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Physics 3312                                               Lecture 3                                                January 23, 2019 
 
LAST TIME: Cartesian oval, exact refraction at a spherical surface, refraction matrix, transfer 
matrix, focal length, system matrix, object-image matrix, and thin lens equation 
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Some types of lenses and sign conventions. 
 
Lenses are broadly characterized as 
converging (positive, convex) or 
diverging (negative, concave).  Lenses 
may also be characterized by their shape, 
i.e., planar (plano) – convex, biconvex, 
positive meniscus, planar (plano) – 
concave, biconcave, or negative 
meniscus.  As a general rule, lenses that 
are thicker in the middle than at the edges 
are converging lenses, and lenses that are 
thinner in the middle that at the edges are 
diverging.  The sign convention is as 
follows for lenses. 
 

௢ݏ ൐ 0 ⇒ real	object;		ݏ௢ ൏ 0 ⇒ virtual	object 
௜ݏ ൐ 0 ⇒ real	image;		ݏ௜ ൏ 0 ⇒ virtual	image 

݂ ൐ 0 ⇒ converging	lens; 		݂ ൏ 0 ⇒ diverging	lens 
௢ݕ ൐ 0 ⇒ upright	object; ௢ݕ		 ൏ 0 ⇒ inverted	object 
௜ݕ ൐ 0 ⇒ upright	image;		ݕ௜ ൏ 0 ⇒ inverted	image 

ܴ ൐ 0 ⇒ C	is	right	of	surface;		ܴ௜ ൏ 0 ⇒ C	is	to	the	left	of	surface 
 
Most books assume that light enters the optical system from the left-hand side and exits to the 
right-hand side.  This means that ݏ௢is usually taken to be positive when the object is to the left of 
the lens, and that ݏ௜ is positive when the image is to the right of the lens.  Most of the time, the 
location of the object and image will result in an image that is either enlarged or reduced in size.  
We introduce the lateral (or transverse) magnification MT to describe the image size.  The 
definition of MT is given by 
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It is not difficult to prove that when multiple lenses are involved, magnifications are multiplied.  
Here is a numerical example using a thin lens. 
 
Example: The lens shown to the right has the following 
parameters that describe it.  Determine the image position, and 
the magnification of the lens. 

|ܴଵ| ൌ 10	cm;	|ܴଶ| ൌ 5	cm; ݊௟ ൌ
3
2
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Therefore, the magnification is given by ்ܯ ൌ െ ௦೔
௦೚
ൌ െ ଺଴

ଷ଴
ൌ െ2. 

This means the image is twice the size of the object and is inverted, so our drawing is not to scale. 
 
Let’s see what happens when we insert a second lens in this system.  Let’s put our second lens 40 
cm to the right of the first lens and give it a focal length of 10 cm.  To treat the case as you would 
have in your introductory course, the image of the first lens acts as the object for our second lens.  
This lens, however, is in front (to the left) of the image of the first lens.  Therefore, light is 
converging onto this lens, and the object is said to be virtual.  If our second lens were placed at 80 
cm to the right of the first lens, then light from the image of the first lens would be diverging onto 
the lens, and the object would be real.  Determining whether light converges or diverges onto a 
lens determines whether the object is virtual or real.  Now let’s put the numbers in. 
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The magnification for this second lens is given by 
 

ଶ்ܯ ൌ െ ௦೔మ
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ଷ
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ቁ ൌ െ ଶ

ଷ
. 

 
The final image is now 6.67	cm	to the right of the second lens, which means that it is now only 
46.67 cm to the right of the first lens.  The short focal length of the second lens has drawn the 
image closer to the original lens and reduced it in size, but it is still inverted. 
 
Let’s go ahead and derive the magnification in terms of the image and object distances. 
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Now notice that ߙ௢ ൌ െ௬೚
௦೚
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௜ݏ
௢ݏ
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Let’s consider what happens in a formal way when we have multiple thin lenses to deal with.  In 
your introductory class, you dealt with multiple thin lenses by finding the image of the object, 
treating that image as the object for the second lens, then treating its image as the object for the 
next lens, and so forth.  While this is a perfectly valid method of dealing with a multiple lens 
system, it is not the most efficient way, particularly if you have to make many changes in the object 
position and determine the final image position and characteristics many times.  We now reap the 
benefits of the matrix formulation of optical imaging.  We may calculate the system matrix one 
time for any complicated arrangement of lenses and then use the object-image matrix to determine 
the correct relationship to use to relate the object and image distances.  We will keep our lens in 
air for now and use only two lenses to generalize our procedure.  Let ݏ௢ଵ be the object location and 
 be the image location.  The object and image ray vectors are given by	௜ଶݏ
 

ro = ቂ
௢ߙ
௢ݕ
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௜ߙ
௜ݕ
ቃ. 

 
Let me write the full matrix equation and then I will go over what everything means. 
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Remember we work from right to left to interpret the equation. 
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Now we apply the imaging condition, ࣩଶଵ ൌ 0	and	simplify. 
 

