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Abstract — We consider an initial-boundary value problem for a sixth order Cahn-Hilliard equation
describing the formation of microemulsions. Based on a Ciarlet-Raviart type mixed formulation as a
system consisting of a second order and a fourth order equation, the spatial discretization is done by a
C? Interior Penalty Discontinuous Galerkin (C°TPDG) approximation with respect to a geometrically
conforming simplicial triangulation of the computational domain. The DG trial spaces are construc-
ted by C° conforming Lagrangian finite elements of polynomial degree k > 2. This leads to an initial
value problem for an index 1 Differential Algebraic Equation (DAE) which is further discretized in
time by an s-stage Diagonally Implicit Runge-Kutta (DIRK) method of order p > 2. The resulting
parameter dependent nonlinear algebraic system is solved numerically by a predictor-corrector con-
tinuation strategy with constant continuation as a predictor and Newton’s method as a corrector fea-
turing an adaptive choice of the continuation parameter. Numerical results illustrate the performance
of the suggested approach.

Keywords: sixth order Cahn-Hilliard equation, interior penalty discontinuous Galerkin methods, di-
agonally implicit Runge-Kutta methods, automatic step-size selection in time

This paper is dedicated to the seventieth anniversary of Yuri A. Kuznetsov

1. Introduction

Microemulsions are thermodynamically stable colloidal dispersions of oil and wa-
ter. They typically occur as oil-in-water, water-in-oil, or water/oil droplets with a
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diameter up to 200 nm and are thus considerably smaller than ordinary emulsions.
Due to their efficient drug solubilization capacity and bioavailability, microemul-
sions have significant applications in pharmacology as drug carriers for the deliv-
ery of hydrophilic as well as lipophilic drugs (cf. [12,19,21,22,25,26]). Based on a
Ginzburg-Landau free energy for ternary oil-water-microemulsions due to Gomp-
per et al. [13,14,15,16], the dynamics of the microemulsification process can be de-
scribed by an initial-boundary value problem for a sixth order Cahn-Hilliard equa-
tion which has been analytically investigated by Pawlow et al. [23,24,27] (cf. also
[20]).

By introducing the chemical potential as an additional unknown, we consider a
Ciarlet-Raviart type mixed formulation as a system consisting of a second and a
fourth order equation. For its spatial discretization we use a C° Interior Penalty
Discontinuous Galerkin (C°IPDG) approximation with respect to a geometrically
conforming simplicial triangulation of the computational domain where the DG
trial spaces are constructed by C° conforming Lagrangian finite elements of poly-
nomial degree k > 2. We note that IPDG methods for the standard fourth order
Cahn-Hilliard equation have been studied in [28] based on IPDG approximations
of fourth order problems including the biharmonic equation considered in [4,7] (cf.
also [2,9,10,11]). The semidiscretization in space by the CYIPDG method leads to an
initial value problem for an index 1 Differential Algebraic Equation (DAE) which
is discretized in time by an s-stage Diagonally Implicit Runge-Kutta method of or-
der p > 2 with respect to a partitioning of the time interval (cf., e.g., [1,5,17]). The
resulting parameter dependent nonlinear algebraic system is numerically solved by
a predictor-corrector continuation strategy with the time step size as the continu-
ation parameter. As a predictor we use constant continuation whereas the corrector
is chosen as Newton’s method [18]. The predictor-corrector continuation strategy
features an adaptive choice of the continuation parameter based on an affine covari-
ant convergence theory of the simplified Newton method [6].

The paper is organized as follows: In section 2, we present the initial-boundary value
problem for the sixth order Cahn-Hilliard equation based on a Ginzburg-Landau free
energy and introduce a Ciarlet-Raviart type mixed formulation as a system consist-
ing of a second and a fourth order equation. Then, in section 3 we consider the
semidiscretization in space by the C°’TPDG method leading to an initial value prob-
lem for an index 1 DAE. The discretization in time by an s-stage DIRK method is
addressed in section 4 whereas section 5 is devoted to the numerical solution of the
resulting parameter dependent nonlinear algebraic system by a predictor-corrector
continuation strategy with an adaptive selection of the continuation parameter. In
section 6, we present numerical results which show the formation of water-in-oil
and oil-in-water droplets in a ternary water-oil-microemulsion system and illustrate
the performance of the adaptive predictor-corrector continuation strategy. Finally,
the last section 7 contains some concluding remarks.
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2. The sixth order Cahn-Hilliard equation

Given a quadrilateral domain Q = (ay,b;) X (az,b2),a; < b;,1 < i < 2, with bound-
ary I' = d€Q, and exterior unit normal vector n, denoting by 7 > 0 the final time,
and setting Q :=Q x (0,T), =T x (0,T), we consider the following sixth order
Cahn-Hilliard equation

9 1
o ﬁ—: —MA(%AZC— a(c)Ac — 3d (¢)|Vel? +f0(c)) —0 inQ  (21a)
with the boundary conditions

n-Ve=n-Vu(c)=n-VAc=0 onZX (2.1b)
and the initial concentration
c(-,0)=c¢yp inQ. (2.1¢)

Here, o is a surface energy density, M stands for the mobility which in the sequel
will be assumed to be a positive constant, »¢ is a positive constant as well, and the
coefficient function a(c) is assumed to be of the form

alc) =ap+axc®, ag€R, a >0.

