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ERROR ANALYSIS OF A SPACE-TIME FINITE ELEMENT
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Abstract. In this paper we present an error analysis of an Eulerian finite element method
for solving parabolic partial differential equations posed on evolving hypersurfaces in R%, d = 2, 3.
The method employs discontinuous piecewise linear in time — continuous piecewise linear in space
finite elements and is based on a space-time weak formulation of a surface PDE problem. Trial and
test surface finite element spaces consist of traces of standard volumetric elements on a space-time
manifold resulting from the evolution of a surface. We prove first order convergence in space and
time of the method in an energy norm and second order convergence in a weaker norm. Furthermore,
we derive regularity results for solutions of parabolic PDEs on an evolving surface, which we need in
a duality argument used in the proof of the second order convergence estimate.

1. Introduction. Partial differential equations posed on evolving surfaces ap-
pear in a number of applications. Well-known examples are the diffusion and transport
of surfactants along interfaces in multiphase fluids [16, 22, 27], diffusion-induced grain
boundary motion [4, 21] and lipid interactions in moving cell membranes [12, 23]. Re-
cently, several numerical approaches for handling such type of problems have been
introduced, cf. [9]. In [7, 10] Dziuk and Elliott developed and analyzed a finite ele-
ment method for computing transport and diffusion on a surface which is based on a
Lagrangian tracking of the surface evolution. If a surface undergoes strong deforma-
tion, topological changes, or is defined implicitly, e.g., as the zero level of a level set
function, then numerical methods based on a Lagrangian approach have certain dis-
advantages. Methods using an Fulerian approach were developed in [1, 8, 28], based
on an extension of the surface PDE into a bulk domain that contains the surface. An
error analysis of this class of Eulerian methods for PDEs on an evolving surface is not
known.

In the present paper, we analyze an Fulerian finite element method for parabolic
type equations posed on evolving surfaces introduced in [15, 26]. This method does
not use an extension of the PDE off the surface into the bulk domain. Instead, it uses
restrictions of (usual) volumetric finite element functions to the surface, as first sug-
gested in [25, 24] for stationary surfaces. The method that we study uses continuous
piecewise linear in space — discontinuous piecewise linear in time volumetric finite ele-
ment spaces. This allows a natural time-marching procedure, in which the numerical
approximation is computed on one time slab after another. Moreover, spatial meshes
may vary per time slab and we only need (in the analysis) a mild matching condition
for meshes when crossing from one time slab to the next. Therefore, in our surface
finite element method one can use adaptive mesh refinement in space and time as
explained in [13] for the heat equation in Euclidean space. Numerical experiments in
[15, 26] have shown the efficiency of the approach and demonstrated second order ac-
curacy of the method in space and time. We consider this method to be a natural and
effective extension of the approach from [25, 24] for stationary surfaces to the case of
evolving surfaces. Until now, no error analysis of this (or any other) Euclidean finite
element method for PDEs on evolving surfaces is known. In this paper we present
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such an error analysis.

The paper is organized as follows. In section 2, we formulate the PDE that we
consider on an evolving hypersurface in R, recall a weak formulation and a cor-
responding well-posedness result. This weak formulation uses integration over the
space-time manifold in R%*! and is well suited for our surface finite element method.
This finite element method is explained in section 3. The error analysis starts with a
discrete stability result that is derived in section 4. In Section 5, a continuity estimate
for the bilinear form is proved. An error bound in a suitable energy norm is derived
in section 6. The analysis has the same structure as in the standard Cea’s lemma:
a Galerkin othogonality property is combined with continuity and discrete stability
properties and with an interpolation error bound. For the latter we need suitable
extensions of a function defined on a space-time smooth manifold. The error bound
in the energy norm guarantees first order convergence if spacial and time mesh sizes
are of the same order. In section 7, we derive a second order error bound in a weaker
norm. For this we use a duality argument and need a higher order regularity esti-
mate for the solution of a parabolic problem on a smoothly evolved surface. Such a
regularity estimate is proved in section 8. Concluding remarks are given in section 9.

2. Problem formulation. Consider a surface I'(f) passively advected by a
smooth velocity field w = w(z,t), i.e. the normal velocity of I'(¢) is given by w - n,
with n the unit normal on I'(¢). We assume that for all ¢ € [0, 7], I'(¢) is a smooth
hypersurface that is closed (T = @), connected, oriented, and contained in a fixed
domain Q C R?, d = 2,3. In the remainder we consider d = 3, but all results have
analogs for the case d = 2.

The conservation of a scalar quantity v with a diffusive flux on I'(¢) leads to the
surface PDE (cf. [20]):

U+ (divpw)u —vgAru=0  on I'(¢), te€(0,7T], (2.1)

with initial condition u(z,0) = ug(z) for z € Ty := I'(0). Here & = 2% +w-Vu denotes
the advective material derivative, divy := tr ((/ — nn”)V) is the surface divergence
and Ar is the Laplace-Beltrami operator, v4 > 0 is the constant diffusion coefficient.

In the analysis of partial differential equations it is convenient to reformulate
(2.1) as a problem with homogenous initial conditions and a non-zero right-hand
side. To this end, consider the decomposition of the solution u = @ + u°, where
u(-,t) : T(t) — R, with ¢ € [0,T], is chosen sufficiently smooth and such that
u®(x,0) = up(x) on Ty, and %fl‘(t) u’ds = 0. Since the solution of (2.1) has the
mass conservation property % fF(t) uds = 0, the new unknown function u satisfies
%(-,0) =0 on I'y and has the zero mean property:

/ uds=0 foralltel0,T]. (2.2)
I'(t)

For this transformed function the surface diffusion equation takes the form

U+ (divpw)t — vgAra = f on I'(¢), t€(0,T],

2 (2.3)
u(-,0)=0 on T.
The right-hand side is now non-zero: f := —u — (divpw)u® + vgAru’. Using the
Leibniz formula
d
/ v +vdivpwds = — / vds, (2.4)
T'(t) dt I'(t)
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and the integration by parts over I'(t), one immediately finds fr( £ fds = 0 for all

t € [0,7]. In the remainder we consider the transformed problem (2.3) and write u
instead of @. In the stability analysis in section 4 we will use the zero mean property
of f and the corresponding zero mean property (2.2) of w.

2.1. Weak formulation. In this paper we present an error analysis of a finite
element method for (2.3) and hence we need a suitable weak formulation of this
equation. While several weak formulations of (2.3) are known in the literature, see
[7, 16], the most appropriate for our purposes is the integral space-time formulation
of (2.3) proposed in [26]. In this section we recall this formulation. Consider the
space-time manifold

S= |J reyx{t}, Scr.
te(0,T)

Due to the identity
T 1
/ / f(s,t)dsdt:/f(s)(lJr(w-n)z)’ids, (2.5)
o Jr() S

the scalar product (v,w)y = fOT fF(t) vw ds dt induces a norm that is equivalent to

the standard norm on L?(S). For our purposes, it is more convenient to consider the
(-,+)o inner product on L?(S). Let Vr denote the tangential gradient for I'(t) and
introduce the space

H = {U S L2(8) | ||VFU||L2(5) < OO}
endowed with the scalar product
(u,v) g = (u,v)o + (Vru, Vo). (2.6)

We consider the material derivative v of v € H as a distribution on S. In [26] it is
shown that CZ(S) is dense in H. If 4 can be extended to a bounded linear functional
on H, we write . € H'. Define the space

W={ueH|ueH Y}, with |lulfy = |ulf +Iul?.

In [26] properties of H and W are analyzed. Both spaces are Hilbert spaces and
smooth functions are dense in H and W. We shall recall other useful results for
elements of H and W at those places in this paper, where we need them.

