28)

By (2) == Jou Knr(z,y)h(y)do € A (G),

such that v¢, = v, = g and D, &, +b(y¢,) = D, &, + b (7%;1) = h on 9U.
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Chapter 10

|
The Boundary H?2-Space

Recall that, using the interior harmonic Steklov eigenvalues {5?};10 and eigenfunc-
tions {S]-G};io (see (9.7)), Auchmuty [4] defines Hz (U, do), as a proper subspace

of L* (90U, do), as the real Hilbert function space with respect to the inner product

G.9 - G G
(g, h>H%(aU) = (\/1 +0¢ /aUg’ysj do) (,/1 +0¢ /aU hys; do) , (10.1)

Jj=0

with the associated norm denoted ||g||

G,9
H? (0U)
For all g € Hz (U, do), let

by =Y /1405 (g, 755 )y o0, - 55 (10.2)
5=0

be the unique interior harmonic extension of g over G. So, ‘ by = lg||? .
0,G Hz(0U)

As a result, it follows that the trace mapping
v A (G) — H2 (0U, do) (10.3)
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CHAPTER 10. THE BOUNDARY Hz-SPACE

can be made an isometric isomorphism, via using the norms ||-||, , and H'Hif(aU)
) 2
on these two Hilbert spaces 2 (G) and H2 (9U, do), respectively.
In this situation, denote the inverse of v by £”. That is,
E9 . H2 (8U, do) — A (G), (10.4)

which again is an isometric isomorphism such that 69 =& (9).
Moreover, as the dual space of Hz (9U, do) in terms of (-, Vo.00 H~z (U, do)

can be defined as a real Hilbert function space with respect to the inner product

(g, h)®

- 1 / G 1 / G
| = —_— gvs; do —_— hvs: do
3 (00 ]ZO m oy \/@ v’

. (10.5)

Accordingly, denote the generated norm by || nglg oy Obviously, from this, one
has, as function spaces, H2 (9U, do) G L* (OU, do) G H™2 (U, do). We refer the
reader to Auchmuty [4, 5] for more details on the preceding results.

Next, from the identities (3.11), (3.12), (7.5) and (7.22), one sees that, for all
win 5 (U), a function @ in H' (U) ¢ E' (U) can be found such that yi = yu €
H?2 (8U, do) on dU. Since we assume that U is a 1-extension region (see remarks
2.1, 2.2 and (3.13)), via identity (3.25), there exists a unique function @ in J7 (QG)
such that vii = yu € Hz (OU, do) on AU, as described by (3.20). In consequence,

a homomorphism from 7 (U) to ¢ (G) exists, that is,

Elovy A (U) = H(G). (10.6)
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CHAPTER 10. THE BOUNDARY Hz-SPACE

On the other hand, for all g € H2 (U, do), let

by = Z m<g>75k>2,aU " Sk (10.7)
k=1

be the unique exterior harmonic extension of g over U, as given by (9.2).
Also, via the exterior harmonic Steklov eigenvalues {d;},-, and eigenfunctions

{si}reys H 2 (U, do) is a real Hilbert function space with respect to

(8U)

(g, h>2% = <\/1 - 5k/ g’yskda) (\/1 + 5k/ hfyskda> . (10.8)
pt ouU ouU

and the associated norm is denoted ||g||22(aU)

9
As a matter of fact, from theorems 7.1 and 7.2, one has [|hl|, ;, = ]|g\|H2(8U)
Therefore, any sequence {gy },_, of functions in H 2 (0U, do) is Cauchy with respect
to ||||’?{ b ovy’ if and only if the generated sequence {hg, },~, of harmonic functions
in 2 (U) (& E' (U)), as defined by (10.7), is Cauchy with respect to [|-[|, ;. The
completeness of the space E' (U), plus the identities (3.11) and (7.5), then gives

us the corresponding completeness of the space H 2 (0U, do).

In addition, the foregoing argument also tells us that, for all g € H 3 (0U, do),

) .
||g||H2 o) < oo whenever ||g||H§(6U) < 00, by the homomorphism (10.6). Hence, a
universal constant C' > 0 can be found such that H||Gf’ <C ||H”6 b o In fact,

2(0U)

if not, there would be a sequence {gy },., in H?z (09U, do) such that Hgk||ﬁ Yoy =

yet Hgk|| i o) > k. As now ||gx||? 1 o0 is bounded for each k > 1, we write 7, :=
gr. and have HWHGS6 = 1. Therefore, hm ||77k||ﬁ

g || 3 (o) 50
e (aU)

to {By, } o, the completeness of E' (U) leads to lim b,, = 0, so that lim 67]k =0
= k—o00 k—o0

= 0. Resorting
(0U)
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CHAPTER 10. THE BOUNDARY Hz-SPACE

via (10.6), too. This can not be true, for we would then have lim ||ng]|%? =
ko0 HOU)
otherwise. Consequently, ||- ||Gﬁ <l ||53 must hold. Finally, a standard

Hz2(0U)

result (see e.g. Brezis [15, corollary 2.8]) thus ylelds that the two norms ||- ||fJ S oun)

nd |[-]| fj( o O the space Hz (QU, do) are actually equivalent.

A corollary of this result says that the sequences of interior and exterior har-
monic Steklov eigenvalues {6?};20 and {d;},—, will go to infinity at exactly the
same speed, as j, k — oo. The preciseness is shown in chapter 8.

Furthermore, in this situation, the trace mapping
v (U) — H? (0U, do) (10.9)

can again be made an isometric isomorphism, instead via using the norms |||,

9
and [

Let £ be its inverse. That is,

on 2 (U) and Hz (9U, do), respectively.

E9: Hz (0U, do) — 7 (U), (10.10)

which again is an isometric isomorphism such that b, = 2 (g).

