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Abstract

In this paper, we propose and investigate a new homogenization
method for diffusion problems in domains with multiple inclusions
with large values of diffusion coefficients. The diffusion problem is
approximated by the P1-finite element method on a triangular mesh.
The underlying algebraic problem is replaced by a special system with
a saddle point matrix. For the solution of the saddle point system we
use the typical asymptotic expansion. We prove the error estimates
and convergence of the expanded solutions. Numerical results confirm
the theoretical conclusions.
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Homogenization method is important topic for theoretical research
and applications [1, 2].

In this paper, we propose and investigate a new homogenization
method for diffusion problems in domains with multiple inclusions
with large values of diffusion coefficients. The diffusion problem is
approximated by the P1-finite element method on a triangular mesh.
The underlying algebraic problem is replaced by a special system with
a saddle point matrix, as it was proposed in [5, 6, 3]. For the solution of
the saddle point system we use the typical asymptotic expansion. We
prove the error estimates and convergence of the expanded solutions.
Numerical results confirm the theoretical conclusions.



The paper is organized as follows. In Section 1, we formulate the
diffusion problem, and describe its approximation and the underly-
ing matrices. We also describe the transformation of the classical
finite element system with the symmetric positive definite matrix to
an equivalent system with a saddle point matrix. In Section 2, we
propose a new homogenization method for the solution of the saddle
point problem and derive the error estimates. We formulate the con-
dition for convergence of the expanded solutions to the solution of the
saddle point system.

In Section 3, we derive an estimate for the parameter in the con-
vergence condition for the expanded solution. Finally, in Section 4,
we give numerical results for selected test problems relevant to practi-
cal applications. The numerical results clearly confirm the theoretical
results in Section 2.

1 Problem formulation
In this paper, we consider the diffusion equation
—Vik(x)Vul=f, z€Q (1.1)

in a polygonal domain 2 € R? with the homogeneous Dirichlet bound-
ary conditions on 9f2, where k () > 1 is a positive piece-wise constant
function.

Let ws be polygonal subdomains of €2, s = 1,...,m, where m is
a positive integer, such that ws Nw; = & and W, NI = T, st =
1,...,m. For the sake of simplicity we assume that subdomains wy

are convex and

1
ks=14+—=const >1 inws, s=1,...,m
k(z)={ " Es 3 (1.2)

1, otherwise.

We define the scalar product

(u,v)y = /(k: (z) Vu) - Vo, wu,v € Hj (Q) (1.3)
Q
and denote by (-, -) the scalar product in Lo (2).
Let Qp be a triangular mesh in  conforming with the boundary
Ows, 1.e., Ows is the union of triangular sides in Qp, s=1,...,m. We

denote by V}, the classical P1-finite element subspace of H} () on .
The Pl-finite element method: Find wy € V}, such that

(unsvn)g = (fyon) Vo €V (1.4)
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results in the algebraic system

Au=f (1.5)

with the N x N matrix A. = A > 0 and the vector f € RY where
N is the number of interior mesh nodes in €2;,. With an appropriate
ordering the matrix A. can be presented as 2 x 2 block matrix:

A1e A

A = ’ 1.6
‘ [Am Ao (16)

with n X n submatrix
A1 = A+ B (1.7)
where Bj. is the m x m block diagonal matrix with the diagonal
blocks éAS € R"*"s s =1,...,m. Here, ng is the number of nodes
belonging to W, s = 1,...,m, n = > .'" | ns, and matrices A, are

defined by the identities

(Asts,vs) = /Vuh-Vvhx Vs, vy € R™ (1.8)

Ws

where up, vy € Vip and Vi is the restriction of Vj, onto ws, s =
1,...,m. In other words,

A A B O
Ae = [Am Al L0 0 (1.9)
where ) .
Bl’s :diag{Al,...,Am}. (110)
€1 Em

Using the procedure proposed in [5], we replace (1.5) by an equiv-
alent system

— Tf _ &
Av + Bp =/ (1.11)
Bu — YX.Bip = 0
where
B = [B; 0] (1.12)
is n X N matrix,
Bl :diag{Al,...,Am} (113)
Y. =diag{eilr,...,emln} (1.14)
and
p= (2" 0]w. (1.15)
Here, I, are the identity ns X ns matrices, s =1,...,m.



It is obvious, that the matrix

A BT
A=<B _EsBl> (1.16)

is singular, dim(ker.A4) = m, ker BT = ker By, and any vector w €
ker By can be presented in the block form by

w1
w=|: (1.17)
W,
where Wy € ker Ag are vectors with constant components, s =1,...,m.

The solution vector @ € RY in (1.11) is unique, and the solution vec-
tor p € R™ in (1.11) is unique up to an arbitrary additive vector
w € ker By. In the future, we shall always assume that the solution
vector P in (1.11) is orthogonal to ker Bj, i.e., the uniqueness of p.