Define

W:={veW|uv(,00=0 only}.
The space W is well-defined, since functions from W have well-defined traces in
L3(T(t)) for any t € [0,T]. We introduce the symmetric bilinear form
a(u,v) = v4(Vru, Vro)o + (divew u, v)g, u,v € H,
which is continuous on H x H:

a(u,v) < (Vg + aoo)|[ullm||lv]|a, with am = || divew|| Lo (s).

The weak space-time formulation of (2.3) reads: Find uw € W such that
(t,v) + a(u,v) = (f,v)g forall veH. (2.7
3



2.2. Well-posedness result and stability estimate. Well-posedness of (2.7)
follows from the following lemma from [26].
LEMMA 2.1. The following properties of the bilinear form (i, v) + a(u,v) hold.
a) Continuity:

[ (0} + a(u, 0)| < (1+ va + o) [ullwllells for all we W, ve H.
b) Inf-sup stability:
(i, v) + a(u,v)

inf sup

0£ueW O#veH llullwl|v| &

¢) The kernel of the adjoint mapping is trivial:
[ (@,v) + a(u,v) =0 for somev € H andallueﬂo/} = ov=0.

As a consequence of Lemma 2.1 one obtains:
THEOREM 2.2. For any f € L*(S), the problem (2.7) has a unique solution

o
u € W. This solution satisfies the a-priori estimate

l[ullw < eI lo-

REMARK 2.1. We remark that Lemma 2.1 and Theorem 2.2 have been proved for
a slightly more general surface PDE than the surface diffusion problem (2.3), namely

U+au—vgAru=f  on I'(t), te (0,7,

2.9
u=0 on Iy, (29)

with a € L*°(S) and a generic right-hand side f € H’, not necessarily satisfying the
zero integral condition. The stability constant ¢s in the inf-sup condition (2.8) can be
taken as

Vq

V2

This stability constant deteriorates if vy | 0 or T — oo.

& = 1. .
Cs (1+l/d—|—ozoo)72672T(”d+C), ¢= ||0¢—§ divrw|| e (5), With aee = [l oo (s)-

[e]

For the general problem (2.9), the key result (2.8) is proved by taking for u € W a
corresponding test function v = e~ "*u + pz € H, with sufficiently large constants -y, x
and z the Ritz representation of . This construction can not be used in the stability
analysis of the finite element method, since functions scaled with e~ are not lying in
the finite element test space. In case of the pure diffusion problem, (2.3) or (2.7), the
zero mean property of f can be used to avoid such scaling in the proof of an inf-sup
inequality and leads to a better behavior of the stability constant, e.g. a constant cg
that is bounded away from zero uniformly in 7. We outline the corresponding result
given in [26]. Functions v € H obey the Friedrichs inequality

/ |Vrul|® ds > cF(t)/ (u— ! w)*ds for all t € [0,T), (2.10)
r() rey @)
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with cp(t) > 0 and u(t) = fl"(t) u(s,t)ds. A smooth solution to problem (2.3)
satisfies the zero average condition (2.2) and so we may look for a weak solution from

the following subspace of W:

W::{ueﬁ/|/ u(-,t)ds =0 forall te€[0,T]}.
r(t)

Obviously, elements of W satisfy the Friedrichs inequality with « = 0. Exploiting
this, one obtains the following result.
PROPOSITION 2.3. Assume f satisfies fF(t) fds = 0 for almost all t € [0,T].

Then the solution w € W of (2.7) belongs to w. Additionally assume that there exists
a cg > 0 such that

divpw(z,t) + vgep(t) > co  for all x € T(t), t € [0,T] (2.11)

holds. Then the inf-sup property (2.8) holds, with W replaced by the subspace W and
min{vq,co}

2V2(1+vg+0oes)?’
The assumption (2.11) will be important in our stability analysis of the finite
element method in section 4. Let 7(t) be a (small) connected subset of the surface
I'(t). From the Leibniz formula we obain fv(t) divrw(s,t)ds = & S Lds = 4 \y(t)).
If the surface is not compressed anywhere (i.e., the local area is constant or increasing)
then divpw > 0 holds and the condition (2.11) is satisfied. In general, one has
expansion and compression in different parts of the surface. The condition in (2.11)

means that the surface compression should be sufficiently small compared to vgcp(t).

Cs = where Qoo = || divrw]| oo (s)-

3. Finite element method. Consider a partitioning of the time interval: 0 =
tg < t1 < ... <ty =T, with a uniform time step At = T/N. The assumption
of a uniform time step is made to simplify the presentation, but is not essential. A
time interval is denoted by I,, := (t,—1,t,]. The symbol 8™ denotes the space-time
interface corresponding to I, i.e., 8™ := Uer, I'(¢) x {t}, and S := U1<,<nS™. We
introduce the following subspaces of H:

H,={veH|v=0 on S\S"}
and define the spaces
Wy ={veH,|veH,}, vy, =vl+II0l%,.

Our finite element method is conforming with respect to the broken trial space
N
Wb =@\ W,, with norm |[v||%,, = Z vll3y. -
n=1

For u € W,,, the one-sided limits u/} = u4.(-,t,) and u” = u_(-,t,) are well-defined
in L*(T'(t,)) (cf. [26]). At to and ty only uY and u? are defined. For v € WP, a
jump operator is defined by [v]™ = v} —v" € L*(I'(t,)),n=1,...,N —1. Forn =0,
we define [v]? = 0].

On the cross sections I'(t,), 0 < n < N, of § the L? scalar product is denoted by

= ds.
W, ). /F L vods
5



In addition to a(-,-), we define on the broken space W the following bilinear forms:

N N
= d*(u,v), d*(u,v) = ([u]" 0T, Z (i, vp) .
n=1 n=1

It is easy to check, see [26], that the solution to (2.7) also solves the following
variational problem in the broken space: Find u € W? such that

(0, v), + a(u,v) + d(u,v) = (f,v)o forall ve wh. (3.1)

This variational formulation uses W as test space, since the term d(u, v) is not well-
defined for an arbitrary v € H. Also note that the initial condition u(-,0) = 0
is not an essential condition in the space W? but is treated in a weak sense (as is
standard in DG methods for time dependent problems). From an algorithmic point
of view this formulation has the advantage that due to the use of the broken space
Wb = @N_, W, it can be solved in a time stepping manner. The discretization that
we introduce below is a Galerkin method for the weak formulation (3.1), with a finite
element space Wj, C W°.

To define this W}, consider the partitioning of the space-time volume domain
Q = Q x (0,7] Cc R* into time slabs Q,, := Q x I,. Corresponding to each time
interval I, := (t,,—1,t,] we assume a given shape regular tetrahedral triangulation 7,
of the spatial domain €2. The corresponding spatial mesh size parameter is denoted
by h. Then Q) = |J 7Tn X I, is a subdivision of @ into space-time prismatic

n=1,...,N

nonintersecting elements. We shall call Q; a space-time triangulation of . Note
that this triangulation is not necessarily fitted to the surface S. We allow 7, to
vary with n (in practice, during time integration one may wish to adapt the space
triangulation depending on the changing local geometric properties of the surface)
and so the elements of Qp may not match at t = ¢t,,.

For any n € {1,..., N}, let V,, be the finite element space of continuous piecewise
linear functions on 7,,. We define the volume space-time finite element space:

Vi i={v:Q = R|v(z,t) = ¢o(x) + td1(x) on every Q,, with ¢g, ¢p1 € V,, }.

Thus, V}, is a space of piecewise bilinear functions with respect to Qp, continuous in
space and discontinuous in time. Now we define our surface finite element space as
the space of traces of functions from V; on S:

Whp={w:S=R|lw=uvs, veV} (3.2)
The finite element method reads: Find w; € W}, such that
<iLh, Uh>b + a(uh, Uh) + d(uh, Uh) = (f, 'Uh)o for all v, € Wy, (3.3)

As usual in time-DG methods, the initial condition for uy(-,0) is treated in a weak
sense. Due to u, € HY(Q,,) for alln =1,..., N, the first term in (3.3) can be written
as

t
n a
(Un, vn), / / ﬂ +w - Vuy,)vpds dt.
n 1 (t)

The method can be implemented with a time marching strategy.
6



Recall that the solution of the continuous problem (2.3) satisfies the zero mean
condition (2.2), which corresponds to the mass conservation law valid for the original
problem (2.1). We investigate whether the condition (2.2) is preserved for the finite
element formulation (3.3).