G.9
souy 2 HIY

on Hz (QU, do), the homomorphism from 2 (U) to ¢ (G), given by (10.6), is in

Noticing (10.7) and the equivalence of the two norms ||- ||56

fact an isomorphism and its inverse is described such as

Elony: i (G)— # (U). (10.11)
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CHAPTER 10. THE BOUNDARY Hz-SPACE

In addition, H 2 (0U, do) is also a real Hilbert function space with respect to

oo

1 1
Y, = —/ d —/ hysedo ), (10.12
oMy = 3 (7777 [, ) (G [ Fose) - a0

7573
1

and the associated norm is denoted ||g| |27% 3 o)
2

, which is equivalent to ||g] |f1

(9U)
For more details on the spaces H* (OU, do) (s € R), see [4, 5, 12].

On the other hand, using the interior and exterior regularized harmonic Steklov
eigenvalues {TJ-G};O:O and {7x},-,, together with associated eigenfunctions {uf}ji 0

(see (9.25)) and {uy},,, H?= (9U, do), with respect to the inner products

GR =
0105y = 5 (VA5 Sy o) (5 s o)

and (10.13)

<ga h>9[;%(8U) = kzl (\/T_k f@U QVUksz) (\/77143 faU fwukdU) )

(

<

\

is a real Hilbert function space, with the generated norms ||g| \f[?i

%"
bowy 20918 oo

which are equivalent on H 2 (OU, do) through analogous discussions.

For all g € H2 (9U, do), let

B 00
b, = Zo 7_jG <g’7uJG>2,aU ' U’JG
j:

and (10.14)

Eg = Z \/?k<g7/7uk>273[] - U
k=1

be the respective unique interior and exterior reqularized harmonic extensions of g

&

over GG and U. Then, we have

_ GR _ R
HY(G) ||gHH%(aU) and HEv"HHl(U) o HgHH%(aU)'
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Accordingly, we can obtain the following isometric isomorphisms

v M(G) = H2 (8U, do) and EX : H2 (9U, do) — A (G),
(10.15)

v M (U) = H2 (8U, do) and EX . H2 (3U, do) — A (U),

with %g = &M (g) and &, = £ (g), respectively, and the isomorphisms below
Eloy: MU) = M(G) and ER oy : N (G) — M (U). (10.16)

Moreover, H™2 (OU, do) is a real Hilbert function space with respect to

a,n X
(g h>H7%(aU) ' ];) (\/%? faU g’YUJGdO-) (\/%? faU lwudea)
o (10.17)

(9,]1)9;,%(%) : <\/% Jou g’yukda> (\/% Jov h'yukd0> ,

I
8

\ k

Il
—

R

. . o )
with the equivalent norms denoted || g||H7 1 - respectively.

d
oy 20 9]

Finally, via (3.25), (7.29) and the fact ||| ;1) ~ |||y on H' (G), one has
A (G) = H' (G) /Hy (G) = M (G). (10.18)

This further implies that all these spaces 7 (G), 41 (G), € (U), and A1 (U) in
fact are isomorphic to one another using composition of the trace mapping v with
its suitable inverses £, E%, €9 and EX, respectively, and that all these norms on

H? (OU, do) and all those on H ~3 (0U, do) are equivalent, respectively.
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Appendix

We now show below how exactly (3.19) and (3.21) derives that

/ (Yug, — YUk, ) (Dytg, — Dyty,) do — 0 (a.1)
U

when kq, ko — o0.
Actually, via the interior harmonic Steklov eigenvalues {(5?};20 and associated
eigenfunctions {SJG};';O over G, any sequence {gj},-, of functions in H 2 (0U, do),

decaying to zero as k — oo in the norm |||, 5, can be rephrased as

gk = Z <gk7’78jG>27aU S (a.2)
5=0
such that
b 2
gkl |2 00 = Z ‘<gk,73?>2’8(]‘ — 0 (a.3)
§=0
as k — oo, and such that, for all k =1,2,...,
b 2
G,9H
MaulIF = | 2 (1 89) [(91,75), | < o0 (a.4)
j=0

Moreover, noticing (9.2) and (10.2), for each k = 1,2, ..., let

U 1= Z W1+ 5JG <9k7733‘G>273U -5jG (a.5)
=0

be the unique interior harmonic extension of g; over G.
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We then have [|0y]5 o = [|9x < 0o by (10.1) and (a.4).

[y
HZ(0U)

In addition, on U, one sees that
~ G G .G
D,v, = Z <9k773j >2,8U 5j "S5
j=0

which together with (10.5) further implies that

2

e G

ZOO (gr: 8§ >2 ov 0j
-Dy~ GVGJ pr— ‘ . < G’f) :
] “’“HH%(am =0 1+ 6§ a HngH%(aU) =

Now, resorting to a subsequence if necessary, it follows that

2
<gk,78?>278,]‘ — 0

/8 (90 (Do) dr = 3245

(a.7)

(a.8)

when £ — oo. This can be proved in exactly the same manner as those discussions

2
shown in between (7.8) and (7.10), since now we have (1 + 6§) ‘<gk, ’ysf>2 8U‘ — 0

via (a.3) and (a.4) when k — oo, for any fixed 7 =0,1,2,....

Note here, along with certain arguments in the preceding chapter, we actually

have proved that all sequences {gx},-, of functions in the space H 2 (9U, do) are

Cauchy with respect to ||-||§’f(aU), if and only if they are Cauchy with respect to
2

117
H2 (80U

) and if and only if they are Cauchy with respect to [|-||, 5. Nevertheless,

the completeness of the space Hz (OU, do) is derived either from that of H' (G)

or from that of E' (U), but clearly not from that of L? (9U, do).
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