2 Homogenization method

First, we consider system (1.11) with ey = e = ... =, =0, i.e., the
System

Aw’ + BT = f
p g (2.1)

Bu' =

assuming that p L ker By, and estimate the errors @ — @’ and p — p°
in Aj-norm and Bj-seminorm, respectively. The error vectors satisfy

the system
T - _ 770
4B S R A (2.2)
B —-X.B1)\p—D YeB1D

Eliminating the vector @ — " in (2.2) we get the system

(S+%B1) (p—1°) = —L:B1p" (2.3)
where
S =BA'BT = B,S;{'B; (2.4)
and
511 = A11 — A12A2_21A21. (25)

Let us consider the eigenvalue problem

BISﬁlBlw: uBiw (26)



with the eigenvalues 0 = p1 = p2 = ... = iy < 1 < ... < pp < 1.
The inequality p, < 1 was proved in [3]. Then from (2.3) we derive

the estimate -

Hm+1 ‘ HEOHB1 (27)

where ||-|| 5, denotes the semi-norm generated by the matrix B; and
£ = maxj,__mEs.
To estimate || 7°|| B, 0 (2.7) we return to system (2.1). Eliminating

17 =7, <

the vector @¥ we obtain the equation
Sp’ = —B; A7, (2.8)
Then the estimate
7015, < 117l 29)
follows from the fact that
LN TS TR

where ||-|| 4—1 is the norm generated by A~
Thus, we get the estimate

— € -
1P =7ll5, < o[ Flas- (211)
Hmt1

Multiplying the first equation in (2.2) by the vector @ — @’, and

applying the Schwartz inequality and (2.10), we get the estimates

o=l < 5= 5"llp, < I Fllas- (2.12)
Fom41
Now we assume that ¢1 = ¢9 = ... = g, = ¢ and consider the

expansions

=Y cul (2.13)

p=)Y cp¥ (2.14)

where the vectors (®) and p(®) satisfy equations (2.1) for s = 0 and
the equations

Aa®) + BT = 0

Ba®) _ Bl (2.15)



fors=1,2,....
Let us define the error vectors

g =u - ul (2.16)
=0

2 =p— pl). (2.17)
=0

It is obvious that the vectors 7(*) and z(®) satisfy the system

Ag®) 4+ BTzl = 0

By — eBiE® = —e By, (2.18)
Eliminating the vector 7*) in (2.18) we obtain the system
(S +eB)z® = —eB;p®), (2.19)
Using the estimate
Hz<$) <. Hp<$) (2.20)
B1 Bm+1 B

and estimates (2.9) and
H,—)(n )< M;‘H : Hﬁ@‘*l)‘ o i=Llis (2.21)

we get the final estimate
HZ(S) <fTS1.H?HA_1, i=1,...,s (2.22)

Bi pp

Finally, from the first equation in (2.18) we derive the estimate

On the basis of estimates (2.22) and (2.23) we obtain the following
result.

LS HE(S) (2.23)

B

Statement 2.1. The estimate
|79, < o -1 (220
y < —= "4 2.24

A

holds for any s > 1, where u* = A~!f.



Here, u} is the P1-finite element solution of the Poisson problem
—Au*=f inQ
u* =0 on Jf (2.25)
on the mesh €y,.

Statement 2.2. The condition

3

< 1 (2.26)
m+1

is sufficient for convergence of ugf) to up as s — 4o00.

3 Estimation from below for i,

We replace (2.6) by an equivalent eigenvalue problem: Find p € R,
7 € RN, w € R, such that

Av + BTw = 0 (3.1)
By = —uBjw '
where 3
7=-A"'Blw= [“1} (3.2)
Gp)
and 71 = —S;,' B1w. Tt follows, that
AU + A2 =0 (3.3)

Le., Vo € Vo\w,p is the h-harmonic extension of vy, € Vi, 5.

Here V., and Vo, are the restrictions of V}, onto @ and O\ w,
respectively.

The finite element formulation of (3.1) is as follows: Find p € R,
vy, € Vp, and wy, € V,, p, such that

[von- Vo« [vun-Ves = 0

@ (3.4)
/Vvh - Vibpx = —M/th'vwhx

for any ¢ € Vj, ¢y, € V,, 5. To consider only nonzero eigenvalues we
impose additional conditions

/whx:(), s=1,...,m. (3.5)

Ws



It is clear that p,+1 in (2.6) is the minimal eigenvalue in (3.4)—
(3.5). If we choose ¢, = vy, and ¥, = wy, we obtain the equality

[19ofx=n [ 1Vunlx (3.6)
Q w

Taking ¢p = v, and using the inequality
1/2 1/2
/th - Vupx| < / \Vawp, | x . / [Vop|* x (3.7)
w w Q

we obtain

/ Vonl?x < / Vuonl? x (3.8)
Q w

and conclude that the eigenvalues p in (3.4)—(3.5) belong to the seg-
ment (0; 1].

Now we choose ¢, € V}, such that ¢, = wy, in @ and ¢}, = wo p, in
Q\ @, where wy p, is a finite element extension of wy, from @ into Q\ @.
Then from the first equation in (3.4) we obtain the equality

[ v o= [1vunlx (3.9)
Q w
which results in the inequality
/\th|2x < [1+C2]/ywh12>; (3.10)
w Q
with
l/|VUQhFX
c? =% (3.11)

/‘th’2)§

To construct an appropriate function wsy; we define in €2 a set of
open polygons @ws, s = 1,...,m, such that @, € Ws, i.e., dwsNOWs = @,
s=1,...,m. An example of ws and w; is given in Fig. 1.