௜ଶݏ ൬1 െ
௢ଵݏ
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௜ଶݏ
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௜ଶݏ ൥൭൬1 െ
௢ଵݏ
ଵ݂
൰൱ െ

1

ଶ݂
൭൬݀ ൅ ௢ଵݏ െ
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We may put this in the form of your textbook (Eq. 5.33) to obtain 
 

௜ଶݏ ൌ
ଶ݂݀ െ ଶ݂ݏ௢ଵ ଵ݂/ሺݏ௢ଵ െ ଵ݂ሻ
݀ െ ଶ݂ െ ௢ଵݏ ଵ݂/ሺݏ௢ଵ െ ଵ݂ሻ

. 

 
We achieved our goal of getting a relationship between the object and image distances, but it is 
not pretty. 
 
Three points are important about our process and this relationship. 
 
1. We may always use ࣩଶଵ ൌ 0 as the imaging condition. 
2. The relationship between ݏ௜ଶ and ݏ௢ଵ is not simple. 
3. The front and back focal lengths are not the same even in air. 
 

lim
௦೚భ→ஶ

௜ଶݏ ൌ ܾ݂݈ ൌ ଶ݂ሺ݀ െ ଵ݂ሻ
݀ െ ሺ ଵ݂ ൅ ଶ݂ሻ

 

and 

lim
௦೔మ→ஶ

௢ଵݏ ൌ ݂݂݈ ൌ ଵ݂ሺ݀ െ ଶ݂ሻ

݀ െ ሺ ଵ݂ ൅ ଶ݂ሻ
. 

 
Let’s take a look at how our matrix approach predicts the 
standard ray tracing you learned in your introductory 
course.  You might recall that you are usually able to trace 
3 rays (called principal rays) through a lens.  Here is a 
figure showing how it works for a thin lens.  Does this 
make good sense using our matrix approach to determine 
how the rays should behave?  Let’s just look to see how 
the input parallel ray behaves.  Our object ray vector in air 
is given by 
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Therefore. we obtain ߙ௜ ൌ െ௬೚
௙
	and	ݕ௜ ൌ ቀെ ௭೔

௙
൅ 1ቁ  ௢.  We wish to see where the refracted rayݕ

from the lens crosses the optical axis so we want ݕ௜ ൌ 0.		Finally, െ ௭೔
௙
൅ 1 ൌ 0	and	ݖ௜ ൌ ݂.  This 

means that a ray parallel to the optical axis crosses the optical axis at the focal point of the lens.  
We could do the same thing for the other two principal rays, but the approach is quite similar, so I 
will not repeat the calculation here. 
 
We have discussed thin lenses and thin lens combinations, but what about mirrors?  They have 
their limitations, but they can be quite useful.  Do you see what one of their major limitations is 
and what one of their nice advantages is? 
 
We may treat mirrors in the same way we treated lenses using the 
small angle approximation.  Here is a figure that shows the relevant 
parameters to describe a mirror.  Note here that the angle are not 
small, but that is just for convenience of drawing the figure. 
 

௜ߙ ൌ ߶ ൅ ௜ߠ ⇒ ௜ߙ െ ௜ߠ ൌ െ
௜ݕ
ܴ
	since	ܴ ൏ 0. 

 

߶ ൌ ௥ߙ ൅ ௥ߠ ⇒ ௥ߙ ൌ ߶ െ ௥ߠ ൌ ߶ െ ௜ߠ ൌ െ
௜ݕ
ܴ
െ
௜ݕ
ܴ
െ ௜ߙ ൌ െߙ௜ െ 2

௜ݕ
ܴ

 

 

௥ߙ݊ ൌ െ݊ߙ௜ െ 2
௜ݕ݊
ܴ
		and	ݕ௥ ൌ  ௜ݕ

Finally, 

ቂ
௥ߙ݊
௥ݕ	

ቃ ൌ ൥െ1 െ
2݊
ܴ

0 1
൩ ቂ
௜ߙ݊
௜ݕ	

ቃ.		 

 
To see what the imaging condition for mirrors is, we may use the same approach as we did for 
lenses.  We put n = 1. 
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Now we use ࣩଶଵ ൌ 0	again. 

௜ݏ ൅ ௢ݏ ൬1 ൅
௜ݏ2
ܴ
൰ ൌ 0 

and 

௜ݏ ൅ ௢ݏ ൅
௜ݏ௢ݏ2
ܴ

ൌ 0. 

Therefore, 
1
௢ݏ
൅
1
௜ݏ
ൌ െ

2
ܴ
ൌ
1
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since 
lim
௦೔→ஶ

௢ݏ ൌ ௢݂	and	 lim௦೚→ஶ
௜ݏ ൌ ௜݂. 

 
Concave mirrors are converging elements (R < 0, f > 0), and convex mirrors are diverging elements 
with R < 0, f > 0. 
 
NEXT TIME: Prisms, optical fibers, and thick lenses 