The function fy(c) = Fj(c) is the derivative of the multiwell free energy

Fo(c)zfg (c+ 1%+ ho)(c—1)%dx, hyER,
Q

where [ is another surface energy density. Moreover, u(c) denotes the chemical
potential which is the variation

_ 0F(c)
AL,’(C) - 6('
of the total free energy
1 2, 1 2
F(c) = Fy(c) +/ <§a(c)\Vc| + E%|AC| ) dx, (2.2)

Q

and ¢y is a given initial condition.

Remark 2.1 As mentioned in section 1, the initial-boundary value problem (2.1a)-
(2.1¢) describes the dynamics of ternary oil-water-microemulsion systems where
the solution c is an order parameter representing the local difference between the
oil and water concentrations. We note that the Ginzburg-Landau free energy (2.2)
for such systems has been suggested in [14,15] and [13,16]. Analytical results with
regard to the existence and uniqueness of global solutions have been provided in
[23,24,27].
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We introduce the chemical potential u(c) as an additional unknown w := u(c) and
can equivalently formulate the sixth order Cahn-Hilliard equation (2.1a) as a system
of a linear second order and a nonlinear fourth order equation in (¢, w) according to

o % —MAw=0 1inQ, (2.3a)
2xA’c —a(c)Ac — axc|Ve|* + folc)—w=0 inQ (2.3b)
with the boundary conditions
n-Vc=n-Vw=n-VAc=0 onZX (2.3c)
and the initial condition
c(,0)=c¢yp inQ. (2.3d)

The initial-boundary value problem for the system (2.3a),(2.3b) has been analytic-
ally studied in [27] and it has been shown that the system admits a unique weak
solution.

3. Semidiscretization in space by the C° interior penalty discontinuous
Galerkin method

For semidiscretization in space of the coupled system (2.3a)-(2.3d) we will use the
CIPDG method with respect to a simplicial triangulation of the computational do-
main. Due to the convexity of the computational domain, we can use the Ciarlet-
Raviart mixed formulation of (2.3b) by introducing z = Ac as an additional unknown
so that (2.3b) can be written as the following system of two second order equations

z=Ac, (3.1a)
»wAz+g(c) =w, (3.1b)

where g(c) denotes the nonlinear function
g(c) == —a(c)Ac — arc|Ve|* + fo(c). (3.1¢)

Multiplying (3.1a) by a test function @ € H'(Q) and (3.1b) by a test function y €
H?(Q) and integrating over Q, integration by parts and observing (2.3c) yields the
weak formulation

(Z7 CO)O,Q = —(VC»V(P)O,Qa (3221)
(222,AY)0.0 — (22z,n-VY)or+ (g(c),¥)oo = (W, ¥)o0- (3.2b)

We assume .7,(Q) to be a shape-regular simplicial triangulation of Q. For D C Q,
we denote by &,(D) the sets of nodal points of .7, in D. For T € 9}, and E € &), we
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further refer to Ay and hg as the diameter of 7 and the length of E.
Denoting by Pi(T), k € N, the linear space of polynomials of degree < k on T, for
k > 2 we refer to

Vi = {v, e H'(Q) | vi|r € P(T), T € T} (3.3)

as the finite element space of Lagrangian finite elements of type k (cf., e.g., [3]).
We refer to .47,(Q) as the set of nodal points such that any v, € Vj, is uniquely
determined by its degrees of freedom vj,(a), a € 4;(Q). We note that V;, ¢ H*(Q)
and hence, V}, is a nonconforming finite element space for the approximation of the
fourth order equation (2.3b). In particular, for a function z;, on Q that is elementwise
polynomial, we define averages and jumps according to

{Zh}E — %(Zh|EF‘ITJr +Zh|EﬁT,> 5 E ¢ gh(g)7 (343)
e, E € 6,(T),

) zlenr. —znlenr , E € (),
lrle = { + zle s E € &(T). (3:40)

The general C°DG approximation of (3.2a),(3.2b) reads:
Given wy, € Vy, find (c¢p,z) € Vi, X Vj, such that for all (gp, ) € Vi X Vy it holds

