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A C° INTERIOR PENALTY DISCONTINUOUS GALERKIN
METHOD FOR FOURTH ORDER TOTAL VARIATION FLOW. I:
DERIVATION OF THE METHOD AND NUMERICAL RESULTS.

C. BHANDARI!, R.H.W. HOPPE?, AND R. KUMAR3

ABSTRACT. We consider the numerical solution of a fourth order total varia-
tion flow problem representing surface relaxation below the roughening tem-
perature. Based on a regularization and scaling of the nonlinear fourth order
parabolic equation, we perform an implicit discretization in time and a C9 In-
terior Penalty Discontinuous Galerkin (C°TPDG) discretization in space. The
COIPDG approximation can be derived from a mixed formulation involving
numerical flux functions where an appropriate choice of the flux functions al-
lows to eliminate the discrete dual variable. The fully discrete problem can be
interpreted as a parameter dependent nonlinear system with the discrete time
as a parameter. It is solved by a predictor corrector continuation strategy fea-
turing an adaptive choice of the time step sizes. A documentation of numerical
results is provided illustrating the performance of the COIPDG method and
the predictor corrector continuation strategy.

The existence and uniqueness of a solution of the COIPDG method will be
shown in the second part of this paper.

1. INTRODUCTION

Surface relaxation by surface diffusion is about the relaxation of a high symmetry
crystalline surface on which a particular profile has been imprinted such that the
typical length scale of the imposed profile is much larger than the lattice constant
(dimension of unit cells in the crystal lattice). Therefore, surface relaxation is an
important process in material sciences, in particular in the production of nanotech-
nology devices. The problem is to understand along which route the initial profile
relaxes to a completely flat surface. One distinguishes between relaxation above and
below the roughening temperature. Below the roughening temperature, the surface
free energy has a cusp singularity. Several authors have suggested to model the
dynamics by a total variation H=! flow problem that can be formulated as a fourth
order total variation flow (TVF) problem (cf., e.g., [8, 15, 22, 23, 28, 29, 30, 31]).
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Given a bounded domain 2 C R? with boundary I' = 9, the total variation-H !
(TV-H~!) minimization of the energy functional

(1.1) E(w) = 5/ |Vw| dz, >0,
9)
leads to the following fourth order total variation flow (TVF) problem
ow Vw - - .

1.2 U BAV- 22 —0 i Q:=0x(0,7),
(1.22) S HBAY. Sl 0 in Q= (0.7)

Vw Vw - - .
(1.2b) nf-ﬂw_nf-vv(v-w)_o on 3 =T x (0,7),
(1.2¢) w(-,0) = w’ in Q,

where 8 > 0 is related to the mobility, T > 0 is the final time, ny stands for the
exterior unit normal at T', and w® € L%({2) is some given initial data. The fourth
order equation (1.2a) has to be interpreted as follows: On H~!(Q) we introduce an
inner product according to

(w,2) 1 q= (V(=A"1w), V(—A_lz))oﬁ,

where A™! stands for the inverse of the Laplacian. For E(w) = 3 [, |Vw| dz,w €
H=Y(Q), with D(E) = {w € H(Q) | E(w) < oo}, the subdifferential

Op-1E(w)={ve HYQ) | (v,z —w)_10 < E(z) — E(w) for all z € H~1(Q)}
is given by (cf., e.g., [19])

g1 E(w) = {AV - £ | £(2) € 02(Vw(2))},

where ®(|n|) and 0®(|n|) are given by
e =l oetm ={ g SV RTED
We thus obtain

ow
—— € 0F g .
of € -1 (w)

Initial-boundary value problems for fourth order TVF problems have been consid-
ered mainly from an analytical point of view (cf., e.g., [13, 14, 19, 20, 21].

Here, we consider the regularized TV-H ! energy functional

Ereg(w) = B/(52 +|Vw|HY? de, we HY(Q),
Q

where § > 0 is a regularization parameter. This leads to the regularized fourth
order TVF problem

ow
ot
(1.4b) np - B0+ |[Vwl’)"V2Vw= 0 on 3,

ng. - BV(V (6% + |Vw|2)—1/2Vw) -0 on%,

(1.4a) + BAV - (62 4 |[Vw|?)"Y?Vw) =0 inQ,

(1.4¢) w(-,0) = w® in Q.
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We further consider a scaling in both the time variable and the spatial variables
according to

(1.5) t=0t, x;=0%;, 1<i<2.