Assume that up is a solution of (3.3). Denote @ (t) = fF(t) upds. We have

fl"(t) fds=0forallt > 0. In (3.3), set vy, =1 for t <t, and v, =0 for t > t,,. This
implies
Up,— = / u’ds=0 forn=0,1,... (3.4)
L(tn)
Setting v, =t —t,_1 for t,_1 <t < t, and vy = 0 otherwise, we additionally get

/, ti::l up(t) dt = 0. Summarizing, we obtain the following:

tn
dn_(tn) =0 and / an(t)dt =0, n=1,2,..., (3.5)

tn—l

For a stationary surface, @ (t) is a piecewise affine function and thus (3.5) implies
up(t) = 0, i.e,. we have exact mass conservation on the discrete level. If the surface
evolves, the finite element method is not necessarily mass conserving: (3.5) holds, but
up(t) # 0 may occur for t,—1; <t < t,. To enforce a better mass conservation and
enhance stability of the finite element method, we introduce a consistent stabilizing
term involving the quantity u,(t) to the discrete bilinear form. More precisely, define

T
a0 (1,0) = a(u,v) + o /0 aBot) dt, o> 0. (3.6)

Instead of (3.3) we consider the stabilized version: Find uj, € W}, such that
{n, )y + ao(un, vp) + d(un,vn) = (f,vn)o  for all vy € Wi, (3.7)

As mentioned above, taking o > 0 we expect both a stabilizing effect and an improved
discrete mass conservation property. Adding this stabilization term does not lead
to significant additional computational costs for computing the stiffness matrix and
improves the conditioning of the stiffness matrix.

For the solution u € W of (3.1), the stabilization term vanishes: «(t) = 0.
Therefore the error e = u—wuy, of the finite element method (3.7) satisfies the Galerkin
orthogonality relation:

(€,vn), + as(e,vn) +d(e,vp) =0 for all v, € Wi (3.8)

4. Stability of the finite element method. We derive an ellipticity estimate
in the following mesh-dependent norm:

Nl

N
llln := <IIUJ_VII2T + 3 ™ E + IIUII?H>

n=1

THEOREM 4.1. Assume (2.11) and take o > % max celt) “here cr(t) is defined

in (2.10). Then the ellipticity estimate

(i, u), + ag(u,u) + d(u,u) > cs||ullz  for all ue W (4.1)
7



holds with c, = %min{l,ud,co} and co from (2.11).
Proof. Applying partial integration on every time interval we get

N
. 1 n _ 1 ..
(i), = 5 D0 (2, = ™), ) = 5(divew, u?)o.

n=1

It is also straightforward to derive

1 1 1
duyu) = =5 3 (I, = a2, ) + 5l 1+ 5 0 I,
n=1 n=1

The Friedrichs inequality (2.10) yields

1
|V1"’LL|2 ds > cp(t) / u?ds — 762(15) .
L U™~ mar™ )

Using this, we get for u € W?

T
o (u,u) = vg||Vrul|2 + (divew, u?)o + 0/ a(t)? dt
0

1 r vq cr(t)
> —(vgcr + 2divrw, u?)g +/ (60— —+
2 0 2 [Pt

14
ya(t)? dt + [ Vru?

1 . 1%
> i(ych + 2d1vrw,u2)0 + ?dHVpqu.

Combining the relations above and using (2.11), we get

(U, u)y + aq(u,u) + d(u, u)

N
1 _
25 <|IU§II% + 3 M HIE,_ + collull§ + VdIIVFUII3> :

n=1

Since W), C WP, the result in (4.1) also holds on the finite element subspace.

REMARK 4.1. In certain applications the transport equation (2.1) may include
an additional positive definite reaction term. In this case, for the equation in the
more general form (2.9) the following condition may be reasonable:

1
a—3 divpw > ¢o > 0. (4.2)

If this condition is satisfied, one can prove the ellipticity estimate (4.1) for the finite
element method (3.3) by following the arguments of the proof of Theorem 4.1, with
Ccs = min{%,l/d,co}. In this case, however, the Friedrichs inequality is not used in
the proof and the analysis applies for o = 0 in (3.7), i.e. stabilization is not needed.
Furthermore, condition (2.11) is also not required for the stability result.

The ellipticity result (4.1) is sufficient for existence of a unique solution. We summa-
rize this in the form of the following proposition.

PROPOSITION 4.2. Assume (2.11) and take o as in Theorem 4.1. Then the
discrete problem (3.7) has a unique solution up, € Wy,. For uy, the a priori estimate

lunlln < 51l £llo- (4.3)

holds, with cs as in Theorem 4.1. Assume (4.2), then for any f € L?(S) the problem
(3.3) has a unique solution up, € Wy,. For this solution the estimate (4.3) holds, with
cs as in Remark 4.1.



5. Continuity result. We also need a continuity result for the bilinear form of
the finite element method. We formulate it in the next lemma.
LEMMA 5.1. For any e € Wy, and v € W the following holds:

| <évv>b + a0(€= U) + d(e7v)|

o=

< el (11015 + (20 + @ sy [FOD20lB + 21 9e0l3 + Dol ) (51
< clelnllolw-

Proof. The stabilizing term in a, (e, v) is estimated as follows:
T T B
a/ / eda:/ vdx dt| < 0'/ [T'(t)] / e2dx / vide | dt
0o Jr) I'(t) 0 I'(t) I'(t) (5.2)

<o max |[I'(?)]||lellollv]lo-
<a max (10 elolvlo
The material derivative term is treated using integration by part:

Nl=

)

N

(é,v), = Z ((e?,v)t" — (eﬁfl,v)tnfl) — (divpwe,v)o — (0, €),

n=1

|
M=

([e]n—l’v)tn71 + (ei\[?U)T - (diVFW 67/0)0 - <q'), e>b

n=1

= —d(e,v) + (e¥,v)r — (divrwe,v)o — (0, ¢€), -

Now we use the relation (v,e), = (0,e) for v € W and the Cauchy inequality to
estimate

| (&, v), + d(e,0)] < [le¥lzlvllr + ascllellolvllo + llellz ][0 - (5-3)
Combining (5.2), (5.3), and a(e,v) < v4||Vrello|[Vrvllo + asllello]|v]o, we get

[{é,v), + ac(e,v) + d(e,v)]
< |leNlz[v]lz + (20une +0t§g§] IT@)Dllellollvllo + [lellz [o] 7 + val Vrellol| Vrvllo-

The Cauchy inequality implies the first inequality in (5.1). In [26], Theorem 3.6 (ii), it
is shown that the trace operator u — ujp() is a bounded: maxo<¢<7 ||ujre) || L2(rr)) <

c||lul|w. Using this and | (2000 +0 max IT(®))2||v]12+12| V|2 < ¢ljv]|%, one obtains
the second inequality in (5.1). O

The norm || - ||n is weaker than the norm || - ||y used for the stability analysis
of the original ‘differential’ weak formulation (2.7), since the latter norm provides
control over the material derivative in H’. For the discrete solution we can establish
control over the material derivative only in a weaker sense, namely in a space dual to
the discrete space. Indeed, using estimates as in the proof of Lemma 5.1 we get

1

2
|ag (un, v)| < [Junln ((ainf +o max LD [vlIE + V§||VFUII3> < cllunlinllvllar,

and thus for the discrete solution w; € W), of (4.3) one obtains, using (3.7):

sup (U, v), + d(up,v) — sup (f,vn)o — ao(un,v) < |l fllo- (5.4)

veW), vl e vEW), vl e
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6. Discretization error analysis. In this section we prove an error bound for
the discrete problem (3.7). The analysis is based on the usual arguments, namely
the stability estimate derived above combined with the Galerkin orthogonality and
interpolation error bounds. The surface finite element space is the trace of an outer
volume finite element space V},. For the analysis of the discretization error in the
surface finite element space we use information on the approximation quality of the
outer space. Hence, we need a suitable extension procedure for smooth functions on
the space-time manifold S. This topic is addressed in subsection 6.1.