> ((ZMOh)o,T + (V%VCPh)o,T) - > (g 'éEacPh)O,&T> =0, (3.52)
TeZ,(Q) Ec(Q)
E ((%ZthWh)O.T + (g(Ch),”‘JJh)OJ) - 2 (Z£,Vyn)or — (Wh,‘JJh)o,T) =0,
TeZ,(Q) E€&(Q)
(3.5b)

where € and 7 are suitably chosen numerical flux functions that determine the type
of C°DG approximation. In particular, for the C’TPDG approximation we choose

¢p = { {Vch}g : E g;h(é;ﬁgg) ; (3.5¢)
J _
By = ({Ac,,}E _ %[&—Z’]E)n,g, E € &(Q), (3.5d)

where o > 0 is a penalization parameter. The choice (3.5¢),(3.5d) has the advantage
that for ¢ = »Ayy, in (3.5a) we may eliminate the dual variable z; from the sys-
tem and thus arrive at the following primal variational formulation of the C°IPDG
approximation: Find ¢; € V}, such that for all yj, € V}, it holds

ayen )+ (glen)wn)or = (Wi wn)oe: (3.6)
re7(Q)
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where aP9(-,-) : V;, x Vj, — R stands for the C°IPDG bilinear form

al’ (cn, yn) = E (seAcp, Ao — E ((%nE-[VCh]E,{A%}E)o,E
refie) Ee5(@)
(.7

+Gelede e Vunledor )+ 3 (e [Veideme - [Vinle)o.
E€&,(Q)

The CIPDG approximation of (2.3b) has the advantage that we may approximate
the variable w in (2.3a) by a function in V;, as well. Consequently, the C’TPDG
approximation of (2.3a),(2.3b) reads: Find (c,w;) € H'([0,T],V;) x L*([0,T], V1)
such that for all ¢y, € V}, it holds

dc
o (= F.gndoa—M (V. Vgr)oa =0, (3.82)
ay® (ch, n) + 2 (g(cn), @n)or — (Wn, )o@ =0, (3.8b)
TeZ(Q)
(en(,0), @r)o.@ — (co, Pn)o.o = 0. (3.8¢)
We note that V, = span{cp,il), e ,EM’>}, where (p,ii), 1 < i < Ny, are the basis func-

tions associated with the nodal points in Ml(ﬁ) Hence, the unknowns cj,,wy, € Vj,
admit the representations

Np . Ny .
_ o) _ )
Ch= Chj @y s Wh= Wh,j @ -
J=1 J=1

Introducing the vector-valued functions ¢;(t) = (cp1(t), -+ ,cnn, ()T, wa(t) =
(W1 (t), - wi, (1))T, the matrices My, = (mi.,-)i.\zf:l,Ah = (aiDjG)%zl,Sh =
(sij)i_y , and the vectors Gy (cx) = (G (en), -+~ , G, ()T € = () - ey )T

according to

mij =0 ((;0151)7 }(lj>)0,Qa ai[;G = GQG((I)}(})’ ]/Ej))v Sij = M<V(p]/(,l)aV(p]/(,]))0,Qv

Guilen) = S (8(en) @y o, = (co.py ) 1 <i <N,
TeZ(Q)

the C’TPDG approximation of (2.3a),(2.3b) can be written as an initial-value prob-
lem for the differential-algebraic system of index 1

d
M, % +Syw, =0, (3.92)

Ayc, + Gh(ch) —M,w, =0, (3.9b)
¢ (0) = ¢}. (3.90)
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Denoting by .#, the block diagonal matrix .#, := diag(M},0) and setting z; :=
(cx,wy)T, the DAE (3.9a),(3.9b) can be written as

dzy, ( Sywi,

— = =:1 .
M dt Apen, + Gp(cp) — Muwy ) n(Zn)

(3.10)

4. Discretization in time by diagonally implicit Runge-Kutta methods

For the discretization in time of the index 1 DAE (3.9a)-(3.9¢c) implicit numerical
integrators are mandatory (cf., e.g., [5,17]). Here, we will use (s, p) diagonally im-
plicit Runge-Kutta (DIRK) methods of stage s and order p where the order is adjus-
ted to the order of the C°TPDG approximation in space. Given a partitioning of the
time interval [0, 7] into subintervals [t,,_1,%4y,] of length T, :=t,, — ty—1, 1 <M< M,
we denote by ¢;’ and w}' approximations of ¢, and wj, at time level #,, and set
z' ;= (¢',w")T. An s-stage DIRK method reads

M) = M2 1 S (). (4.1a)
=1

///hzlgmj) =M ZZA + T E aijfh(ZE,'”’j)), 1<i<s, (4.1b)
=

where the coefficients a;;,1 < j <i<s, witha; #0,1 <i<s,and bj,c;,1 <i<

s, are given and the intermediate states zglm’” are approximations of z; at t,,_1 +
CiTm, 1 < i< s. The method can be characterized by the Butcher scheme

Table 1. Butcher scheme of an s-stage DIRK method

C1 | dil
C2 | d21 a4

Cs | s1  ds2 - g

| by by - by

Remark 4.1 Ifa; =a # 0,1 <i < s, then the method is called a singly diagonally
implicit Runge-Kutta (SDIRK) method.
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In more explicit form (4.1b) reads

thglm’l) Mc) ! — 1, 2 ajj Shw(m D 1<i<s (4.2a)
=

E [Ane,"” +Gale)) = Myw" ] 1<i<s. (42b)

To avoid cancelations, we introduce the increments uglm U c(m’l) — CZ*I, 1<i<s.