Setting 7" := 07", := 6, T := 0Q,Q = Q x (0,7),% :=T x (0,T), and u°(z) =
w® (6 tx), as well as

(1.6) w(Vu) =1+ |Vul?,

the scaled regularized fourth order TVF problem reads as follows

(1.7a) % + B62AV - (w(Vu) " Y?Vu) =0 in Q,
(1.7b) nr - 86%(w(Vu)"Y2Vu) = np -552V(V : (w(vu)*mvu)) -~ 0 ony,
(1.7¢) u(-,0) = v’ in Q.

The numerical solution of the regularized fourth order TVF problem with peri-
odic boundary conditions has been considered in [22] based on a mixed formulation
of the implicitly in time discretized problem. At each time-step, this amounts to the
solution of two second order elliptic PDEs by standard Lagrangian finite elements
with respect to a triangulation of the computational domain 2. On the other hand,
Interior Penalty Discontinuous Galerkin (IPDG) methods for fourth order elliptic
boundary value problems, fourth order and higher order polyharmonic parabolic
initial-boundary value problems have been studied in [2, 3, 4, 5, 6, 7, 11, 12, 17, 18,
25, 26, 32, 36]. The advantage of the C°TPDG approach is that it directly applies
to the fourth order problem and thus only requires the numerical solution of one
equation by using the same Lagrangian finite elements as in the mixed method.

Remark 1.1. We note that another example for a TV-H ™' minimization problem
s the minimization of the energy functional

A
B(w.g) = [ 190l do+ Jw =12, 1
a
which occurs in itmage recovery where w represents a true image, § describes a
blurred and/or noisy image, and X > 0 is a fidelity parameter ( cf. [24, 27, 34, 35]).
The associated fourth order total variation flow (TVF) problem is given by the
inatial-boundary value problem

B v .
(1.8a) 81;+>\*1AV~ﬁ+wfg:0 in O,
Vw Vw A
1.8b e = V(Vee— ) =0 ond
(1.8b) v T ( IVl on =
(1.8¢) w(-,0) = w® inQ.

The paper is organized as follows: In section 2, we will perform a discretization in
time of the regularized and scaled fourth order TVF problem and consider a refor-
mulation in terms of the matrix of second order partial derivatives of the unknown.
Section 3 is devoted to the derivation of the C°IPDG approximation based on an
appropriate choice of numerical flux functions. In section 4, we will show that the
fully discrete system can be written as a parameter dependent nonlinear system
with the discrete time as a parameter. Since the choice of the time steps is crucial
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for the convergence of Newton’s method, we suggest a predictor corrector contin-
uation strategy with constant continuation as a predictor and Newton’s method
as a corrector featuring an adaptive choice of the time step sizes. This avoids a
breakdown of Newton’s method due to convergence failure because of too large time
steps. Finally, in section 5 we present numerical results illustrating the performance
of the C°IPDG method and the predictor corrector continuation strategy.

Throughout the paper we will use the following notations and basic results. For vec-
tors x = (1, - - ,xn)T,X = (y1, -+ ,yn)T € R™ and for matrices A = (a;;)7 -1, B
(bij)ﬁjzl € R™ "™ we denote by x -y and A : B the Euclidean inner product

X'y = 2?21 z;y; and the Frobenius inner product é B = szzl aijbi;. In
particular, |x| := (x-x)*? and |A| := (A : A)Y/? refer to the Euclidean norm and
the Frobenius norm, respectively. -

We will further use standard notation from Lebesgue and Sobolev space theory (cf.,
e.g., [33]). In particular, for a bounded domain D C R%,d € N, we refer to L?(D)
as the Hilbert space of square integrable functions on D with inner product (-, -)o,p
and norm || - |lo,p. Moreover, we denote by H™ (D), m € N, the Sobolev space with

inner product (-, )m,p and norm ||« ||m,b-

2. IMPLICIT TIME-DISCRETIZATION

For the numerical solution of the regularized fourth order TVF problem (1.7) we
perform a discretization in time with respect to a partition of the time interval
[0, T] into subintervals [t,,—1, ] of length 7,,, := t,,, — t,;,—1. Denoting by u™ some
approximation of u at time t,,, for 1 < m < M we have to solve the problems
(2.1a) U™ — U™ 4 7, BPAV - (w(Ve™) T2V u™) = 0 in Q,
(2.1b)

nr - 6% (w(Vu™)"/?Vu™) = np - 6(52V<V : (w(Vum)*1/2Vum)> =0onl.