6.1. Extension of functions defined on S. For a function u € H*(S) we need
an extension u¢ € H?(U), where U is a neighborhood in R* that contains the space-
time manifold S. Below we introduce such an extension and derive some properties
that we need in the analysis. We extend w in a spatial normal direction to I'(¢) for
every t € [0,T]. For this procedure to be well-defined and the properties to hold, we
need sufficient smoothness of the manifold S. We assume S to be a three-dimensional
C3-manifold in R*.

For some § > 0 let

U={x:=(z,t) € R3 | dist(z,T(t)) < 6} (6.1)

be a neighborhood of §. The value of § depends on curvatures of S and will be specified
below. Let d : U — R be the signed distance function, |d(z,t)| := dist(z,T'(¢)) for all
x € U. Thus, S is the zero level set of d. The spatial gradient nr = V,d € R? is the
exterior normal vector for I'(¢). The normal vector for S is

ns = Vd/||Vd|| = (np, = V)T €R?, Vp=w - nr.

1
N
Recall that Vi is the normal velocity of the evolving surface I'(t). The normal nr has
a natural extension given by n(x) := V,d(x) € R3 for all x € U. Thus, n = nr on S
and ||n(x)|| = 1 for all x € U. The spatial Hessian of d is denoted by H € R3. The
eigenvalues of H are ki(x,t),k2(x,t), and 0. For x € I'(t) the eigenvalues &;(z,1),
i = 1,2, are the principal curvatures of I'(t). Due to the smoothness assumptions on
S, the principal curvatures are uniformly bounded in space and time:

sup sup (|x1(z,€)| + |k2(2,t)]) < Kmax-
te[0,T) z€l'(t)

We introduce a local coordinate system by using the projection p: U — S:
p(x) = x —d(x)(n(x),0)" = (z — d(z,t)n(z,t),t) for all x = (z,t) € U.

For § sufficiently small, namely 6 < kL., the decomposition x = p(x)+d(x)(n(x),0)
is unique for all x € U ([5], Lemma 14.16).

The extension operator is defined as follows. For a function v on & we define
vé(x) = v(p(x)) forall x €U, (6.2)

i.e., v is extended along spatial normals on S.
We need a few relations between surface norms of a function and volumetric norms
of its extension. Define

p(x) = (1 —d(x)r1(x)) (1 — d(x)r2(x)), xe€U.
10



From (2.20), (2.23) in [6] we have
p(x)dz = ds(p(x))dr x€eU,

where dz is the volume measure in R3, ds the surface measure on I'(t), and 7 the

local coordinate at y € I'(t) in the (orthogonal) direction nr(y). Assume § < $rl .

Then using the relation k;(x) = %, i =12, x € U, ((2.5) in [6]) one
obtains 75 < u(x) < fg for all x € U. Now let v be a function defined on S and w,

defined on U, given by w(x) = g(x)v(p(x)), with a function g that is bounded on
S: ||gllz=(s)y < ¢y < 00. An example is the pair w = v® and v given in (6.2), with
g = 1. For v,w we have the following, with U(t) = {x € R? | dist(x,T'(¢)) < 6}
the cross-section of U for some ¢ € [0,7] and a local coordinate system denoted by

x = (p(x),7):
w2 Z/ x)dx < C/ / x) dzdt
U(t)

(x) dzdt

| /\

S L
[ /_5 /F(t)v@(x))?ds(p(x»drdt

T
65/ / v dsdt < 05||UH%2(5).
o Jro

The constant ¢ in the estimate above depends only on the smoothness of S and
on cg4. If in addition it holds |g(x)| > ¢o > 0 on S, then we obtain the estimate
Hw||%2(U) > c§|\v||%2(8), with a constant ¢ > 0 depending only on |Vr| and ¢o. Using

IN

these results applied to w = v° as in (6.2) (i.e., g = 1), we obtain the equivalence
Hue||2L2(U) o~ 5||UH%2(5) for all u € L*(S). (6.4)

In the remainder of this section, for u defined on S, we derive bounds on derivatives
of u¢ on U in terms of the derivatives of v on §. We first recall a few elementary
results. From

Vi
VSU = (I4><4 — Ilsl’ls) ( ug ) , Vp(t)u = (13X3 — nrl’l?)vxue’
t

one derives the following relations between tangential derivatives:

Vp(t)u =BVsu, B:= [ngg, —Vpnr] S R3X4,
u=(1+ VI?)(VS’U/M +w- Vp(t)u
where (Vsu), denotes the fourth entry of the vector Vsu € R*. The spatial deriva-

tives of the extended function can be written in terms of surface gradients (cf., e.g.
(2.13) in [6]):

Veuf(x) = (I-dH)Vrgu(p(x)) = (I-dH)BVsu(p(x)) =: B1Vsu(p(x)), x(e U)
6.7
11



This implies V,u®(x) = Vr@u(p(x)) = Vrgu(x) for x € §. For the time derivative
we obtain

Uj(x) = o (u 0 P)(x) = -u(x — d(a, n(a 1), 1)

= uf(p(x)) — (dm + dn;) - Vous(p(x)) = ui (p(x)) — (din + dny) - Vrmﬂ(p(xzz{ 8)

Time derivative u§ on S can be represented in terms of surface quantities, cf. (6.6) :
uf =i—w-Vout =t—w-Vpyu=(1+VZ)(Vsu)s onS.
Using this and (6.5) in (6.8) we obtain

uf(x) = (1+VE)(Vsu(p(x)))a—(dm+dny)-BVsu(p(x)) =: By-Vsu(p(x)), x¢cU.
(6.9)
The matrices By, Bs in (6.7), (6.9) depend only on geometric quantities related to S
(d, d, H, Vp, n, n;). These quantities are uniformly bounded on S (or U) due to the
smoothness assumption on S. Hence, from (6.7) and the result in (6.3) we obtain

IVul|Z2ry < || VsulFzs) for all u € H'(S). (6.10)

We need a similar result for the H? volumetric and surface norms. From (6.7) we get
g—“j(x) =b; - Vsu(p(x)), z € U, i = 1,2,3, with b; the i-th row of the matrix B;.
For z € {x1, x5, 23,1} we get

2ue
gzaxi (x) = (bi): - Vsu(p(x)) + bz‘(VSVsu)(p(x))%p(x)7 xeU.

Due to the smoothness assumption on S the vectors by, (b;)., %p(x) have bounded
L% norms on U and application of (6.3) yields

With similar arguments, using (6.9), one can derive the same bound | 2Puc

t || 2(U
Ile ce we CO lClude

2
9%ue

020x;

< e X IDkulae + IVsulas) ).
)

XU |n|=2

w720y < eOllullFrzsy  for all we H(S). (6.11)

6.2. Interpolation error bound. In this section, we introduce and analyze an
interpolation operator. For the analysis, it is convenient if the surface finite element
space allows a continuous interpolant. For this we introduce a (mild) assumption on
the triangulations 7,. For the finite element method presented above, it is allowed
that 7,41 is completely independent of 7,. Hence, in general there does not exist
a nodal interpolant that is continuous at ¢ = t,,. In the remainder we assume the
following:

ASSUMPTION 6.1. For each tetrahedron T € T, with measq_1(T NI'(¢,)) > 0 we
require T € Tpi1-

Note that this assumption still allows the use of triangulations that vary from time-
slab to time-slab. The triangulation Q) of the space-time domain @ = Q x [0,T]

12



consists of cylindrical elements K = T x I, C R3*!, with T € 7,, for some n. The
subset of all elements that are intersected by the space-time manifold S is denoted by

Q7 = J{K € Qn | measq(KNS) >0} (6.12)

The nonempty intersections are denoted by Sx = K NS. For the definition of the
trace finite element space Wp, , cf. (3.2), only the outer space V}, on the “local”
triangulation Q‘S plays a role. Therefore, in the remainder we consider the outer
finite element space V}, to be defined only on the elements K € Q‘}f. Now let

I, :C(Q%) =V,

be the nodal interpolation operator. Due to Assumption 6.1 this operator is well-
defined and for v € C(Qf), the interpolant I;v is a continuous function on QY.