Then (4.2a), (4.2b) and the ¢;-component of (4.1a) can be written in the form

u™) = g 2 aiM;;'Sw™) 1<i<s, (4.3a)
0= Ya; (Ahu,im"j) + Gh(cZ’*1 + uglm’j)) - th,(zm’j) + Ath’*I), 1<i<s,
=i
(4.3b)
r=crlog, E bM; 'S,w!" ) (4.3¢)
Setting U = (uglm D uglm’s))T € RN and W) = (wﬁlm D wﬁlm’x))T € RNwxs,

in matrix-vector notation (4.3a) and (4.3c) can be wrltten as

=1, M, 'SWiar", e =c¢) ! — 1, M, 'S,W'b,

where b := (by,--- ,bs)T and &/ € R is the lower triangular matrix with entries
a;j,1 < j <i<s. Further, introducing d = (dy,--- ,dy)" = 7/~ Th € R® and using
U/~ T—_g, M;]Sth, the ¢j-update (4.3c) can be simplified to

= Ed ul™?, (4.4)

To summarize, at each time instant z,, the unknowns

1 m,1 m,s m,s 2Ny s+N,
X)) = (u)" ,wﬁl ),...,ui ),wgl >,c2”)€R nS+Na
satisfy the following nonlinear system of equations

Fiu(x;',tm) =0, 4.5)
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where

M, uém"l) + Tnan Shwém"l)

arp (Ah uém’l) +Gp(e '+ uim’”) -M, wém’l) +Ay, CZ_1>
Fiu(x),tm) == | M, uglm’s) + T Ej':l as; Sy ngm’j)

s . . .

2 as; (Ah uﬁlm’j) + G+ uilm’j)) -M, Wﬁlm"j) +A, cZ"l)
=

Shadiuy" — e et

Dropping the second argument 1, for notational convenience for the rest of this sec-
tion, we partition Fy(x}") according to (Fp, 1(x}"),... ,Fp(x}),Fp 1 (X)), where
Fpi(x]") € R?Ni 1 <i<s, and Fy 441 (X]') € RV The Jacobian DFj,(x") has a lower
triangular block structure

Dth71(XZ1)

Dthg(le) DthQ(XZn)

DiF (x;')  DoFus(xy) - DsFpg(xp)

D F 1 (X)) DoFy 1 (X)) - DyFp1 (X)) D1 Fpyo1(x)))
with blocks D ;F, ;(x)") given by

- . M, _ T Gii Sh R2NiX2N;
i h,i(xh ) “\ ay (Ah + DGh(c;I"_l + uzm,z))> —a; My, <
for1 <i<s,

0 rmaijSh

| o ' 2Ny X2Ny,
DF,(x;) = <aij (Ah _i_DGh(ch’"*l +u§,m"l))) —aith> eR )

for1 < j<i<s,and
D F 1 (X)) = (djLy,, 0) e RN 1 j<s+1,
D 1 Frr1(xy) = —1Iy,.
5. Numerical solution of the fully discretized system
We first consider the application of Newton’s method to (4.5) in subsection 5.1 and

then elaborate on a predictor-corrector continuation strategy featuring an adaptive
choice of the time step size in subsection 5.2.
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5.1. Newtons’s method
The nonlinear system (4.5) is solved by Newton’s method
DF;,(x\"" 5,)Ax"™" = —F,(x"" 1,,), (5.1a)
x" ) = X0 pax™Y, (5.1b)

where sz,é)7€ € Ny, stands for the /-th Newton iterate. As initial guess we choose

uﬁlm’i’o) =0, wilm’i’o) = wim_l’i), 1<i<s, cﬁlm’m =cp (5.2)

The Jacobian DF, (xilm’[), Tn) is regular, if this applies to each diagonal block D;Fy, ;

(Xém!) ,Tm), 1 <i< s+ 1. Obviously, Dy 1F 541 (xém’é) , Tm) is regular. The following

result shows that D,’Fh’i(xglm’ﬁ) ,Tm), 1 <i<s, is invertible, if the time step size T, is

appropriately chosen.