Introducing the objective functional

1
(22) J(v) = gllo = w21 g + 7n 867 /(1 + Vo[22 da,
Q

it is easy to see that (2.1) is related to the necessary and sufficient optimality
condition for the minimization problem

2.3 Juw™)= inf J(v),

2.3 (@)= _jaf I

which has a unique solution, since the objective functional J is strictly convex,

coercive, and lower semicontinuous.
The fourth order equation (2.1a) can be reformulated in terms of the 2 x 2 matrix

2™ 52u™
O0x? Ox10x2
D2um —
82u™ u™
8901 8362 83@%

of second partial derivatives of ™. We note that the divergence of a matrix-valued
function q = (qij)?’j:l with row vectors g(’) = (qi1,q2)",1 < i < 2, is defined by
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means of

(2.4) V.-q:=(V-q",v.q#)7.

e

Theorem 2.1. The fourth order equation (2.1a) is equivalent to
(2.5) u™ =™+ 7, 862V -V (w(Vu™) T3P M(u™) D ™) = 0,
where M(v) stands for the matriz-valued function

v \2 v Ov
1+ (55)"  — o0 oms

(2.6) M(v) =

Ov_ dv ov \2
_8351 6212 1+ (8$2)

Proof. We reformulate the second term on the left-hand side of (2.1a) according to

(2.7) AV - (w(Va™) " V2Ty™m) = ¥ - V(V : (w(Vum)_l/QVum)) -
V- V.- V(w(Vu™) 12vum).

Obviously, we have

o ou
dx1 By
(2.8) V(w(Vu™) " V2vym) = (w(Vum)_1/2 )
lé] ou™
dx2 By
In particular,
ou™
8 83@1
2.9 — (w(Tum) 12 ) =
29 (e
8902
81’.’”’
ou™ 9?um™  ou™ O*um 2
— w(Vu™ —-3/2
W( Y ) (8£U1 856% + 8x2 8%181’2 ou™ +
Oxo
%u™
dx?
w(Vum)~1/2 =
82u7n
8I131}2
Au™\2 9%u™ u™ du™ 9*u™
(1+(TM) Ox? T Oz, Oza Ox10xo
w(Vum)73/2 ,

010z Oz Ozy 02

(1 + (%)2 u™ u™ du™ §*u™
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and
ou™
a 8$1
2.10 —(w Vum)~1/2 ) =
@) g (wwamy
81’2
) ) ou™
ou™ J*u™ ou™ 9*u™ dx1
_ \v/ m\—3/2 4
Cd( b ) (6$1 8;616.%‘2 8x2 Bx% au™
8932
224
61‘181’2
w(vum)71/2
924
03
ou™ 8%u™ u™ Ju™ J*u™
<1 + ( Oxo )Zazlaa:g = Oz, Ozs 81’%
w(Vum)_3/2
Au™\2 §%u™ u™ du™ 9 u™
(1+(Tm)2 O3 T Oz, Ozy Ox10xy
Using (2.9) and (2.10) in (2.8), it follows that
(2.11) V(w(Vu™)"V2vu™) =
14 (agn )2 B BT;’YL 31;7n
w(vum)—3/2 = O, Oxa DQUm7
400 132y
which can be written as
. w(Vu™)™ [ =w(Vu") "“M(u u.
212 v Vo™ 1/2v m Vu™ 3/2M m D2 m

O

Remark 2.1. The matriz M(v) is symmetric positive definite with the eigenvalues
(2.13) Amin(M(0)) =1, Apaz(M(v)) = 1+ | Vo>,
For notational convenience we set
(2.14) A (v) = w(Vv)_3/2¥(v).
The weak formulation of (2.5) reads: Find
u™ eV i={ve H*Q) | nr - B6°w(Vv)~"Y?Vo =0on T}
such that for all v € V' it holds
(2.15) (u™ —u™ 1 v)o 0 + Tmﬂéz/ (él(um)DQUm) : D*v dx = 0.