In the remainder we take At ~ h. This assumption is made to avoid anisotropic
interpolation estimates, which would significantly complicate the analysis for the case
of surface finite elements.

We take a fixed neighborhood U of S as in (6.1), with § > 0 sufficiently small
such that the analysis presented in section 6.1 is valid (§ < frpt.). The mesh is
assumed to be fine enough to resolve the geometry of S in the sense that QY C U.
We need one further technical assumption, which holds if the space time manifold &
is sufficiently resolved by the outer (local) triangulation Q‘g.

ASSUMPTION 6.2. For Sk = KNS, K € Q‘,f, we assume that there is a local
orthogonal coordinate system y = (z,0), = € R3, § € R, such that Sk is the graph
of a C' smooth scalar function, say gr, i.e., Sk = {(2,9x(2)) | 2 € Zx C R3}.
The derivatives ||Vgx||L~(z,) are assumed to be uniformly bounded with respect to
K e Q‘E and h . Finally it is assumed that the graph Sk either coincides with one
of the three-dimensional faces of K or it subdivides K into exactly two subsets (one
above and one below the graph of gk ).

The next lemma is essential for our analysis of the interpolation operator. This
result was presented in [17, 18]. We include a proof because the 4D case is not
discussed in [17, 18].

LEMMA 6.1. There is a constant ¢, depending only on the shape regqularity of the
tetrahedral triangulations T, and the smoothness of S, such that it holds

||”H%2($K) < cllllzollvll ek for all v e HYK), K € QF. (6.13)

Proof. We recall the following trace result (e.g. Thm. 1.1.6 in [3])
||v||%2(aK) <clvllp2myllvll k)  for all w e HY(K), (6.14)

with a constant ¢ that depends only on the shape regularity of K. Take K € Q;f
and let S = {(2,9(2)) | 2 € Zx C R®} be as in Assumption 6.2. If Sx coincides
with one of the three-dimensional faces of K then (6.13) follows from (6.14). We
consider the situation that the graph Sk divides K into two nonempty subdomains
K;, i =1,2. Take i such that Sx C 0K;. Let n = (ny,...,n4)T be the unit outward
pointing normal on dK;. For v € H'(K) the following holds, where div, denotes the

13



divergence operator in the y = (z, 8)-coordinate system (cf. Assumption 6.2),

0= [ v () = [, m () = [ o
2 v—dy = div dy = n- ds = nav° ds
/Ki a0 Y K; Y Uz Y 0K, UQ IK; !

:/ nav> der/ nav? ds.
Sk OK;i\Sk

On Sk the normal n has direction (—=V.g(z),1)7 and thus n4(y) = (||V.g(2)[|2+1)"2
holds. From Assumption 6.2 it follows that there is a generic constant ¢ such that
1 < ny4(2)~! < cholds. Using this we obtain

/ v?ds < c/ nav? ds < cl|v|| p2 g |10 o (i) + c/ v? ds

< clloll 2o ol e ey + € / o2 ds
oK
< cllvllLzxyllvll (s

where in the last inequality we used (6.14). O

We prove the following approximation result:
THEOREM 6.2. For u € H?(S) we have:

HélVI[l/ ||U—Uh||Hk(S) < Hu—[hueHHk(S) < ch2_k||u||H2(5)7 k=0,1. (6.15)
v €W

Proof. Define vy, = (Iu®)|s € Wj. Using Lemma 6.1, we obtain for K € QF:
[ = vnll72(s,y < (B Hlu® = Tnu|[ 22y + hllu® = Tnus|3n x))-
Standard interpolation error bounds for I, and summing over all K € Q‘s yields
l|u— Uh||2L2(S) < Ch3||UeH§12(Q§)-
We use Q9 C U and (6.11) to infer
lu = vonllZa(s) < c0h®ullFes)-

Since we may assume § ~ h, the result in (6.15) follows for £ = 0. The same technique
is applied to show the result for k = 1:

IVs(u = vl T2 (s,0) < ell V(U = Inu) 172 s,0)
< e(hHIV (u® = Inu®) G2 g0y + IV (U = Iyu®) 3 1))

< chlluf| 2 k-

Summing over all K € QF and using (6.11), with § ~ h, then yields (6.15). O

6.3. Discretization error bound. The next theorem is a main result of this
paper. It shows optimal convergence in the || - ||, norm.

THEOREM 6.3. Let u € W be the solution of (2.7) and assume u € H?*(S).
Furthermore, assume that the condition (2.11) is satisfied. Let up, € W}, be the solution
14



of the discrete problem (3.7) with a stabilization parameter o as in Theorem 4.1. The
following error bound holds:

e = unlln < chllullp2(s).-

Proof. For the solution u € H%(S) let e; = u — (I,u®)|s denote the interpolation
error and e = u — uy, the discretization error. Note that e is continuous and e; € W.

Furthermore, e € W holds. Using the interpolation error bound in Theorem 6.2 and
H C L?*(S) we get

1 1
lerllw = (léxll + llerlli)* < (llerlzzs) + llerllz)® < cllerllms) (6.16)

< chllull gz (s)-

Using the ellipticity result in Theorem 4.1, the Galerkin orthogonality (3.8) and the
continuity estimate of Lemma 5.1, we obtain

Cs |”€|H;21 < <é’ e>b + aU(e’ e) + d(ea e) = <é7 €I>b + a0(6’ 61) + d(ea 61)

< cllellnllerliw-

This together with (6.16) proves the theorem. O

7. Second order convergence. The aim of this section is to derive an error
estimate ||u — up|« < ch? for At ~ h in a suitable norm with the help of a duality
argument. To formulate an adjoint problem, we define a “reverse time” in the space-
time manifold S. Let X (¢) be the Lagrangian particle path given by w and initial
manifold T'y:

%(t) =w(X(¢),t), te€][0,T], X(0)€T,.

Hence, T'(¢t) = { X(t) | X(0) € Ty }. Define, for t € [0,T7:

X(t):=X(T—t), T(t):=0(T—1t), W(z,t):=—-w(@,T—1t), zcQ.

dX dx s
) =~ — ) = —w(X(T = 1), T — t) = W(X(1),0),
dt dt
it follows that X (t) describes the particle paths corresponding to the flow w with
X(0)=X(T) e I(T). Hence, I'(t) = { X(¢) | X(0) e I'(T) =Ty }. We introduce the
material derivative with respect to the flow field w:

0

@@¢y:5%%o+w@¢yvm@m,(%wes

For a given f* € L?(S) we consider the following dual problem

TV)—VdAf’U—‘rO'/V vds = f* on f(t)7 t € 10,7,
I'(t) (7.1)

v(-,0)=0 on Ty=T(T).
15



The problem (7.1) is of integro-differential type. From the analysis of [26] it follows
that a weak formulation of this problem as in (2.7), with the bilinear form a(-,-)

replaced by a,(+,), has a unique solution v € W. As is usual in the Aubin-Nitsche

duality argument, we need a suitable regularity result for the dual problem (7.1). In

the literature we did not find the regularity result that we need. Therefore we derived

the result given in the following theorem. A proof is given in the next section.
THEOREM 7.1. Consider the parabolic surface problem

u—vgAru=f on I(t),

u(-,0) =0 on Ty, (7.2)