Theorem 5.1. Let Apin (My,) be the smallest eigenvalue of the symmetric posit-
ive definite matrix My, If the time increment T, fulfills the inequalities

< if S = Ay +DGy(x\"),
0<tm q Amin(M})?
@ |y — (An+DGA(x"))|3

(5.3)

else,

where for simplicity we have used the notation DGh(XElm’i)) :=DGy(c) ! +u§lm’i)),

then the matrix

M, T i Sh 2N
Bi(1,,) := DiF)i (X', 7) = ' SR
i(Tm) Fni (X' Tn) <aii (A +DGh(X§,m’l))) —ait My

is regular and the spectral norm of its inverse can be estimated by

2 1
— for0<T, <1
in(M
By, < M) (5.4

— T, fort.> L.

Amin (Mp,)

Proof. We use a simplified version of the Banach-Necas-Babuska theorem
(see,e.g.,[8]): For 0 £ v e RN with components v; € RM: 1< j < 2, we construct
a vector 0 # w = (wy,wy)" € R? such that for some y; > 0 it holds

W Bi(T)v = v, [[V][2 [[W]o- (5.5)
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This implies ||B;(t,)v||2 > y; ||v||2 which is equivalent to the injectivity (and there-
fore bijectivity) of the mapping v — B;(T,)v.

We choose w; := v| and w; := —1,,, V5 so that w # 0. Introducing for the moment
the notation w;, := Amin(M},), we obtain the estimate

W B;(T,)V = V] Myvy + Tai v4 (Sh— (Ay+ DGh(XZl’i))) Vi Tudi Vs Myvo

(5.6)

> (V11 =i [Sn— (An+ DGl [vill2 1212 + Twaic wa V213

=: ci(xp)=:ci

1
> =ty ) 3+ (- ancs 3 ) el

where in the last step we have used Young’s inequality with some & > 0. Let us first
assume ¢; # 0. We choose ¢ such that w,/(a;; ¢;) > max(t, €,1/(4¢)). To this end,
we set T,, ¢ = 1/(4¢) and solve for ¢ = 1/(2/T,). Then the above requirement
reads w,/(a;i ¢i) > \/Tm/2. If we choose

0< Yim Lt
2 2a,-,<c,-

(which is equivalent to the second case of (5.3)), both factors in (5.6) are positive
with value w, — Ty a; ¢c;€ = W, — ay; ¢;/(4€) > uy /2. Therefore,

Un 2 .
Tn— |IV|5 if 5, <1
h h m 2
WBi(5)v> S wilE 4+ 5 I3 >, 2 (57)

Un 2
— 1
v else

Furthermore, we have ||w||2 < ||v||2 for T, < 1 and ||w|]2 < Ty ||V||2 for 7, > 1.
Combining this observation with (5.7) yields the desired estimate wTBi(‘rm)v >
¥i [[v]|2 [|wl|2 with inf-sup constant

M

T, EX if 7, <1
e Lt else
T, 2

In case of S;, = A, +DGh(xZ”) (i.e., ¢; = 0) there is no restriction on the time
increment t,, > 0 as can be seen from the right-hand side of (5.6). As improved
inf-sup constant we get y; = T, w, for 7, < 1 and y; = yy, /7, for T, > 1.

Setting w = B;(7,,)v < v = B;(1,,)'w, from the proven estimate ||B;(t,)v|> >
vi V]2 we get 1/y; > ||Bi(tm) ' wl|2/||W]|2 for w # 0. Taking the maximum over
all w # 0 finally gives (5.4). O



12 O. Boyarkin, R.H.W. Hoppe, and C. Linsenmann

As a side result of the previous theorem we obtain:

Corollary 5.2 Under the assumptions of Theorem 5.1 ||B;(t,,)~!||2 is bounded for
all v, € [0,7;(x)")], where

T —tu-1, ifSp=Ap+ DGh(XElm"i))y
Ti(X;ln) = )\'min(Mh)Z
) , else.
@ 81— (An+DGi(x"") ) I3
Proof. The function f(T,) := ||Bi(t.) |2 is defined on [0,;(x!")], since in

addition to the result of the previous theorem

Bi(0) = ( My 0 >
S\ a (Ah+DGh(X§,m’l))) —a;; My,
is invertible with

- 1 _ - i
1Bi0) "l < (1 =) M, 2+ M, 13 A+ DG (x|
u

__ ERWNLY +DG, (x| A
B }\min(Mh) ((1 + a,~,~> + )\'min(Mh) - Ct<Xh)~

The function f is also continuous, since B;(t,,) depends continuously on T, and
Bi () — Bi(t,) ! is continuous as well. Therefore, f attains its maximum over
[0, 7;(x}!)] in some Ty, and we get for all 7,, € [0, 7;(X]")]

Ci(xp) forp =0
1 2 ! forO <1 <1
- my._ ) ——— — for <
B:(zn) ], < BKE) = S G (M) 70 O o1 (5.8)
2

19 formp>1

Remark 5.3 As an alternative to the ’global’ Newton method (5.1a),(5.1b) it is
possible to solve

Fyi(x;')=0
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with given (uglm’l),wém’l),...,uglm’i_l),w(m’i_l)) and unknowns (uﬁlm’i),wglm’i)) for
i=1,2,--- s one after another by Newton’s method, which also takes advantage

of the staggered structure of (4.5). However, we have chosen the ’global’ Newton
formulation for a good reason: when it comes to the adaptive stepsize selection in

(0)

the next subsection, we rely on the global information AXZ” .