Q

Finally, we provide a mixed formulation of (2.5), because the derivation of the
COTPDG method will be based on the discrete analogue of that mixed formulation.
Introducing the matrix-valued function

(2.16) p" = w(Vu™)"V4D2ym,



CIPDG METHOD FOR FOURTH ORDER TOTAL VARIATION FLOW 7

and the matrix

(2.17) A, (v) = w(Vv) " M(v).
the mixed formulation of (2.1a),(2.1b) reads as follows
(2.18a) p" - w(Vu™)"V4D2y™ = 0 in Q,
(2.18b) u™ —um 4 Tmﬂ}QV VA (u™)p(u™) = 0in €,
(2.18¢) nr - 86%w(Vu™)"/2Vu™ =0 on T,
(2.18d) nr - f6°V - éQ(um)Em =0onTl.

3. C° INTERIOR PENALTY DISCONTINUOUS GALERKIN APPROXIMATION

Let T, be a geometrically conforming, uniform simplicial triangulation of €. We
denote by &,(2) and &, (T) the set of edges of Ty in the interior of 2 and on the
boundary T, respectively, and set &, := E,(Q) UER(T). For K € T, and E € &,
we denote by hx and hp the diameter of K and the length of E, and we set
h := max(hg | K € Tp). Due to the assumptions on 7 there exist constants
0<cpr <CRr,0<cg <Cq,and 0 < cg < Cg such that for all K € 7j, it holds

(31&) crhg < hgp < Crhg, FE€ Eh(aK),
(3.1b) coh < hg < CQh,
(3.1c) csh? < meas(K) < Csh%.

For two quantities A and B we write A < B, if there exists a constant C > 0
independent of h such that A < CB.

Denoting by Py (T), k € N, the linear space of polynomials of degree < k on T, for
k € N we define

(32) Vi, = {'I}h S CO(Q) | 'Uh|T S Pk(T), T e 77L}
and note that Vj, C H1(Q2), but V,, ¢ H%(Q). Further, we introduce
(3.3) M, :={q, € L*(Q"?| g |k € P(K)"? K €Ty}

as the space of element-wise polynomial moment tensors.
For interior edges E € &,(2) such that £ = K. N K_, Ky € T, and boundary
edges on I' we introduce the average and jump of Vv, according to

(3.4a) {(Voplp = %(Vvh|EmK+ + Vvh|EmK_) , B e &)
VUh|E , Fe 5h(r)

_ J Vunlenk, — Vunlenrx_ , E € E(Q)

(3.4b) Vuplg = { Vuplg , B € E(D)

The average {Auvy} g and jump [Avy]g are defined analogously. We further denote
by ng the unit normal vector on E pointing in the direction from K to K_.

In order to motivate the C°TPDG approximation we will follow the approach taken
in [1] for second order elliptic boundary value problems. For Ehm €M, andup' € V),
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we consider (2.18a),(2.18b) elementwise and (2.18¢),(2.18d) edgewise, i.e.,

(3.5a) P - w(Vui ) V4D =0 in K € T,
(3.5b) upt —up 4+ 7,82V V- A ,(up' ) =0 in K €Th,
(3.5¢) ng - B2w(Vu)~ 1/4Vum =0 on FE € &/(D),
(3.5d) ng - 36°V - A, (up' ) =0 on Ee&((),

with v} = Quu®, where Qp, : L*(Q) — V}, denotes the L? projection onto V. We
multiply (3.5a) by q, € M, and integrate over K:

h  =h
K K

(3.6) /gm ‘g, dx = /( (Vu)"Y4D*u) 1 q da.
In view of (2.11) Green’s formula yields

(3.7) /(w(V wTVADMu) g dx—/DQuh s (w (Vu;?)—l/‘*gh) dr =

/Vum V- (w(Vup) g )dat—&— /w(Vuhm)_l/‘quZL-ghnaK ds.
oK
On the other hand, we multiply (3.5b) by v, € V}, and integrate over K:

(3.8) /(u}f —ul Ny, do + 7 802 / V-V éQ(u’ff)ghmvh dx = 0.
K

Applying Green’s formula twice, we obtain
(3.9) /VVA(uh)p on da = — /VA (uf )R Vo dr +

/naK -V éQ(uZT)E;”vh ds = /EZ‘ :éz(u}?)Dquh dx —

K

/ (up? p nyi - Vo, ds + / napr -V .éQ(u}?)E’:vh ds.
oK

Summing over all K € T, in (3.7) and (3.9), we obtain the weak formulation of
the mixed formulation (3.5a)-(3.5d): Find (uZ",B;") € Vi, x M, such that for all
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(vn,@,) € Vo x M, it holds

(3.10a)
m . moy. 1/4 _
Z/gh.ghderZ/Vuh V. (w(Vup)™ )d:c
KEThK KEﬂLK

Z w(VuZ”)_l/‘LVu}l” "4, MoK ds =0,
KeThgxe N

(3.10b)

3 /uh on dw + 7 B8%( 30 / P A, (uf!) Doy di —

KG'ThK K€771K

Z /éQ(U;Ln)EZLDaK - Vouy ds + Z ngr - V- éz(uﬁ)ghmvh ds) =
KeThgk KeTngi

Z /u}qf—lvh dx.