Let S be sufficiently smooth (precise assumptions are given in the proof) and f €

L?(S). Then the unique weak solution uw € W of (7.2) satisfies u € HY(S), u €
H2(T'(t)) for almost all t € [0,T)], and

T
lullZrs) +/O [ull3r2 ey dt < el £, (7.3)

with a constant ¢ independent of f. If in addition f € H*(S) and flr, = 0, then
u € H%(S) and

lullzr2sy < el fllas)s (7.4)

with a constant ¢ independent of f.
Proof. Given in Section 8. O

COROLLARY 7.2. Let S be sufficiently smooth (as in Theorem 7.1). Assume
f* € H}(S). Then the unique weak solution v € Wy of (7.1) satisfies v € H*(S) and

vl 25y < el f laes), (7.5)

with a constant ¢ independent of f*.
Proof. We have v € Wy C L*(S). Hence, Jrwyvds € L?(S) and

/~ vds
Tt o

Therefore, v solves the parabolic surface problem

< I(t <cl[f*lla < ellf* o
_(tg§§]| ODlvllo < cllf*llar < cllf*llo

U —vgAgv =F on I'(t),
v(-,0)=0 on T,

with F := f* _Uff(t) vds € L*(S) and || Fl|o < ¢||f*]lo- The first part of Theorem 7.1
yields ¥ € L*(S) and ||9]|o < ¢||F|lo- Hence, employing the Leibniz formula we check
2 Sy vds € L?(S). This and v € H yields Jrwvds € HY(S) together with a cor-
responding a priori estimate. Therefore, F € H'(S) and [|F|[g1(s) < ¢||f*[|m(s)-
From v(-,0) = 0 on Ty and f*I5, = 0 we get F|g = 0. Applying the second part of
the theorem completes the proof. O
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LEMMA 7.3. Assume v € H?(S) solves (7.1) for some f* € H}(S). Define
v*(z,t) :==v(x,T —t), xe€l(t)=T(T—t). Then one has

(2,0%), + ap(2,0%) + d(z,0*) = (2, f*)o  for all z € Wy, + H'(S). (7.6)

Proof. From the definitions and using Leibniz rule we obtain (note that v* is
continuous, hence v™" = v} = v*"):

(¢,v > + ap(z,0") + d(z,v")

N
/ / 2% + zv* divpw ds dt + Z([z]”f venThy,
n=1

T
+ud(Vrz,Vrv*)o+a/ / zda;/ v*dz dt
o Jr( I(t)
N N
= Z((ZZU*’" b — (2o, ) —Z/ / 20" ds dt
n= n=1"tn-1JI(t)

+ Y ([0 Y+ va(Viez, Viv®)o + U(Z’/ v*dz)o
r'(t)

—(0* + vgArv* — 0'/ v*dx, 2)o.
I'(t)

Now note that on S:

800 = G () WOV () = = ST = ) = W T =) Vol T -1
= _6('7T - t)a

and Appyv*(-,t) = AF(T—t)U('vT —t). From this and the equation for v in (7.1) it
follows that v* + vgArv* — o fF(t) v*dr = f* on §. This completes the proof. O
Denote by || - || =1 a norm dual to the H}(S) norm with respect to the L?-duality.
In the next theorem we present a main result of this paper.
THEOREM 7.4. Assume that S is sufficiently smooth (as in Theorem 7.1) and

that the assumptions of Theorem 6.3 are satisfied. Then the following error estimate
holds:

lu—unll-1 < ch?||ullzr2s).-

Proof. Take arbitrary f* € Hg(S). Using the relation in (7.6), Galerkin or-
thogonality and the continuity result in Lemma 5.1 we obtain with e = u — up,
er =v* = Ih(v*)c e W:

(e, f)o = (&, v"), + ag(e,v") + d(e,v")
= (é,er), +as (e er) +d(e,er) < clleflnller|lw (7.7)
< chllull s llerllmrs) < ch?llull a2 s)llv* [l m2is) < eh?lull s f* L s),

where in the last inequality we used the regularity estimate (7.5). From this the result
immediately follows. O
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REMARK 7.1. We proved the second order convergence in a norm weaker than the
commonly considered L?(S) norm. The reason is that our arguments use isotropic
polynomial interpolation error bounds on 4D space-time elements. Naturally, such
bounds call for isotropic space-time H2-regularity bounds for the solution. For our
problem class such regularity is more restrictive than in an elliptic case, since the
solution is generally less regular in time than in space. We can overcome this by
measuring the error in the weaker || - || _;-norm.

8. Proof of Theorem 7.1. Without loss of generality we may set vy = 1. The

weak formulation of (7.2) is as follows: determine u € W such that
(G, vy + (Vru, Vrv)o = (f,v)o forall v e H. (8.1)

The proof is based on techniques as in [7], [14]. We define a Galerkin solution in a
sequence of nested spaces spanned by a special choice of smooth basis functions. We
derive uniform energy estimates for these Galerkin solutions and based on a com-
pactness argument these estimates imply a bound in the || - [|g1(s) norm for the
weak limit of these Galerkin solutions. We use a known H?2-regularity result for the
Laplace-Beltrami equation on a smooth manifold and energy estimates for the mate-
rial derivative of the Galerkin solutions to derive a bound on the || - || z2(s) norm for
the weak limit of these Galerkin solutions.

1. Galerkin subspace and boundedness of L?-projection. We introduce Galerkin sub-
spaces of W, similar to those used in [7]. For this we need a smooth diffeomorphism
between S and the cylindrical reference domain S := 'y x (0,7). We use a Lan-
grangian mapping from Ty x [0,7T] to the space-time manifold S, as in [26]. The
velocity field w and Iy are sufficiently smooth such that for all y € 'y the ODE
system

B(y,0) =y, B (yt) = w(®(y,0),0), t€[0.T]

has a unique solution x := ®(y,t) € T'(t) (recall that I'(¢) is transported with the
velocity field w). The corresponding inverse mapping is given by ®~1(x,t) := y € I'g,
x € T'(t). The Lagrangian mapping ® induces a bijection

F:Tox[0,T] =S8, F(y,t):=(P(y,t),t).

We assume this bijection to be a C2-diffeomorphism between these manifolds.
For a function u defined on S we define 4 =wuo F on I’y x (0,T):

u(y,t) = u(®(y,1),t) = u(z,1).
Vice versa, for a function @ defined on T'y x (0,T) we define u = 7o F~! on S:
u(,t) = (@~ (2, 1),t) = Ay, 1).

By construction, we have

o~

ou

ot

We need a surface integral transformation formula. For this we consider a local

parametrization of I'y, denoted by u : R? — Ty, which is at least C' smooth. Then,
18
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®op = ®(u(),t) defines a C' smooth parametrization of I'(t). For the surface
measures d 5 and ds on I'y and T'(¢), respectively, we have the relations

ds =~(t)ds,  d§=7(1)ds, (8.3)

with functions v and 7 that are both C! smooth, bounded and uniformly bounded
away from zero: 7> c¢>0on Iy x (0,7) and ¥ > ¢ > 0 on S, cf. section 3.3 in [26].

Denote by $j7 j € N the eigenfunctions of the Laplace-Beltrami operator on T'y.
Define ¢; : S =+ R

0 (®(y. 1), 1) = d;(y),

and note that due to (8.2) one has ¢; = 0. The set {¢;(-,#)]j € N} is dense in
H(T'(t)). We define the spaces

Xn(t) =span{o1(-,t),...,on (-, 1)},
N
Xy ={> uj(t)¢(x,t) | u; € H'(0,T;R), u;(0) =0, 1 <j < N}

j=1

Below, in step 2, we construct a Galerkin solution in the subspace Xy C W. Note that
for v € Xy we have v(-,t) € Xn(t). In the analysis in step 6, we need H!-stability of
the L2-projection on X (t). This stability result is derived in the following lemma.