5.2. Adaptive time step size selection

The system (4.5) can be seen as a parameter dependent nonlinear system with the
time step size as the parameter. The vector

X;ln_l (‘C = 0) = (O,Wém_hl) yeee 70,WI(,lm_17S),C;1n_l)

is the solution to Fy,(x;,,0) = 0. From Corollary 5.2 we know that DF,(x;"~'(0),0)
is invertible. Then the implicit function theorem guarantees the existence of a ho-
motopy path X"~ !: [0,7] — A C R2MistN guch that Fy(x! ' (7),7) = 0 for all
7 € [0,7*] for some T* = t*(c}""!) > 0. The parameter dependent nonlinear system
can be solved by a predictor-corrector continuation strategy featuring an adaptive
choice of the time step size. Having determined the solution at time instant #,,_1,
one proceeds to the next time instant #,, by providing a predicted solution X (t;,)
that serves as an initial guess for Newton’s method. The simplest 1possible choice
for a continuation step is constant continuation, i.e., X,(t,) :=x}'~ (0) which is in
agreement with (5.2). Taylor expansion gives the approximation error

dxg_1
4 (0
2

1%5 (Tm) —Xfﬁl(rm)H <N Ty, N:= max 5.9

t€(0,7%]

The predictor is based theoretically on the simplified Newton method. We recall that

for a given start iterate X;Zm’o) the simplified Newton method is of the form

DF,(x"" 7,) A%, = —F,x\"" 1), (5.10a)
XD m) L 3 O~ 0,1, (5.10b)

Theorem 5.4. Let DF,(x;,T) be nonsingular for all (x;,t) € A X [0,7%] and
assume that the homotopy path XZ‘_I : [0,7*] — A exists. Further, suppose that there

exists a local Lipschitz constant @ = w(cZ’_l) such that for all x, € A and for all
0 < T < T, the affine covariant Lipschitz condition

|IDF, (%4 (7),7) " (DF;(x4,7) — DF,(%4(7),7)) [|2 < 0 x4 — %a ()2 (5.11)
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holds true. Then, the simplified Newton method (5.10) with initial guess %;(t) :=

x"~1(0) converges towards the solution X'~ () for all stepsizes

V2-1

o<t = . (5.12)
wn
Proof. We refer to Corollary 5.5 in [6]. O

The following result shows that for the nonlinear system (4.5) under consideration
the affine covariant Lipschitz condition (5.11) from Theorem 5.4 is satisfied.

Theorem 5.5. In addition to the conditions from Theorem 5.1 assume that Gy,
is Lipschitz-continuously differentiable with Lipschitz constant Lpg, for DGy,. Let

0<T<T(®)) = llgl.igr,-(ﬁ;,”).

Then, the nonlinear mapping ¥y,(-,7) from (4.5) satisfies the affine covariant Lipschitz
condition (5.11) from Theorem 5.4. Further, o can be estimated by the T-independent
upper bound

o < (1 Yoo (14 ||d||w)) Lo, s || ||, (5.13)

where d = o7 ~Tb stems from section 4. Moreover, > can be estimated recursively
by

s < i (1 B () (v (0) 18yl + 140 + DG )2 +

i—1
M) S Jasi) + B~ 0), 2 < i<,
J=1

where | = pBi (XZ'_I(O)) (cf. (5.8) for the definition of f3;).

Proof. Dropping the argument 7 in F;, for notational simplicity, we split the
left-hand side of (5.11) into

IDF;,(%4 (7)) ™" (DF;(x4) — DF4(%4(7)))]l2 (5.14)
< |IDF (%4 (7))~ |12 IDF(x4) — DF4 (%4 (7)) -

We note that DF;,(x;) — DF;,(%(7)) has a lower triangular block structure and its
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norm can be estimated according to

N i .
IDF (%) = DE(%1() ]2 < 303 Jaij| [DGu(e) ™" +uy”) = DG(cp~" +0)] 1o
i=1j=1

N i
Loa, 3 3 b a7 ~0ll < Lo, 1 = [~ (o) 2
=1 /=1

This gives the ||x;, — &, (T)|[>-term in (5.11) and the last three factors in (5.13). It
remains to estimate ||DFy,(%;(t))~'|. For a regular matrix of the form