KG’Th,K

A general C'DG approximation of (2.1b),(2.1b) is based on the mixed formulation

(3.10),(3.10b) and characterized by numerical flux functions 45k, py'., and 85y

that are single-valued on E' € &,(Q), ie.,, Uk |p, = Wokl|p_, Poyle. = Poyle_

and 85| g, = 85%|s_. We replace w(Vu ) "VA *q, nok in (3.10a) by G5 -
4, noK and A (u’;f)pmnaK Vo, = A (uhm)DQ(u;L”)naK w(Vu) "4V vy, as well
as ngg - V- A, (up' )p vp in (3.10b) by p7. - w(Vup! ) "YWy, and npx - 855 Un.-
In view of (3. 5d) we choose 85kl =np V- A (u')p™ = 0,E € ('), Then,

no matter how we choose 85 |r on E € &,(Q2), due to [ﬁaK}E =0,F € &,(Q), and
v, € C°(Q) we have

(3.11) Z / Ny - 855 vn ds = Z ng - [85%]gvn ds = 0.
KeThgk Ecé&n(Q)

Consequently, observing (3.11), in a general C'DG approximation, we are looking
for a pair (uﬁ”,g’;) € Vi, x M, such that for all (vh,gh) € Vi, x M, it holds

(3.12a) Z / ‘g, dx + Z /VuZ“-V-(w(Vuh) Vig )dm—

KeTh i KeTh j¢

> [ e a o ds =0,
KGThaK

(3.12b) Z /u vy, dx + Ty 362 ( Z / P’ ‘A (uy)D?vy, dx —

KE7-hK Ke'rhK

Z /paK )_1/4V11h ds Z /uh vy, dx.

KG’ThaK KGThK
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In particular, for the C°TPDG approximation the numerical flux functions 4%y and
m

P oy are given by

(3.13a)  al%|e :

{w(Vu)~VAVur e, E € E,(Q)
0,FEc&T)

(3.13b) = {é2(u}l")D2uzn}EnE — ahG [w(Vu) VAV g, E € &,

EgK &

where a > 0 is a penalty parameter.

Theorem 3.1. The particular choice (3.13a),(3.13b) of the numerical flux func-
tions allows to eliminate the dual variable EZ‘ from the system (3.12a),(3.12b). We

thus obtain the COIPDG approzimation: Find upt € Vi, such that for all vy, € V3, it

holds

m—1

(3.14) (upt, vn)o.0 + TmB82an” (ufl vy up) = (up =, vn)o.q,

where for zp, € Vi, the mesh-dependent COIPDG form a{lp(-, s zp) Vi X Vi s given
by

(3.15) ar” (un,vns 2n) == Y (A, (20) D*un, D*vn)o i —

KeTh
> (- {A,(z0)D*un}pnp, ng - [W(V2) "4 Voulg)o e —
Ecéy,
Y (np-{A,(z) D0} pnp np - [W(Vz) " Vur]p)os +
Eeé&y
o Z hy w(Vzp)~ 1/4Vuh]E,nE . [w(Vzh)_l/‘leh]E)o’E
Ee&y,

Proof. If we choose q = éQ(u}L”)DQUh in (3.12a) and use (3.13a), we obtain

(3.16) Z / ,(up") YD?vy, dx +

KE'ThK

S Vup -V (w(Vup) VA (upt) Do) da —
KEEK

> [H{w(Vup) VAV g - A, (upt) D*up)png ds = 0.
E€&(Q) g

For the second term on the left-hand side of (3.16), applying Green’s formula ele-
mentwise and observing (2.14),(2.17) yields

(3.17) S Vupt - Ve (w(Vup)TVAA (up) Do) da =
K€7-}LK

- Z D" PA (up YD?vy, dx +
K€7-}LK

Z w(Vu)~Viwum -éQ(u?)DzvhnaK ds.
KEThaK
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Now, taking advantage of