We subject ws j to the condition

wep =0 inQ\w (3.12)
where @ = [J-; @s. Then,

C? = max C2 (3.13)

s=1,....m

8



4 A Y
4 A Y
4 A Y
4 A Y
4 \
N
N S
. ’
. 4
A Y 4
A Y 4
A Y 4
. 4

Figure 1: An example of w, and w;.

Here,
/ V| x
2 (:)5\(;)5
Cc? = 5 (3.14)
/Nwﬁx+ﬁ /ww
Ws Ws
due to above condition fwswhx =0, s=1,...,m. We choose 3;!
equal to area of wy, i.e., B; 1 = |ws|, s =1,...,m.

We assume that the mesh €2, in @, is conforming with respect to
0w, i.e., the boundaries of dw; are unions of triangular mesh sides. We
also assume that the traces of (2, on @, are quasiuniform and regular
shaped, s =1,...,m. We observe that the norms | - ||s defined by

2
)2 = / Ve x4+ B2 / & (3.15)

are equivalent to H} (&s)-norms, s = 1,...,m. Then, it can be shown
[7], that the expansion wy j, of wy, exists such that the values of C in
(3.14) are independent of ;. Such the extensions are said to be the
norm preserving.

It was proved in [6] that with the additional assumptions

dist (Qws; Ows) = m(%n |z —y| > ads (3.16)
E0w
e,
where « is a constant independent of ds = \ws|1/ 2 the values of Cy in

(3.14) are also independent of dg, s =1,...,m.
Thus, we have proved the following result.



€ 1072 107* 107

su(® 1.0e-2 1.0e-4 1.0e-6

5p®) 2.0e-2 2.0e-4  2.0e-6

su® 2.8¢-4 2.9e-8 4.4e-10

sp  4.9e-4 5.1e-8 5.le-12
Table 1: h = d/2.

£ 1072 100* 107

Su(® 9.6e-3 9.9e-5 9.9e-7

sp© 2.0e-2 2.0e-4  2.0e-6

su® 2.9¢-4 3.0e-8 4.9¢-10

sph) 5.4e-4 5.5¢-8 5.6e-12
Table 2: h = d/4.

> 1072 10* 10°¢

su(® 8.0e-3 8.3e-5 8.3e-7

sp© 1.9¢-2 2.0e-4  2.0e-6

Su™ 2.66-4 2.7e-8 5.1e-10

spM) 5.4e-4 5.6e-8 5.Te-12
Table 3: h =d/8.

d=2h  Emax 1072 107*

ou’  4.2e-3 5.7e-5

op°  6.5e-2  8.9e-4

d=4h  Epax 1072 1077

su’  4.3e-3  5.7e-5

op®  6.0e-2 8.8e-4

d=8h  Emax 1072 1077

ou’  4.1e-3 4.8e-5

op®  6.6e-2 8.0e-4
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Table 4: Random location of wg, s =1,...



Figure 2: Periodic location of wg, s = 1,...,m with d = 1/8, h = 1/16, and
m = 16.

Figure 3: Random location of wy, s = 1,...,m with d = 1/16, h = 1/32, and
m = 46.

Statement 3.1. Under all the above assumptions the estimate

1

Hm+1 >

holds with a constant C' independent of €2 and the values of ds, s =
1,...,m.

Remark 3.1. Extension of the results in Sections 2 and 3 to 3D dif-
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fusion problems with inclusions on tetrahedral meshes, as well as to
diffusion problems with different type of boundary conditions (Neu-
mann, Robin, mixed) and to diffusion problems with nonzero reaction
coefficients is straightforward.

4 Numerical results

Let Q be the unite square and §24 be the square mesh in 2 with mesh
step size d = 1/y/m, where /m, is a positive integer. We define the
set of meshes Q, in Q with the mesh step sizes h = d/2!, [ =1,2,....
We define the set of w,, s = 1,...,m, where m < my, as the set of d xd
squares with the centers in the nodes of the mesh €2;. Distribution
of ws in Q is random. Examples of meshes €2, with inclusions wy,
s=1,...,m, are shown in Figs. 2 and 3.
In numerical tests we computed the values

i :ﬂ(S)HA 5500 — | ip@)\\ﬁ
£ 4-s £ 4-s

In Tables 1-3 we show the results for m = my, i.e., for periodic location
of inclusions, on the refined meshes with h = d/2, h = d/4, and
h = d/8 for three constant values of ¢ equal to 1072, 10~*, and 1076.

In Table 4, we show the results on random location of inclusions
ws and randomly chosen values of g5 € [10_6,€max], s=1,...,m.
Table 4 shows the results for d = 2h, d = 4h, and d = 8h.

In all above tables, the numerical results clearly confirm the esti-
mates derived in Section 2. More numerical results will be given in
the forthcoming publication [4].

out®) =

. s=0,1,2.  (4.1)

)
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