. (i=1)
%(,)_<d 0 >’ i>2,

i1 A
there holds
N (i-1)~!
0~ _ N4 0
of =\ -l 1] (5.15)
o A A o ;;

Then one can estimate
[EA H%’ D7 o+ a7 iy DT ||2+H»<2f”1\|2
< 7, ([l 2 1o i ll2) + 197 2 =

Setting 7! := 7| and 3 := ||,52%(])71 ||, inductively one finds
s < shmt (V|5 2 | iim1ll2) + 15 |2
Observing and combining
7ill2 == IDFp; ()]l < Bi(x " (0)), 1 <i<s,

| s11541ll2 7= [ = Iy, [l2 = 1,

7 ii-1ll2 = [[(D1Fpi(%n(T)), -+, Dic1Fpi(Xa (7))l
i—1

< (0(x;71(0)) [ISall2 + |An +DGr(eh ™2+ Mall2) Y laijl, 2 <i<s,
=

1 s 15l == [[(di Ly, 0, -+, ds Ly, 0) [, < s [|d|oo,

we obtain the first factor of the upper bound in (5.13). (|

From the simplified Newton method we compute the contraction factors

1A%,

O(Tm) = —
18" |1

~
WV

0, (5.16)
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which will serve as convergence monitors for the convergence of the predictor-
corrector continuation strategy. It can be shown (cf., for instance, [18]), that ©¢(t,,)
satisfies the estimate

2 @0(’[,,,)

= < (5.17)
—m,(0
15"

which provides a lower bound for the critical local Lipschitz constant @ (cf. The-
orem 5.5). Along with 1 from (5.9), this is the second key quantity for an adaptive
time step size selection strategy. In order to exploit the steplength criterion (5.12)
in an algorithmic realization, we compute estimates [-] of the a priori unknown con-
stants and apply the steplength criterion with @, n replaced by [w], [1].

5.2.1. t-prediction strategy. We can use estimate (5.17) to obtain

2 @0(‘Cm) _. [w] <w
&% 12
as an estimate for w and likewise
0)
I = xi
=~ <,

Tm

which obviously provides a lower bound of 1 due to (5.9). Inserting these compu-
tationally available quantities into (5.12) instead of @ and 1 results in

V2—1) A"

2 ©(T) %" — x|l

Tt = Tt 1,0 := (5.18)

This formula predicts the next time increment T, adaptively based upon informa-
tion about local and global constants of the homotopy gathered within the last New-
ton correction step. By nature of the constants w, 1, our approximations [w], [1]
represent lower bounds. Thus (5.18) will in general overestimate the true maximal

steplength T,)%";. This explains why also a correction formula for T, is required.

5.2.2. t-correction strategy. If convergence failure of the Newton correction
step for T,,41,; occurs, we need to correct (decrease) the time step T,,41,; and re-
peat the last x;,-prediction step with an adaptively reduced stepsize T,,41,4+1. Here,
the quantity ®@¢(T,.1,;) is available from the last unsuccessful Newton correction.
It can be exploited to gain refined information about the crucial quantity @ 1 from
(5.12). This leads to the T-correction formula (for details see [18])

V2-1
\/4(94(‘,-) (Tmg1,j) +1—1

Tm+l,j, J=0.

Tnt1,j+1 =
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6. Numerical results

We consider the initial-boundary value problem (2.1a)-(2.1¢) in Q := Q x (0,7
with Q := [0,L]?,L:=1.0-10~*m, and T := 1.0- 10*'s. The physical parameters
B,,0, and agy,a;,hg,M are given in Table 2 in their physical units. We use the
reference quantities

Lies:=1.0-107m, Tppp:=1.0-10725, 0pp:=1.0Jm > (6.1)
and scale all parameters to dimensionless form. The values of the parameters in

dimensionless form are also listed in Table 2. The initial concentration ¢y has been
chosen randomly.

Table 2. Physical parameters in the sixth order Cahn Hilliard equation

|  Symbol | Value | Unit | Dimensionless Value |
o 1.0 Jm™? 1.0
B 5.0 Jm=? 5.0
ho 5.0-107! 1 50-107!
M 1.0-10°18 m2s~! 1.0-1073
P 1.0-1072 Jm? 1.0-107!
ao —4.0-10712 J —4.0
a» 1.0-10712 J 1.0

We have implemented the C°TPDG method with k = 2 combined with a 2-stage
SDIRK method of order 2 (cf. Table 3), the C’IPDG method with k = 3 combined
with a 3-stage SDIRK method of order 3 (cf. Table 4) and the C°TPDG method with
k = 4 combined with a 3-stage SDIRK method of order 4 (cf. Table 5).