(3.18) Z /E~gn3K ds =

KEE&K
> /[E]E Ad}pnp ds+ /{E}E -lalpng ds
E€&n g o E€&L(Q) -

with p = w(Vu?)~V/4Vu and q = éQ(u;T)DQUh, we get

(3.19) Z w(Vu)~Vivur ~:2(u7’f)D21)hnaK ds =
KenaK

> [ w(Vu) Vs - {A, (up) D*on s ds +
EEghE

> [H{w(Vup) VAV g - [A (upt) D*up g0 ds.
Ee&n(Q)

Using (3.17) and (3.19) in (3.16) it follows that

(3.20) > p" A (up) Doy dz =

KE,]-}LK
Z D2y :él(uzn)D%h dx —
KE,Y-}LK

> [ w(Vup) VAV s - {A, (uf) Do, } png ds.
Eegy, E

On the other hand, inserting (3.13b) into (3.12b) and applying again (3.18), we
obtain

(3.21) Z /u}bnvh dx + Tmﬁ(52( Z /2’: : éz(uZL)D%h dx —

KeTh i KeTh i
Z /leK.Vvh ds) = Z /uZLvh dx +
KEThaK KGIThK
Tmﬁéz( Z /Ehm :éz(u}?)DQUh dz —
KG’Th,K o
> (8, @)D en - (V) Vs ds
EeghE

ta Y bt [ WV Ve - [w(Va) AV o] ds) -

Eecg, E
m—1 d
Uh Vp AX.
K€7_}LK

The assertion follows from using (3.20) in (3.21). O
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Remark 3.1. We note that the C°IPDG approzimation (3.14) can be derived from
the boundary value problem (2.1a),(2.1b) (cf., e.g., [7] for a fourth order boundary
value problem related to the biharmonic problem). However, we have chosen the
approach via the mized formulation, since the CY° DG approximation (3.10a),(3.10b)
is more general in so far as another choice of the numerical flux functions than
(3.13a),(3.13b) may lead to a different C° DG approach as, for instance, a C° Local
Discontinuous Galerkin (C°LDG) method.

4. A PREDICTOR CORRECTOR CONTINUATION STRATEGY FOR THE NUMERICAL
SOLUTION OF THE CYIPDG APPROXIMATION

The solution u(x,t), (x,t) € Q, of the fourth order total variation flow problem
(1.2) is characterized by

e the formation of facets around local extrema of the initial data with steep
gradients at the interfaces,

e a finite extinction time t., > 0, e, u(z,t) = 0,2 € Q, for t > tey.
The same behavior can be expected from the solution of the C°ITPDG approximation
(3.14). In particular, the appropriate choice of the time step is a crucial issue
when solving the nonlinear system resulting from (3.14). Therefore, it is more
advantageous to work with a variable time step 7, = t;, — tm_1,1 < m < M,
instead of a uniform time step At = T/M,M € N and to choose 7, such that
convergence of a Newton-type method is guaranteed. This can be achieved by
viewing (3.14) as a parameter dependent nonlinear system with the time as the
parameter and to apply a predictor corrector continuation strategy featuring an
adaptive choice of the time step sizes 7, (cf., e.g., [10, 16]).

We assume Vj, = span{y1,- -+, ¥n, }, N € N, such that

Np,
m __ m
up' = E Uy p;j.
j=1

Setting u™ = (uf",--- ,u’ﬁh)T, the algebraic formulation of (3.14) leads to the
nonlinear system

(41) F(um;tm) = 03

where the components F;, 1 < i < Nj,, are given by

Np,
F;(u™, t) ZZU? (@), pi)oo +
j=1

Ny, Np, Np
TmB%aRC (> S ul o 0> ule) = > ul Tt (5, 0i)0.0-
st st =1

Given u™1, the time step size 7,,_10 = Tim_1, and setting k = 0, where k is a
counter for the predictor corrector steps, the predictor step for (4.1) consists of
constant continuation leading to the initial guess

(4.2) u™h) =t =t T
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Setting v = 0 and u™* 1) = u™k  for v < Ve, Where Vpmar > 0 is a pre-
specified maximal number, the Newton iteration

(4.3) F/(u™FY) ¢ AR = — F(u™F) ¢,

serves as a corrector whose convergence is monitored by the contraction factor
Au(mvkﬂ/) ||