LEMMA 8.1. Denote by Px () the L2-orthogonal projector on Xx(t), i.e., for
¢ € LX(T(1)):

/ Px, Cvds = Cvds for all ve Xy(t).
I'(t) I'(t)

For ¢ € HY(D'(t)) the estimate

IVrPx ) Clle2rey) < ClICIa (0 (8.4)

holds with a constant independent of N and t.

Proof. Let v be a smooth and positive function on I'g, then (f, g) := fFo fg~ds
defines a scalar product on L?(I'g). This scalar product induces a norm equivalent to
the standard L?(I'g)-norm. For given f € H'(Ty) let fy be an (-, -),-orthogonal pro-
jection on X (0). Since Arfny € Xn(0), we have fFo v fArfyds = fFo ~ fNAr fads.
Using this and integration by parts we obtain the identity:

/F IV fv[? ds = / (VrfnVey) (f — fw)ds + / (Ve Sy Ve f)yds.

o o

Applying the Cauchy inequality, positivity and smoothness of v, we get
/ [Vrfn|?ds < ¢ / 2+ |Vrf*ds,
Fo I—‘O

i.e. the (-,-),-orthogonal projection on Xy (0) is H'-stable. For ¢ € H'(I'(t)) define
(=Co®e HY(Ty) and (y = {nx o ® € Xn(0). From

(nnyds = / (NYnds = (Yyds= Chnyds Yy € Xn(0),
To (t) T(t) To
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it follows that ZN is the (-,-),-orthogonal projection of E Using the H'-stability of
this projection, the smoothness of ® and ®~! and (8.3), we obtain

IVrdn ey < CIVrdnllzzmre < ClICla e < C I a0y
Thus, the estimate in (8.4) holds. O
2. Existence of Galerkin solution uy € Xn and its boundedness in H*(S) uniformly
in N. We look for a Galerkin solution uy € Xy to (7.2). We consider the following
projected surface parabolic equation: determine uy = (u1,...uyx) € H(0,T;RYN)
such that for uy(x,t) := Zjvzl u;j(t)¢;(z,t) we have un(-,0) =0 and

/ (i — Arun)pds = | féds forall ¢ € Xn(t), ae inte[0,T]. (8.5)
T'(t) )

Tt
In terms of uy this can be rewritten as a linear system of ODEs of the form

M(t)d;—tN + A(tun(t) = b(t), uy(0)=0. (8.6)
The matrices M, A are symmetric positive definite. Since for the eigenfunctions
we have ¢; € C%(Ty), see [2], and the diffeomorphism F is C%-smooth, we have
M,A € WL(0,T;RV*N). The smallest eigenvalue of M(t) is bounded away from
zero uniformly in ¢ € [0,7]. The right-hand side satisfies b € L?(0,T;RY). By the
theory of linear ordinary differential equations, e.g., Proposition 6.5 in [19], we have
existence of a unique solution uy € H'(0,T;R"Y). Moreover, if f € H'(S), then
be HY(0,T;RY) and uy € H?(0,T;RY). For the corresponding Galerkin solution
uy € Xy, given by uy(z,t) = Zjvzl u;j(t)¢;(z,t), we derive energy estimates. Taking
¢ =un(-,t) € Xny(¢) in (8.5) and applying integration by parts we obtain the identity

1d

1
—— u3 ds+/ |Vruy|? — = (divpw)ui ds = fuy ds.

r(t)

Applying the Cauchy inequality to handle the term on the right-hand side and using
a Gronwall argument, with upy(-,0) = 0, yields

T
sup / uy,ds +/ / [Vrun|*dsdt < C|| 13,
te(0,T) JT(t) 0 I'(t)

and thus

lunllz < Clfllo, (8.7)

with a constant independent of N. Taking ¢ = un(-,t) € Xn(t) in (8.5) and using
the identity

1d

1
/Vrv -Vrovds = f—/ |VFU|2 ds — 7/ |va|2divrw ds + / D(w)Vrv - Vrvds,
r 2dt Jp 2 Jr r

with the tensor D(w);; = %(%‘;’ + g‘;"]) (cf. (2.11) in [7]) yields

1d
.2 2
urn ds + = — Vriuyl|* ds
/F(t) N 2dt F(t)| |

1

= 7/ ‘VF’U,N‘ZdiVFWdS —
T'(t)

D(W)VFUN -Vrun d8+/ fun ds.
2 ()

I'(t)
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Employing the Cauchy inequality and a Gronwall inequality, with uy(-,0) = 0, we
obtain

T
Sup/ |Vpu1\/|2ds+// lun 2dsdt < C| fI2, (8.8)
te(0,T) JI'(¢) 0 ING)

with a constant independent of N. From the results in (8.7) and (8.8) we obtain the
uniform boundedness result

lunllars) < Clifllo- (8.9)

3. The weak limit u solves (8.1) and ||ullg1(sy < C||fllo holds. From the uniform
boundedness (8.9) it follows that there is a subsequence, again denoted by (ux)nen,
that weakly converges to some u € H(S):

uy —u in HY(S). (8.10)
As a direct consequence of this weak convergence and (8.9) we get

[ull sy < ell fllo- (8.11)

We recall an elementary result from functional analysis. Let X, Y be normed spaces,
T : X — Y linear and bounded and (x,)nen a sequence in X, then the following
holds:

z, =2 inX = Tz, —~Tzr inY (8.12)
Hence, from (8.10) we obtain the following, which we need further on:
ay —u in L*S), uy —u in H. (8.13)

We now show that w is the solution of (8.1). Define Xy = span{qASl, el qz@N} and note
that UyenXy is dense in H(Ig). The set C' = {t — > im0 tip; | ;€ Xn, n,N €
N} is dense in L?(0,T; H'(Ty)). Using this and Lemma 3.3 in [26] it follows that
C={>"", tip;(x,t) | ;(-,t) € Xn(t), n,N € N} is dense in H. Consider ¢(z,t) =
t ¢ (z,t). From (8.5) it follows that for N > k we have

T T
/ / uny + Veuy - Ve ds dt = / fodsdt
0 Jr() 0o Jr()

and using (8.10) it follows that this equality holds with uy replaced by u. From
linearity and density of C' in H we conclude that u € H'(S) C W solves (8.1). It
remains to check whether u satisfies the homogeneous initial condition.

From the weak convergence in H!(S), the boundedness of the trace operator
T:HY(S)— L?(I'g), Tv = v(-,0) and (8.12) it follows that uy (-, 0) converges weakly
to u(-,0) in L?(Ty). From the property ux(-,0) = 0 for all N it follows that u(-,0) =0

holds. Hence v € W holds.