Table 3. Butcher scheme of a 2-stage SDIRK method of order 2
n P 0
L 1= »x w=1=+ %\/5
| 1—5 2
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Table 4. Butcher scheme of a 3-stage SDIRK method of order 3

a a 0 0
1 1—
S5t a0
1 bo b1 a
| bo bl (04
where o =~ 0.44 is the root of p(x) = x> —3x% + %x— %, by = —W, and
by = S0 (cf [1),
Table 5. Butcher scheme of a 3-stage SDIRK method of order 4
(I430)/2 | 1+x)/2 0 0
1
! /2 (1+3))2 0
(1=3)/2 | 143  —(142%) (14322 »=2cos(n/18)/V/3

162 1-1/(3:2)  1/(652)

The associated spatial grid sizes are given in Table 6.

We note that the 2-stage SDIRK method of order p =2 (cf. Table 3) and the 3-stage
SDIRK method of order p = 3 (cf. Table 4) are both strongly stable, whereas the
3-stage SDIRK method of order p = 4 (cf. Table 5) is not strongly stable, but still
A-stable (cf..e.g.,[1]).

Figure 1 shows a visualization of the microemulsification process obtained by the
numerical solution of the sixth order Cahn-Hilliard equation using C°TPDG with
k = 2 and 2-stage SDIRK with p = 2. The pure water phase (c = 1) is depicted in
dark blue, the pure oil phase (¢ = —1) in dark red, and the microemulsion phase
(c = 0) in light green. In Figure 1 (right), which represents the microemulsification
process after + = 3.86, the formation of oil-in-water and water-in-oil droplets are
clearly visible.

Table 6. Polynomial degree k , grid size, stage s and order p in the C°TPD/SDIRK approach

| COIPDG | (s,p)—SDIRK |
|  Pol. Degr.k | Grid | Stages | Orderp |
2 32 x32 2 2
3 32x32 3 3
4 32x32 3 4
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Water Water
Microemul. Microemul.
ail Qil

Figure 1. Formation of oil-in-water and water-in-oil droplets after t = 0.60 (left) and # = 3.86 (right).
COTPDG with k =2 on a 128 x 128 grid and 2-stage SDIRK with p = 2.

Evolution of adaptively chosen A t

time increment A t

—accepted
+ discarded|
I I I I I I I I I

0 1 2 3 4 5 6 7 8 9 10
time t

Figure 2. Evolution of the adaptively chosen time step sizes: CCTPDG with k = 2 and 2-stage SDIRK
with p =2.
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Evolution of adaptively chosen A t

-

10°F E

time increment A t

107 ——accepted
* discarded
L L L L L L L L

7 8 9 10

o
XY
w |-
IS
o
=

time t

Figure 3. Evolution of the adaptively chosen time step sizes: C'IPDG with k = 3 and 3-stage SDIRK
with p =3.

Evolution of adaptively chosen A t

time increment A t

105 —accepted
+ discarded
Il Il Il Il

8 9 10

o
XY
w -
IS
o
o
<

time t

Figure 4. Evolution of the adaptively chosen time step sizes: C'IPDG with k = 4 and 3-stage SDIRK
with p =4.

The performance of the predictor-corrector continuation strategy with an adaptive
selection of the continuation parameter (time step size) is illustrated in Figure 2,
Figure 3, and Figure 4. The figures display the evolution of the adaptively chosen
time step sizes over the entire time interval [0, 10]. Discarded time steps due to the
T-correction strategy as described at the end of section 5 are marked by stars. In
particular, Figure 2 shows the result for C°IPDG with k = 2 and 2-stage SDIRK
with p = 2, Figure 3 the result for C’IPDG with k = 3 and 3-stage SDIRK with
p = 3, and Figure 4 the result for C°’IPDG with k = 4 and 3-stage SDIRK with
p = 4. We see that the number of discarded time step sizes is significantly larger
for C’TIPDG with k = 4 and 3-stage SDIRK with p = 4 than for the other two cases
which is due to the strong stability of the 2-stage SDIRK method of order p =2 and
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the 3-stage SDIRK method of order p = 2, whereas the 3-stage SDIRK method of
order p = 4 lacks strong stability.

7. Conclusions

Based on the mixed formulation of an initial-boundary value for a sixth order Cahn-
Hilliard equation describing microemulsification processes we have considered high
order space-time discretizations by C°TPDG approximations in space with DG trial
spaces composed of C° conforming Lagrangian finite elements of polynomial de-
gree k > 2 and s-stage DIRK methods of order p > 2. The resulting parameter de-
pendent nonlinear algebraic system has been solved by a predictor-corrector con-
tinuation strategy with an adaptive choice of the continuation parameter. For a tern-
ary water-oil-microemulsion system, numerical results show the formation of water-
in-oil and oil-in-water droplets and the performance of the approach by displaying
the evolution of the adaptively chosen time step sizes over the entire time interval.
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