4.4 A(m,k,u) — ” ,

4 [AutE]

where Au(m*.v) is the solution of the auxiliary Newton step

(4.5) F/(u™*) ¢, ) Aulmky) = — Famer+D g,
If the contraction factor satisfies

1
(4.6) ARV < 5

we set v = v+1. If v > vy,42, both the Newton iteration and the predictor corrector
continuation strategy are terminated indicating non-convergence. Otherwise, we
continue the Newton iteration (4.3). If (4.6) does not hold true, we set k =k + 1
and the time step is reduced according to

V2 -1
A Ti_1 Tm,kflvazn)v
where T, > 0 is some pre-specified minimal time step. If 7., k > Tpnin, We go back
to the prediction step (4.2). Otherwise, the predictor corrector strategy is stopped
indicating non-convergence. The Newton iteration is terminated successfully, if for
some v* > 0 the relative error of two subsequent Newton iterates satisfies

(4.7 T,k = max(

Hu(m,k,u*) _ u(m,k,u*fl) ||

uCmm ]

(4.8) <e

for some pre-specified accuracy € > 0. In this case, we set
(4.9) u™ = ulmkrr)
and predict a new time step according to

(V2 1) |[Au™r0|
QA(m,k,O) ”u(m,k,O) _ um” ’

(4.10) T = min( amp) T ks

where amp > 0 is a pre-specified amplification factor for the time step sizes. We
set m = m + 1 and begin new predictor corrector iterations for the time interval
[tmv thrl] .

The choice of the contraction factor (4.6), the choice of the reduced time step (4.7),
and the choice of the enlarged time step (4.10) are motivated by the affine covariant
convergence theory of Newton’s method (cf., e.g., [10, 16]).

5. NUMERICAL RESULTS

We have implemented the C°TPDG method of section 3 along with the predictor
corrector continuation strategy of section 5 for two examples. In both cases, we
have chosen 2 = (0,1)%, 3= 1.0- 1077, polynomial degree k = 2 and penalization
parameter o = 200.0 in the C°IPDG method, and vpee = 50,6 = 1.0 - 1073, and
Trmin = 1.0 - 108 for the predictor corrector continuation strategy.
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Example 1: The first example is the same as in [22], where the initial data u° has
been chosen according to

u®(z1,x0) = z1(x1 — Dag(zg — 1) — %
The C°IPDG approximation uj* has been computed for various regularization pa-
rameters ¢ and finite element mesh sizes h.
For § = 2.5-107* and h = 1/10, Figure 1 displays the initial data u{ at time
t = 0.0 (top left), and the computed solutions at times ¢t = 4.6 - 1076 (top right),
t =2.6-1073 (bottom left), and ¢t = 1.2-10~3 (bottom right). We see that the solu-
tion develops facets around local extrema of the initial data with a narrow interface
featuring steep gradients in between. The extinction time, i.e., the time when the
initial profile gets completely flat, is top; = 1.1 - 1072,

u u

u u

-2778e02 0012 00035 0019 3472502 -2.778e-02 o 0018 4560802
W 1 L 1L

I
- *

FIGURE 1. Example 1: Computed solution for h = 1/10 and 6 =
2.5-10~% at initial time ¢t = 0 sec (top left), at time ¢ = 4.6-107° sec
(top right), at time ¢ = 2.6-1073 sec, and at time ¢ = 1.2-1072 sec
(bottom right).
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u u

-3.0218-02-0017 0 0017 3594802 -3.021e-02 0018 4052e-02

u u

-3.021e-02 [ 0018 4052002 -3021-02 [ 0018 4052-02

i [ i

\N’_

2
A ,VI:V

FIGURE 2. Example 1: Computed solution for h = 1/64 and § =
7.5-1073 at initial time ¢ = 0 sec (top left), at time ¢t = 6.9-10~7 sec
(top right), at time t = 9.5-107° sec, and at time t = 1.3-1073 sec
(bottom right).

For § = 7.5-1073, and h = 1/64, Figure 2 shows the same behavior of the solution.
However, due to the significantly smaller mesh size h the interface between the
upper and lower facets is much better resolved. In this case, the extinction time
turned out to be tey = 2.2 - 1072,

The performance of the predictor corrector continuation strategy for h = 1/10 and
d = 2.5-107% is shown in Figure 3 where the adaptive choice of the time steps 7,, is
shown as a function of the iterations. We see that the time step sizes are gradually
increasing in a step-like way where the individual steps correspond to the formation
of the interface between the upper and the lower facets.