4. The estimate ||VZullo < c|/fllo holds. The function u is a (weak) solution of
—Aru = f — 1 on ['(t), with f(-,t) — a(-,t) € L?>(T(t)) for almost all ¢ € [0,T].
The H2-regularity theory for a Laplace-Beltrami equation on a smooth manifold (see
[2]) yields u € HZ(F(t)) and ||u||H2(F(t)) < Ct”f(,t) - a(',t)||L2(F(t). Due to the
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smoothness of S we can assume C; to be uniformly bounded w.r.t. ¢. Using this and
(8.11) we get

T T
V32 < / ol < / 1£Cot) = i Do dE < el fI3. (8.14)

From this and (8.11) the result (7.3) follows.
5. The estimate ||[Vrillo < c||fl|a1(s) holds. We will use the assumptions f €

HY(S) and fl;—o = 0. We need a commutation formula for the material deriva-
tive and the Laplace-Beltrami operator. To derive this, we use the notation Vrg =
(D1g,...,D,49)T for the components of the tangential derivative and the following
identity, given in Lemma 2.6 of [11]:

(ng) =D,g— Aij(w)ng7 with A;;(w) = D,w; — vivsD;ws, nr = (V1yee ey va)T.
Let Vrw = (Vrw; ... Vrwg) € R33 A = Vrw — nrnl (Vrw)T and e; the i-th
basis vector in R3. This relation can be written as (D,g) = D,;g — ¢l AVpg. For
a vector function g = (g1,...,94)" this yields (div.pg) = divpg — tr(AVrg). For a
scalar function g the relation yields (Vfg) = Vrg — AVrg. Taking g = Vrf thus
results in the following relation:

(Arg) — Arg = —divr(AVrg) — tr(AV2g) =: R(w, g). (8.15)

We take ¢ = ¢; (1 < i < N) in (8.5). Recall that from f € H*(S) and smooth-
ness of § it follows that for b, M, A in (8.6) we have b € H*(0,T;RY) and M, A €
WL (0, T;RN*N) and thus uy € H?(0,T;RY). Hence, differentiation w.r.t. ¢ of (8.5),
with ¢ = ¢;, is allowed and using the Leibnitz formula, ¢; = 0 and the commutation
relation (8.15) we obtain, with vy = uy,

/ (On — Arvn)pids
r(t)

(8.16)
= —/ (iny — Arun)o;divprwds —|—/ (f + fdivpw + R(w,un))pids.
ING) I'(t)
We multiply this equation by ;(t) and sum over i to get
1d 9 9
—— v ds + |[Vron|*ds (8.17)
2dt Jr) r()

= —/ (iny — Arun)vydivpwds —|—/ (f + fdivew + R(w,uy))vnds
r(t) r(t)

1
+ f/ v% divpw ds.
2 Jr

To treat the first term on the right-hand side, we apply integration by parts and the
Cauchy inequality:

|/ (uny — Arun)vydivpwds|
NG

. 1
< C(||UN||2L2(F(t)) + ||VFUN||%2(r(t))) + ZHVFUNH%Q(F@))'
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For the second term we eliminate the second derivatives of ux that occur in R(w, uy)
using the partial integration identity

/fQ?gds: _/QifQigd3+/fQ¢9’fVi ds.
r r r
Thus we get

| (f + fdivew + R(w,uy))unds|
I'(t)

< |l fllzzey) + 1Lz @e)lonlLz ey + clun @ lon e
. . 1
< C(||f||2L2(r(t)) + ”fH%Z(F(t)) + ||UN||?11(r(t)) + ||UNH2L2(F(t))) + ZHVFUNH%P(F(t))'

The two terms i”vaNH%Q(F(t)) can be absorbed by the term ||VFUN||2L2(F(t)) on the
left-hand side in (8.17). Using the estimates (8.8), (8.9) and a Gronwall inequality,
we obtain from (8.17)

T
sup / v?vds+/ / (VrowPdsdt < C(If s + lowl2,). (3.18)
te(0,T) JI'(¢) 0 I'(t)

Since uy € H?(0,T;RY), the function %‘—t‘\’ is continuous and from (8.6) we get

d'j—tN(O) = M(0)~'b(0) = 0, due to the assumption f(-,0) = 0 on I'g. Therefore,
vy (z,0) = Z;V=1 %(O)ij(x,()) =0 on I'y. Using this in (8.18) we get
lonlla = llunlle < Cllflla ) (8.19)

uniformly in N. Hence for a subsequence, again denoted by (vy)nen, we have vy — v
in H. This implies, cf. (8.12), vy — v in L?(S). Due to (8.13) and uniqueness of
weak limits we obtain v = 1, i.e.

oy =4 in H (8.20)
holds. Passing to the limit in (8.19) we get ||u/|g = [|v||g < C||f]| 1 (s), which implies
IVrillo < Cllfllas)- (8.21)

6. The estimate ||illo < c|f|lg1(s) holds. First we show ii € H'. For arbitrary

¢ € CHS) and (y = Px,t)¢(-t) € Xn(t), with Px () the orthogonal projection
defined in Lemma 8.1, using the relation (8.16) we obtain

T T T
<’U,N,C> = / / ﬁNCdet = / / i),NCNdet = / / '[)NCNdet
0 T'(t) 0 r'(t) 0 NG
T .
= / / [(f + AFUN) — (’I'J,N — AFUN)CHVFW + fdiVFW + R(W, UN)]CNdet.
0 NG

Applying integration by parts, the Cauchy inequality, Lemma 8.1 and the estimates
(8.8) and (8.18), we get

[NIE

T
| (iin, ) | < e[ fllmres) (/0 ICn 1720 + ||VFCN||%2(F(t))dt> <cllfllarslCla-
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Since C*(S) is dense in H, we get iy € H' and ||iin || g < ¢||f]l#1(s), uniformly in
N. Take ¢ € C3(S). Recall that @iy — 1 in L?(S), cf. (8.13). Using this we get

N —oc0

T T
(i, ¢) = — / / ué 4+ uldivew dsdt = — lim / / unC + unCdivew dsdt
0o Jr() 0 JT(t)
== lim (in,¢) <supllanllaCllm < cllflm sl
— 00 N

Therefore, i € H' and il < c||f|lm(s) and dn — i in H'. Thus, for vy = tn,
v = 4 we have, cf. (8.20),

vy —=v in H, o9y =0 in H'. (8.22)

We take test function v(x,t) = t/¢i(x,t) as in step 3. Using the relation (8.16), we
get for N > k:

(0N, %) + (Vrow, Vre)o = (f + R(w,un), ¥)o
— [(ﬂN, ’lbdiVFW)() + (VFUN, VF(’(/JCHVF)W)() — (f, ’L/JdiVFW)} .

For N — oo, due to uy — u in H'(S), we can replace uy by u and since u is the
solution of (8.1) the term between square brackets vanishes. Using the weak limit
results in (8.22) and applying a density argument (as in step 3) we thus obtain

(0,€) + (Vro, Vré)o = (f + R(w,u),£)o for all € € H.

From vy — v in W, boundedness of the trace operator from W to L?(T) we obtain
vn(+,0) = v(-,0) in L?(Ty). Hence, due to vy|r, = 0 we obtain v|p, = 0. Therefore,
for the function v := 4, we have v € Wy is the weak solution of the surface parabolic
equation (8.1) with the right hand side f* = f + R(w,u) from L?(S). Hence we
can apply the regularity result in (8.11) and get © € L?(S). Thus, i € L?(S) and

.. N ; T 1 .
lillo < ClLFllo < 11l + ( Sy lull3eqrey) d8)* < Cllflii(s)- Finally note that from

this estimate and the results in (7.3) and (8.21) we obtain the H2-regularity estimate
in (7.4).

9. Concluding remarks. We proved first and second order discretization error
bounds for an Eulerian surface finite element method. The method is based on traces
on the space-time manifold of standard bilinear space-time finite elements. To the
best of our knowledge, this is the first Eulerian finite element method which is proved
to be second order accurate for PDEs on evolving surfaces. Both the method and the
analysis can easily be generalized to higher order finite elements. In the applications
that we consider, we typically use bilinear finite elements, due to the fact that the
approximation of the evolving surface causes an error (“geometric error”) that is of
the order h%. Results of numerical experiments, which illustrate the second order
convergence, are presented in [15, 26]. Numerical experiments indicate that the stabi-
lization term (o > 0 in (3.6)) improves the discrete mass conservation of the method,
but is not essential for stability or accuracy. Furthermore, numerical experiments also
show that the condition (2.11) that we need in our analysis seems not to be critical
for the performance of the method. Hence, maybe an error analysis that needs weaker
assumptions can be developed. Another open problem is the derivation of rigorous
error estimates for the case when the smooth space-time manifold S is approximated,
e.g., by a piecewise tetrahedral surface.
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