Figure 4 shows the corresponding results for the predictor corrector continuation
strategy in case h = 1/64 and § = 7.5-1073. The convergence is expected to
become a tougher issue for smaller mesh width A which is reflected by Figure 4.
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<1073 Predictor-Corrector guided TimeStep

Time Step (scaled secs)

0.4 :
0 100 200 300 400 500 600 700

Iteration step

800

FiGURE 3. Example 1: Performance of the predictor corrector con-
tinuation strategy for h = 1/10 and 6 = 2.5-10~*. Adaptive choice

of time steps 7.

<107 Predictor-Corrector guided TimeStep

3.5

Time Step (scaled secs)

. I
O Y
| "m,l“m LI'HF‘hm Alhftwn BNl JLJ.‘ﬂAﬂJ m"vﬂleﬂJL.

(
o]

0
0 100 200 300 400 500 600 700

Iteration step

800

FIGURE 4. Example 1: Performance of the predictor corrector con-
tinuation strategy for h = 1/64 and 6 = 7.5-1073. Adaptive choice

of time steps 7,,.

As far as the convergence of the C°IPDG approximations u}" to the solution
u™,m > 1, of (2.1) is concerned, we have computed an experimental convergence

rate, since the exact solutions u™ are not explicitly known.

The experimental
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convergence rate is given by

[[[uf” — ush I
(5.1) err(t,,) :=logy fmr—"1r,
? |||uh/2 — U Il
where ||| - ||| stands for the norm
m m|2 - 212 1/2
(5.2) 2l = (1B e + 0 el 3 0n)

(=1

Example 1: Experimental convergence rate

1.50 <

1.00 <

0.50 1 B

0.00 | | | : | :
0 0.5 1.0 15

Time t (in 10 2 sec)

FIGURE 5. Example 1: Experimental convergence rate err(t,,) for
h =1/64.

Figure 5 displays the experimental convergence rate as a function of time for h =
1/64. Taking into account that the initial data is smooth, at the very beginning the
rate drops significantly due to the formation of facets with sharp interfaces between
the upper and the lower facet. Afterwards it stabilizes around 0.5.

Forthcoming work will be devoted to provide an a priori error estimate in the
1+ l[-norm.

Example 2: The initial profile u° has been chosen according to

u (x1,29) =
xl(% —x9)(1 —xl)xg(% —29)(1 —xq) — 3% ,0< 21 < %70 <x9 < %
(@1 — 31— z1)aa(5 —a2)(1—2) - 312 5 <1y < L0<a <
z1(5 —21)(1 — @1)w2 (22 — %)(1 —r3) =35 ,0< 2 < ppSasl
z1(z1 — 3) (1 —z)za(ze —3) (1 —22) — 35 , 3 <a1 < 1,5 <ap <1
3

For 6 = 4.5-107% and h = 1/128, Figure 6 shows the route along which the
initial profile becomes completely flat. We observe the development of four upper
facets around the four maxima of the initial data and lower facets around the
minima. Due to the small mesh size h, the formation of narrow interfaces with

steep gradients between the upper and lower facets happens quickly. The extinction
time is teyy = 1.2- 1072
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FIGURE 6. Example 2: Computed solution for h = 1/128 and ¢ =
4.5-1073 at initial time ¢ = 0 sec (top left), at time ¢ = 3.4-1075 sec
(top right), at time ¢t = 9.7 - 1073 sec (bottom left), and at time
t =7.1-10"2 sec (bottom right).

Figure 7 displays the adaptive choice of the time steps. We see a similar behavior
as in Example 1 for h =1/64 and 6 = 7.5-1073.

6. CONCLUSION

We have derived a C°IPDG approximation of an implicitly in time discretized,
regularized and scaled fourth order TVF problem describing surface relaxation be-
low the roughening temperature. We have further developed a predictor corrector
continuation strategy for the numerical solution of the fully discretized problem
featuring an adaptive choice of the time steps. Numerical results have been pre-
sented that illustrate the performance of the approach.

The existence and uniqueness of a solution of the C°TPDG method will be shown
in part IT of the paper.
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g X 104 Predictor-Corrector guided TimeStep

@
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FIiGURE 7. Example 2: Performance of the predictor corrector con-
tinuation strategy for h = 1/128 and § = 4.5 -1073. Adaptive
choice of time steps 7,,.
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